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I INTRODUCTION

A Minimum Maximal Network Flow Problem (MMNFP) is a basic problem in the network flow theory
with several applications, communication networks and logistic networks. In the last 20 years there are
many active researchers in difference of a convex (nonconvex) functions programming, because most of
real-life optimization problems are nonconvex see, ([8], [9] and [10]). The field of network
optimization flows has a rich and long history, a difference of convex functions programming and the
difference of the convex function algorithms introduced by Pham Donh Tao in 1985. The real-life early
work established the foundation of the key ideas of the network optimization flow theory, see, ([1], [2],
[3], [4] and [5]). The key task of this filed is to answer such questions as, which way to use the network
of the most cost effective?

Iri [13] gave the definition of undirected flow (u-flow) and presented the fundamental problems related
u-flow. Although the concept of u-flow is quite the different from maximal flow and their relationship is
not known yet so much, the optimal value of the minimum maximal u-flow of the network flow G is
equal to the best value of the minimum maximal flow under to sumption. In [13] profound essay, a
several fundamental theorems and the maximal research topics are described, but no algorithms for the
corresponding problems are proposed. To the author's knowledge, no algorithms for a minimum
maximal flow were known until Shi-Yamamoto [20]. As pointed out in [24], Shi-Yamamoto's algorithm
is not efficient enough. After that, some algorithms for solving the problem were proposed in such as
Shigeno-Yamamoto [21] and others.

London Journal of Research in Science: Natural and Formal

© 2019 London Journals Press Volume 19 | Issue 4 | Compilation 1.0



London Journal of Research in Science: Natural and Formal

Volume 19 | Issue 4 | Compilation 1.0

A maximum flow problem and a minimum cost flow problem are two typical
problems of them, see, ([11], [12], [14] and [15]). However, from the point view of the
practical cases, we have another kind of the problems which the different form of the
typical ones is inherently. For instance, a Minimum Maximal Network Fuzzy Flow
Problem with Fuzzy Time-Windows (MMNFFPFTW), by Figure 1 and 2 portrays a
fuzzy network of the arc fuzzy flow capacity of one unit on all arcs, each arc has a
transit fuzzy time i, Vv, v; € V; (v, v;) €V,i#j;i,j=1,..,n, see, [6]. Each
vertex v; € V has a fuzzy time-windows [&vi, Evi], within which the vertex may be
served, i.e., £, € [y, by E,, €T, is a non-negative fuzzy service and leaving for
that vertex. A source vertex s and a sink vertex 7 with fuzzy time -windows [d;, b,]
and [d,, b;] respectively, see, ([6], [7], [12] and [22]).

Figure 1 Figure 2

A Minimum Maximal Network Fuzzy Flow Problem with Fuzzy Time-Windows

The figure 1 illustrates the maximum fuzzy flow of the fuzzy network, that is,
the fuzzy flow on all arcs is one except the arc x5, whose fuzzy flow is zero. On the
other hand, if the fuzzy flow on %5 is fixed at one and we cannot reduce it by some
reasons such as emergency, then the fuzzy network cannot be exploited at the most
economical situation. In this case, we can send two unit of the fuzzy flow from a source
vertex s to a sink vertex T which satisfy the fuzzy time-windows constraint. Inthe figure
2, the fuzzy flow on %5 is fixed at one, the possible fuzzy flow value, we can send
between s and 7 is one unit. The fuzzy flow value, we can send between s and 7 reduces
from two (in figure 1) to one (in figure 2) because the fuzzy flow value of X; is
undirected. It means that the maximum fuzzy flow value is not attainable if the users

on the fuzzy network are disobedient.

Form the point view of modeling, the above of two figures cases are essentially
different though they bear some resemblance. If the fuzzy flow is directly, the figure 1
aims at an optimal value of the fuzzy flow. The figure 2 also, searches for an optimal

value of the fuzzy flow, without a directly of the network fuzzy flow. The standard
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network fuzzy flow with directly has been well studied for several decades. Without a
directly, many problems in network fuzzy flow, the maximum fuzzy flow problem,

become more difficulty. Compared to the standard network fuzzy flow theory is a new
filed, hence a still in its infancy, see, ([16], [17], [18], [19] and [23]).

