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We are going to show that if f is an element of the Colombeau algebra ther(Da f )is too, as well as the
integral Ia f linked to this fractional derivation and we have introduced the important remark which
supports and reinforces our new definition.
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. INTRODUCTION

In this work we give the definition of fractional conformal derivatives and their fractional integral
associated with the sense [1] of order 0 < a < 1 in algebra of colombeau G [R+]. we proved this
approach in the dove algebra in paper [2] using the derivative introduced by the author khalil in [5].
We notice that this conformal derivative has a defect concerning the fact that the derivatives of order k
do not belong to G moreover if we reason by its regularized form: D then a difficulty will arise at the
level of the composite of the fractional derivative and the associated integral and to remove this major
difficulty, we will propose to study the Cauchy problem (3.1) with a conformal fractional derivative
introduced by the authors ahmed chafiki and ahmed kajouni instead of fractional derivative compliant
introduced in [5]. The object of fractional calculus is to generalize traditional derivatives to non-integer
orders see [8, 6, 7, 3]. As is well known, many dynamical systems are best characterized by a dynamical
fractional order model, usually based on the notion of noninteger order differentiation or integration.

The study of fractional order systems is more delicate than that of their integer order counterparts.
Indeed, the fractional systems are, on the one hand, considered as memory systems, in particular to
take account of the initial conditions and on the other hand they present a much more complex
dynamics.

The theory of the fractional derivative is a very old theory, which goes back to a conversation of
September 30, 1695 between H"opital and Leibniz concerning the definition of the operator. Dn dxn
for n = 1 2 . Thus, over time certain approaches have been given in the literature such as the definition
of Riemann-Liouville and that of Caputo.
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. PRELIMINARIES AND NOTATIONS

2.1. Function Generalized
We use the following notations

dy={pec 9(]Ra+)//R+ o)dx—1, /on‘(p(x)dx: 0

for 1< || <gqg}
g=1,2,...
I x +
Pe(x) = 2o(7) for @e2(RT)

We denote by
ERY) ={u: A xR* - C/ with u(@,x) is €

to the second variable x}

u(x, Qe) = ue(x) Vo €

EMRT) = {(ug)e>0 C ERT)/VK CCRY,VmeN,3IN €N
dm
such that sup |—u8( )| <Ce™  there exist constantsC > 0}
xek dx™
:/V(R+) = {(ug)g>() Cé"(R+)/VK CcC R+,Vm€N,Vp€N
dm
such that sup|—ug(x)| < CeP  there exist constantsC > 0}
dx™
xekK

The Colombeau algebra is defined as a factor set 4(R") = &y(R1)/ A4 (R') , where the elements of the set
&u(R™) are moderate while the elements of the set .4 (R™) are negligible.
22  Fractional Derivative

Definition 2.1.[1] Given a fonction f : [0,00) — R, then the conformable fractional derivative of f order & is
defined by:

(Daf)(l‘) — lim f(t+he<a_l)t) 7f(t)

h—0 h

i

forallr >0, and o € (0,1).
If f is a-differentiable in somme (0,a),a > 0 and lim (D* f)(t) exists, then define
t—0

(DUf)(0) = lim (D*f)(t).

t—0t

Theorem 2.2.[1] Let 0 < & < 1 and f, g be w-differentiable at a point t > 0. Then

(1) D*(af +bg) =a(D*f)+b(D*g), for all a,b € R.
(2) D*(t?) = pel® V1P~ forall p € R.
(3) D*(A) =0, for all constant functions f(t) = A.
(4) (D*fg) = f(D*g) +&(D*f).
(5) (Da[) — f(Dag)J;g(Daf) .
g g
(6) If in addition, f is differentiable, then (D*f)(t) = e *~ V! f/(1).
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Theorem 2.3(1] Let b, ¢, p € R and 0 < o < 1. Then we have the following results
(1) D*(tP) = pel®=yP=1 for all p € R.
= cel® V% forall ¢ € R.

)
(4) D*(sin(bx)) = be(“ ¥ cos(bx), b € R.
(5) D%(cos(bx)) = —be!® Dsin(bx), b € R.

=
=
@
]
=
[¢]
=
N
EN

. [1] However, it is worth noting the following conformable fractional derivatives of certain functions:

(1) D (i Ll — o el
(2) Da(col(#e)(l o)t ))1) zl_fin(ﬁe(lfa)t)).
(3) Da(eﬁ ﬂ“):eﬂe —a)t

(4) D*(Lgell= ) =1

2.3 Fractional Integral

As in the works of [5], it is interesting to note that, in spite of the variation of the definitions of the
fractional derivatives, we can still adopt the same definition of the fractional integral here due to the
fact that we obtained similar results in Theorem 2.5 as of the results (1)-(6) and (i)-(iii) in [5]. So, we

have the following definition.