The reminder of this work is organized as follows. In Section 2, we give the
fuzzy concepts, mathematical models of the MMNFFPFTW and its equivalent
formulations. In Section 3, we then outline the properties of the difference convex fuzzy
programming and a difference convex fuzzy algorithm. We describe the framework of
the difference convex fuzzy algorithm with the fuzzy time-windows. In Section 4, we

give a new algorithm of the MMNFFPFTW. In the last section, the conclusion is given.

Il FUZZY CONCEPTS AND MATHEMATICAL MODELS

Consider a directed fuzzy network G = (V, A, Evivj, [dvi, Evi]), where V is a set of n
vertices, A is a set of n arcs with a non-negative transit fuzzy time Evivj,vm, v, EV,
(vi,v;) €V, i #j;i,j = 1....n. For each vertex v; € V, has a fuzzy time-windows
|@,,, by, | within which the vertex may be served with ,, € [d,,, by,| is a non-negative
service and leaving fuzzy time of the vertex. A source vertex s, a sink vertex T with a
fuzzy time-windows |dj, b, | and [@,, b, | respectively, see, ([5], [6] and [22]) and ¢ is a
vector of the arc fuzzy capacity. Let X denote a fuzzy set of the feasible fuzzy flow,

X={#:X€ERAZ=0;0<% < ¢} (1)
where the matrix A stands for a vertex arc incident the relationship in the fuzzy network.
Obviously, X is a compact convex fuzzy set.
Let £ be a fuzzy flow value function, f isassumed to be a fuzzy linear on X. For instant,
it usually fined by,

f®) = Zoests) Xv, — Zvies—(s) X, (2)

where §*(s) and 6~ (s) are the sets of arcs which leaves and enters the source vertex

s, respectively.

= A Mathematical Formulation Model
« We define an instant model with the fuzzy function 7 as;

#(%) = max{é(y — X):7 = &, € X} (3)
where, #(¥) > 0, V% € X, é denoted to both a row fuzzy vector and a column fuzzy

vector of ones. Moreover, #(%) is the piecewise fuzzy linear on X. In fact, adding a

slack fuzzy vector Z such that,

Algorithm of Minimum Maximal Network Fuzzy Flow Problem with Fuzzy Time-Windows

London Journal of Research in Science: Natural and Formal

Volume 19 | Issue 4 | Compilation 1.0



London Journal of Research in Science: Natural and Formal

Volume 19 | Issue 4 | Compilation 1.0

fi 0 0\ o 0
I I 0 (y) = <E>,Z”EIRE”<:)A§/: 0,¥<y<é (4)
~ ~ VA ~
I 0 =17 X

2
where, R." denotes the fuzzy set of 2n — dimensional real column fuzzy vectors and
A is a fuzzy matrix stands for the vertex arc incident a relationship in the fuzzy network.

Then for a given ¥ € R?, #(X) is a solution of the following fuzzy linear programming:

subject to

(-Qozrize o

where E is an n xn fuzzy matrix. As #(¥) is a solution of the linear fuzzy

maximization, we assume that,
_ 0
(%) = 6,;B‘1< )-éf (6)

where ¢ corresponding to the coefficient fuzzy vector of the objective fuzzy function,
and B is a basic fuzzy matrix of the problem (5) which satisfy a fuzzy time-windows
constraints

By + Eogo; < Fopu By € [0y Byl By € |80, By | Bop o, ER* VD1 €V (7)

e We define a dual formulation model

In Philip [11], it follows that there exists a simplex A € R, (the set of n —
dimensional real fuzzy row vectors) such that the vector ¥ is a maximal fuzzy flow if

and only if there exists 1 € A such that

x>y, vyeX (8)
Thus, the MMNFFPFTW can be formulated as:
A f (%)
subject to -AF-%)=0vjeX,1erxeX (9)

oy + ooy < By By € [Auy by By € |80, By |, B By € RYVD,; € V(20)

This is a special case of the mathematical fuzzy programming of a variation inequality

with the fuzzy time-windows constraint. We denote that,
(7 - SN2, e o T ~
EME 1/2 1% + 1/2 |2||” + maxyep{x + WA — 1/2 |w11%} (10)

and  R(%7) = 1, |2+ 2" + 1/, %112 (11)
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Then, we proof the following lemma
Lemma 2.1 The constraints (9) can be cast into the form:
g&A)-h(x1)=01€eh,xeX (12)

Proof: We note that,

§(%.7) - h(z, 1) = maxges (AW — %) — 1y llw — %2} (13)
Since X is a convex fuzzy set. Suppose that (8) holds for some x € X and some 1 € A,
we have that;
0 < MaXpeg{AW — A% — 1/2 W — %%} < maxgez{Aw — Az W e X} =0 (14)
which yields §(#,1) - h(%,1) = 0. Suppose that §(%,1)- A(%,1) = 0 forsome 1 € A,
% € X. Then we have that,

M@ mex (AW — %) — 1/ 1w — 2[12} = 0 (15)

which implies that (W — %) < 0 for all W € X. In fact, if we have some W, € X such
that (W, — %) > 0, then we can take a point w on line segment [#,, ] satisfying

lw — %Il < ||4||cos6, where 6 is the acute angel between 1 and W, — %. Since X is a

fuzzy convex, then W € X but A(W — %) — 1/2 |[w — %|I? > 0. It contradicts (15).

e Note that: The fuzzy functions g and h are fuzzy convex and differentiable.
From lemma 2.1, it follows that the problem can be formulated by the following of the
difference convex fuzzy functions of differentiable programming with a fuzzy time-
windows constraint:

minf (%)

)=0,vieEATEX

Nz

9(%,2)-h(x,

By, + Loy, S Ty by, € ld,, by,], [ ] By Eoyw, € RY V05 €V

subject to (16)

By Shigeno-Takahashi-Yamamoto [11], we see that the A in (16) could be replaced by
{(l: 1€ Ry, 1 >,1é = n?} where, R} ={X:% € R,; ¥ > 0}, R,, denotes the fuzzy set
of n-dimensional real row vector and é denoted to both the fuzzy row vector and the
column fuzzy vector of ones. Then, we take the above set as A to design the algorithms.

. A CONVEX FUZZY PROGRAMMING AND A CONVEX FUZZY
ALGORITHM

A difference convex programming and a difference convex algorithm introduced by
Pham Dinh Tao in 1985 and extensively developed in other works. A difference convex
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algorithm was successfully applied to a lot of the different and various nonconvex
optimization problems to which it quite often gave a global solution and proved to be
more robust and more efficient than related to standard methods, especially in the large-

scale setting.

In [17] a difference convex algorithm is a primal-dual approach for finding a

local optimum in the difference convex programming. More detailed the results see,

[18] a difference convex algorithm can be found. Some numerical experiments are
reported that it finds a global minimizer often if one chose a good start point.

Consider the following general problem:

W, = inf{g(®)- h(X):¥ € R™} (14)
such that §(.),h(.):R®* — RUR are a low semi-continuous of the convex fuzzy
functions on R™. It is easy to see that the problem;

i {f (2)+8z (%)- L@ Emmig@)- k(@) (15)
where, 3 the indicator of )}and gx = j;(ic) + 6}(9?) is a special case of (14) as

shown in (15) under the conservation of co. We also suppose that g (%)- h(%) is bounded

below on R™. The E-subgradient of § at the point X, are defined by:
0eJ(%o) = {F € R™ G() 2 (%) + (X — %o, §) — E VX € X} (16)

and dg(x,) = 0,9 (x,). The conjugate fuzzy function of g is given by:

g (@) = sup{{x —9) — §(%):X € R™} (17)

From the low semi-continuous of § and h, we see that § = §** and h = h**
hold. Consider the dual fuzzy problem of (14):
Wy = inf(R"(5)- §°(7): 7 € R"}
We have that;
W, = inf{§(®)- h(®): % € R}

= inf{g(®) - sup{(x,7) — h*(7)}: 7 € R™: ¥ € R"}

= inf{g(®) + inf{h* () — (%, 7)}:§ € R”™: X € R"}

= inf{h* (@) + inf{h*(5) — (%, 7)}: 7 € R"} (19)