Definition 2.5.[1]

Let @ € (0,1) and a > 0, let f be a function defined on (a,z], Then, the & -fractional integral of f is defined by,

(N0 = [ e pis)as

Theorem 2.6. [1] where f : [a,0) — R is any continuous function in the domain of Iy and 0 < o < 1. Then, for
t > a we have

Dl f(t) = f(t).
Theorem 2.7.Let f : (a,b) — R is function differentiable and 0 < a < 1. Then, for t > a, we have

IgDg f(t) = (1) = f(a).

. FRACTIONAL DERIVATIVES OF COLOMBEAU ALGEBRA

Let (ug)e>0 be a representative of a Colombeau generalized u € 4([0,0)). The fractional derivative of (¢ )e>0,
is defined by

Lemma 3.1. Let (ug)e~o be a representative of u € 4([0,0)). Then, for every 0 < ot < Lsup.cpo,7] ‘Daug (x)’ has

a moderate bound.

Proof.
d
sup ’Daug(x) = sup [ D"y, (x)] < C sup ‘ ‘
x€[0.7] (0.7 dx x€[0.7] dx"®
< Ce™V
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Lemma 3.2. Let (u)¢)e>0 and (up.¢)e>0 be two different representative of u € 4([0,0)).
Then, for every 0 < & < 1,8up.[o 1) ‘D“ulﬁg(x) —Dau;g(x)) is negligible.

Proof.
d d
sup Daul,g(x)—Dauzvg(x)’ = sup ‘ —ulys(x)—e(afl)x—uzys(x)‘
x€[0,7] x€[0,7] dx dx
d d
— (o= & _4
= sup |6l (e (6) — e ()|
x€[0,T] dx ¢ dx ¢
< € sup | o)~ L (o)
> sup up —Uy.
x€[0,T] dx . dx .
Since (u¢)e>0 and (uz¢)esorepresent the same Colombeau generalized u we have that SUPye(0,7] %ul’e (x) —
%u27g(x) is negligible.Therefore,sup,c(o 77| D%u1,¢(x) —Do‘uz:g(x)’ is negligible, too. O

Lemma 3.3. Let (ug)e~0 be a representative of u € 4([0,0)).
Then, for every 0 < a < 1 and every k € {0,1,2,...},sup,c[o 7] ‘ %D“ug(x)‘ has a moderate bound.

Proof. For arbitrary order derivative, we have

d* d e d
sup | ——D%ug(x )’ = sup |—e @y (x)‘
wefor) dXE relo,r) dXF dx
< Cisu d ug (x)[+C2 su ’ x))—&- +Cry18u ‘Lu (x))
o ISEII? dx zsellg dx i sellg dxk+17E

k € N for some constant C > 0

]
according to sup,cg ;—;ug (x)) has a moderate bound,for every k € {0,1,2,...}.

Therefore sup,( ] ’ ;—;D“ Ug (x)‘ has a moderate bound,too.

Lemma 3.4. Let (u;¢)e>0 and (up.¢)e>0 be two different representative of u € 4([0,0)).

Then, for every 0 < & < 1,and everyk € {0,1,2,...}, sup,co 1] %(D“ulﬁg(x) - D“u;g(x))‘ is negligible.

Proof.

b o o
sup }—(D uye(x) —D%up, (x))‘
x€[0,T] dx* ¢ ¢
d d

_ pla—1x 4 _ (a—x & ‘

x:l(l)pﬂ‘ dxk dxul’e (x) —e dxuz’e (x))

d d

_ Oc Dxg & ¢ ‘

e oy )= L)

d d
< C 4 (a-1x & _a ’
o xeS;I,)T] dxke (a’xul"s () d)cuz’8 (x))
d d d2 dk+1 dk+1
< G xeS[L(l)PT]‘(dxul’g( x)— I ——upe(x +sz€SOT ‘d 5 (u1,e(x) — e —5u2e(x)) |+ +Ck+1x€s[1(1)PT] W(“l,e(x)—muz,e(x))‘
dk+1

IN

d
Ci sup]‘(a(ulﬁg() upe(x ‘+C2 sup —z(ul’g(x)—u278(x))‘+...+Ck+] sup ‘dxk“ (u1,¢(x) — uzﬁg(x))‘

xe[0,T x€[0,7] ’ dx x€[0,7]
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as supseK‘ (%ulﬁg - j—;uzyg)(s)‘ is negligible then sup,¢( 7] I;"—;(Daulyg(x) —D%uy ¢(x))| is negligible.
Now we introduce the fractional derivative of a Colombeau generalized on [0, o) in the following way.