= inf{h* ) + sup{(%, ) — g(®)}: ¥ € X}:5 € R"}

= inf{h"() - §"(): 5 € R"} = Wq
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For a pair (¥, ¥), Fenchel's inequality §(¥)-g*(¥) = (X, ¥) holds for any proper

of the convex fuzzy function § and §*. If § € 0 (%) then §(%) + G*(§) = (%, ).
Definition 3.1 A point * is said to be a local fuzzy minimal of § — h if there exists a
neighborhood N of * such that (§ — h)(¥) = (§ — h)(%*),V % € N.

Lemma 3.1 A point %* is a local fuzzy minimal for § — h, then dh(%*) € 9 g (x*).
Proof: Let (§ — h)(%) = (§ — h)(¥*),V ¥ € N. Then §(¥) — §(¥*) = h(¥) — h(%*).
Taking Z € dh(%*), we have h(%) = h(%*) + (¥ — x*, 2) for all ¥ € R™. There for, we
see that §(%) = §(%*) + (¥ — ¥*, ) for ¥ € N. We note that g is a fuzzy convex, then

(&) = g(x*) + (¥ — x*,Z) holds for ¥ € R™.

3.1 A Difference Convex Fuzzy Algorithm with a Fuzzy Time-Windows

We describe the framework of the difference fuzzy convex algorithm with a fuzzy time-windows by the
first algorithm;

We describe the framework of the difference fuzzy convex algorithm with a fuzzy time-
windows by the first algorithm;
step 0: pick up a fuzzy point ¥° € dom(h), calculate §° € dh(x%); k = 1;
step 1: each fuzzy point has satisfied a fuzzy time-windows constraint, i.e.,
oy + Fuyoy < By By € [0y By By € |80y, By | B By, € RY V00 €V
step 2: calculate ¥* € argmin{g(®) — (R(x*1) + (x — xk~1, 757 1)): ¥ € R™};
calculate 7% € argmin{h(y) — (§*(F*1) + (&%, —*1)): 5 € R"};
step 3: if dR(¥*) N 0 G (%) # @, stop; otherwise, k = k + 1 go to step 1.

Lemma 3.1.1 Suppose that a fuzzy points ¥* and $* are satisfied a fuzzy time-

London Journal of Research in Science: Natural and Formal

windows constraint and generated in the above first algorithm, then ¥ € ah*(7*) and
yeteagxn).
Proof: Assume that £*~* and %~ are satisfied a fuzzy time-windows constraint and

in hand. We have,
mn{g (%) — (R(E*1) + (% — 1, %71)): % € R™} (20)

= mmn{g(®) — (¥ — ¥ 1)): % € R"} — (RE1) + (x — )}
and mn{h* () — (GG + (x5, 5 — 1) 5 e R"} =

= mn{h*(§) — (F* = 7*)): 7 € R} = ("G* D) + (F* = 7N} (21)
Thus, from step 2 in the above of the first algorithm,
g@® — &y 2 {(gEHUxR* -y N} v x (22)
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and h () —(xk—y)=(h () —(xk—y*N} vy (23)
It yields ¥ € oh*(§%) and 7%~ 1 € 9 g(x¥).

V. METHOD AND ALGORITHM OF THE MMNFFPFTW

Let (%), h(%) are the fuzzy convex functions, we can write the problem;
min{f (%) + 8x (%) — h(®)} = mn{§(®) — h(®)} (24)

In this section, we give an algorithm to solve the above problem (24). A general
framework of the branch-and-bound algorithm with a fuzzy time-windows can be stated

as follows.
e Algorithm General Framework

step O: initial setting and calculating;
step 1: branching of the operation with a fuzzy time-windows constraint, i.e.,

oy + Foyoy < B By € [0 Byl By € |80, By | B By, € RY V0,0 €V
step 2: local search for a smaller fuzzy upper bound;
step 3: find a larger fuzzy lower bound;
step 4: remove some regions, do to step 1.