Definition 3.5. Let u € 4([0,0)) be a Colombeau generalized on [0,e0) The ¢ th fractional derivative of u, in
notation D%u(x) = [D%ug (x)].is the element of ¥(]0,0)) satisfying (3).

V. FRACTIONAL INTEGRAL OF COLOMBEAU GENERALIZED

Let (u¢)e>0 be a representative of a Colombeau generalized u € ¢([0,0)). The fractional integral of (u¢)e>0,
is defined by

I%ug(x) = /x(e(l_a)sug(s))ds 4.1)

0

Lemma 4.1. Let (ug)e>0 be a representative of u € 4([0,e0)). Then, for every 0 < a < 1,sup,c(o 7| ’I“ug(x)‘ has
a moderate bound.

Proof.
sup Iaug(x)) = sup ’/ (e(lfa)sug(s))ds)
x€0,T] xelo,7]'/0
< sup ‘ug(s) sup ‘/ (e(l_a>5)ds‘
s€[0,T] xel0,7]'/0
e T -1
< sup |u (s)’
l—a conl
< Ca,TE_N

Lemma 4.4. Let (1) ¢)e~0 and (uz.¢)e=o be two different representative of u € 4([0,0)).
Then, for every 0 < & < 1,sup,c(o 7 ‘I“m,e(x) —[auz,e(x)‘ is negligible.

Proof.

sup laulﬁg(x)—lauz’g(x)‘ = sup /(e(lfomul,g(s))ds—/ (saflugﬁg(s))ds}
x€[0,7] xelo,7]'/0 0

= sup /Ox(e(l_a)s(ul7g(s)7”27€(S))d$’

x€[0,T]
< sup ul,s(s)_uz,e(s)H/(e(lia)s)ds‘
s€[0,T] 0
e T—1
- ses[%%] ul,s(S)—uz,g(S)H

Since (u1¢)e>0 and (uz ¢ )esorepresent the same Colombeau generalized u we have that

sup ’u17g(x) - uzjg(x)‘
x€[0,T]
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is negligible.Therefore,

sup ([I%u ¢(x) —1%up ¢(x)
x€[0,T]

is negligible, too.

Lemma 4.3. Let (ug)e~0 be a representative of u € 4([0,0)).
Then, for every 0 < o < 1 and every k € {0,1,2,...},

k
sup ‘ “u (x))
o)l
has a moderate bound.
Proof. Lete € (0,1) 0 < o < 1, we have
dk—l (1)
sup ‘ (x)‘ = sup — e\ %5y (x)‘
xelo,7) dXF xefo.r) AxX*! ‘
d
< Cosup|ug(x)|+Cysup —ug(x)‘—i—...
sekK sek dx
dk 1
+ e ()|

k € N for some constant C; >0 ,i € {0,1,2,....k— 1}

j—:kug (x)‘ has a moderate bound, for every k € {0,1,2,...}, it follows that, sup,c( | ‘[Ocue (x)‘ has a

Since, sup,cg
moderate bound, too.
For arbitrary order derivative.

Lemma 4.4. Let (u;¢)e>0 and (up.¢)e>0 be two different representative of u € 4([0,0)).
Then, for every 0 < o < l,and every k € {0,1,2,...},

k
L1y o (x) — I e (x)) |

sup ‘
x€[0,T] dx
is negligible.
Proof.
sup |11 — 12 3) sup [ ((1%01.0) () — (7))
1 2, = —— 1, = ([Tu,
relor) dxk . ‘ relor) dxF ‘ ‘
! (a (a-1)
= sup — (&' Uy g — YT Uy )(x)‘
relor) dX<! ‘ ‘
dkfl (1)
= sup |o—e " M (ue —up, )(x)‘
x€[0,T] dx*=1 ‘ ¢
< Cy sup ulvg(x)—u27g(x)‘+C1 sup ’d upe(x) —upe(x))|+
x€[0,T] x€[0,T]
gk
oot Cr_q sup ‘dxk 1(z,tl,g(x)—btz,g()c))‘

x€(0,T]
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dk
dxk
Now we introduce the fractional integral of a Colombeau generalized on [0, ) in the following way.

since, Sup,c(o 7] % (u1,6(x) —uze (x))‘ is negligible then sup,o 7| o (1%u1.¢(x) — ]o‘uzﬁ(x))‘ is negligible.

Definition 4.5. Letu € 4([0,<)) be a Colombeau generalized on [0, ) The ccth fractional integral of «, in notation
I*u(x) = [I%ue (x)]
is the element of ¢4([0,0)) satisfying (4.1).
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