We describe the steps 1, 2 and 3 as the following explained:
i) Describe step 1: Branching operation with a fuzzy time-windows constraint
A simplex based to the division is usually exploited in branch-and-bound method. At
some steps, the contemporary simplex S is divided into two a smaller one S; and S,.
Branch-and-bound convergence of the algorithms and a fuzzy time-windows constraint,
we need to division exhaustive, i.e., a nested sequence of the simplexes {S; }, k = 1,2, ...
has the following properties:
1. int(S;)n int(Sj) = @; i # j; with satisfy a fuzzy time-windows constraints and

Sk+1 € Sk; VEk,

2. lim ny_, Sx = x° for some x°.
k—o0

At each step, we chose to divide the simplex S into two smaller ones S, and
S,k+1 by bisecting a longest arc of S;,.. The sequence {S;}, k = 1,2, ... in such process is
exhaustive.
ii) Describe step 2: A local search for the smaller fuzzy upper bound
There are many methods to do a local search. Here, we exploit the first algorithm in
this step. Even the first algorithm is not going to find a global optimum theoretically,

but in many numerical experiments, it finds a global optimum practically.
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As shown in problem (24) can be rewritten as a difference convex fuzzy
programming min{g~ — ﬁ}, then we can use the first algorithm to obtain a local fuzzy

optimal solution. Then we assume that 0 = X n S; of the first algorithm which is a
local fuzzy optimal solution satisfy the fuzzy time-windows constraint on X N S; by

using the first algorithm.

iii) Describe step 3: Find a larger fuzzy lower bound
Assume that [, (%) is the affine fuzzy function such that I, (v;) = h(v;), vv; € V(S;)
a fuzzy time-windows to be a non-negative time. From the convex fuzzy of h(%), we

have I,,,(%) > h(%), VX € S;, then,

L(X ns;) = mn{f (%) + 6gns,(®) — L, (%): % € R}

< mn{f (%) + 8zns, (X) — h(%): X € R™}

Moreover, if V(S;) = {v4, ..., v, } is a hand, satisfy a fuzzy time-windows constraint,
then it is easy to calculate L(X n S;) because

mmn{f (%) + 8zns, (%) — 1, (%): X € R"} = mn{d X1, 4; v; +
ﬁZ?Ll /71]-17(17]-) 2 /ij = 1,/@ > 0,/12?21 Zj v = b,0 < Z?ilij v; < ¢ d € R™} (26)
where, & are the sets of arcs which leaves and enters the source vertex, A is a fuzzy
matrix stands for the vertex arc incident a relationship in the fuzzy network, (%) = 0
and 7#(%) = 0,V ¥ € X is a concave function on X. Based on the above discussion, we

give the following algorithm of the difference convex fuzzy algorithm of the
MMNFFPFTW.

e A Difference Convex Algorithm of the MMNFFPFTW

step O: let & and S, such that X € S,. Let ¥, = 0,%, = (—1,..,—1), bY >0, b, =
min{f(%):A% = b,0 <% < b},M = S;

step 1: select S, € M such that b; = L(X n S,) and dived S, into S; and S,;

step 2: 0! = X n S; from the first algorithm for all i = 1,2 if 0 < bY then 0% = bY;

step 3:if b, < L(X N Sp) then b, = L(X N S,), if bV — bV < & then Stop;

stepd: M ={S e M:L(XnS,) < bV}, if M = ¢ then Stop, otherwise, go to step 1.

The convergence of the above algorithm of the MMNFFPFTW is exhaustive of

the partition.
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V. CONCLUSION

This paper presents a new version of the Minimum Maximal Network Flow Problem (MMNFP), a new
version is the Minimum Maximal Network Fuzzy Flow Problem with Fuzzy Time-Windows
(MMNFFPFTW). We consider a generalized fuzzy version of the minimum maximal network flow
problem in fuzzy networks. We propose a mathematical model with a dual formulation of the
MMNFFPFTW. Also, we propose a new algorithm of the MMNFFPFTW. Our algorithm is a class of a
branch-and-bound, the result achieved in this paper to illustrates the promising application prospects
for the algorithm using the fuzzy networks model.
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