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. INTRODUCTION

Queueing systems with repeated attempts are characterized by the fact that a customer
finding all the servers busy upon arrival must leave the service area and repeat his request
for service after some random time. Between trials, the blocked customer joins a pool of
unsatisfied customers called “orbit”. Yang and Li[l] has investigated the M/G/1 retrial
queue with the server subject to starting failures. Lie and Lee[2] Analysis of fuzzy queues
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computers an mathematics with applications. Ke et.al[3] studied On retrial queuing model
with fuzzy parameter. Negi and Lee[4] investigated and simulation of fuzzy queue fuzzy sets
and Systems. Dhurai and Karpagam[5] analyzed a new membership function on hexagonal
fuzzy numbers. Zadeh[6] considered Fuzzy sets as a basis a theory of possibility. Rita and
Robert[7] studied Application of fuzzy set theory to retrial queues. This paper is organized
as follows. In division 2 describe deals the fuzzy queue model. In division 3 we discuss the
mean number of customers in the orbit, the mean number of customers in the system and
the mean waiting time in the system are studied in fuzzy environment. In division 4 includes
numerical study about the performance measures. Finally, conclusion are gained.
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Il.  THE CRISP MODEL

Consisder an M/G/1 retrial queueing model with Bernoulli schedule and vacation.
Customer arrive from outside the system according to a Poisson process with parameter
A. The server provides service rates common distribution with parameter p; and po. The
server takes a Bernoulli vacation after each service completion, the server takes a vacation
with probability q, and with probability p = 1-q, the vacation rates two moments &, &.
Arrival rates, service rates, server vacation rates are assumed to be mutually independent.

The state of the system at time t can be described by the Markov process { N (¢); ¢ >
0} = {(C(t),Y(t),&(t),&(t),&(t) > 0}, where C(t) denotes the server state (0,1 or 2 de-
pending if the server is free, busy or on vacation respectively) and X(t) corresponding to
the number of customers in the orbit at time t. If C(t) = 0 and X (¢) > 0, then &y(t),
represents the elapsed retrial time, if C(t) = 1, then & (¢) corresponds to the elapsed time of
the customer served, if C(t) = 2 and Y'(t) > 0, then &(t), represents the elapsed vacation
time at time t.

(i) The mean number of customers in the orbit

Npés N N o + N + 20%q&1
2[00 + 1] 2[1 — M — A&

(ii) The mean number of customers in the system

E(O) =

N &y + N6 + Npup
2[1 =AM + &)

(ili) The mean waiting time in the system

E(S) = )\,u1 +

2Ap181 + Ao + Apo

BOV) = it N 1 6)

. THE MODEL IN FUZZY ENVIRONMENT

In this section the arrival rate A\, service rate iy, po, vacation rate &, & are assumed
to be fuzzy numbers respectively.

Now,
A= {(b.®):b € s(V)
fiv = {(c1, p, (e1))s 1 € s(fa) }
fiz = {(c2, s (c2)); 2 € s(fiz) }
& = {(di, pg, (d)); di € s(&1)}
and

o = {(da, pg,(d2)); dz € 5(&2) }
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Where S()), S(111), S(fiz), S(&), S(&) are the universal sets of the arrival rate,
service rate, vacation rate and reneging respectively. Define f(b, ¢;, ¢z, d;, ds) as the system
performance measure related to the above defined fuzzy queueing model, which depends on
the fuzzy membership function f(\, iy, iz, &1,€2). Applying Zadeh’s extension principle
(1978) the membership function of the performance measure f(\, fiy, piz,&1,€2) can be de-
fined as

i g €363y (1) = up {min {px(0), wz (1), iz (2), g, (d), g, (do) } JHY (1)
beS(A
c1€S(im)
CQES(,UZQ)
d1€5(81)
d2€5(&2)

where,
H - f(b7 C1, Co, d17 d?)

If the a- cuts of f(\, fi1, fiz, &1, &>) degenerate to some fixed value, then the system
performance is a crisp number, otherwise it is a fuzzy number.

We obtain the membership function some performance measures namely the mean
number of customers in the orbit E(O), the mean number of customers in the system E(S),
the mean waiting time in the system E(W). For the system in terms of this membership
function are, as follows

tgrerd) = bsgg) {min {ux(D), e, (¢1)s i (c2), g, (di), g (do) } /1) (2)
S
c1€S(pm)
c2€S(112)
di1€S(&1)
d2€5(&2)

where,
I = f(b7 C1, Ca, d17 d2)

where,

b2 pds b2cy + b2qdy + 2b%qd ¢y

I pu—
Q[bpdl + 1] 2[1 — bCl — qul]

HW(J) = SE(R) {mm {Mi(b%#m(01)#@(02)»#5}(dz),/t{g(d2)}/J} (3)
beS(A
c1€5(m)
C2ES(LL:2)
di1€S(&1)
d2€8(£2)

where,
J = f(b) €1, Ca, d17 d2>
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where,

2b201d1 + b2d2 + b202

J = bey +
T TO0 b+ dy)]

o (K) = . {min {ux(b), tyi, (c1)s i (o), pie; (dn), e, (d2) } /K } (4)
beS(A
c1€8(pn)
c2€S(112)
d1€5(5})
d2€5(&2)

where,

K = f(b, 01702,d1,d2)

where,

2b01d1 + bd2 + bCQ
2[1 = b(cy + dy)]

K:Cl—|—

Using the fuzzy analysis technique explain, we can find the membership of HEo] HEs)
PEr] as a function of the parameter o. Thus the a-cut approach can be used to develop
the membership function of tge) MBS HEm-

V.  PERFORMANCE OF MEASURE

The mean number of customers in the orbit

Based on Zadeh’s extension principle pz5;(/) is the supremum of minimum over
{12 (0), pm (1), (), pg (dn), pgy(dn) /T = f(b, ¢, 2, dy, da)}

b2pd2 i b262 —+ b2Qd2 —+ 2bQQd101

to satisfying um(I)Za, 0<a<l

We consider the following five cases:

Case(i):px(b) = a,pum (1) 2 s (c2) = aupg (di) 2 a,pg (d2) = o,

Case(i)113(6) = i (1) = ot (€2) > i (1) > gy (d) > o
Case(iii):iux(b) > a i (1) > o, (c2) = ayug (di) > a,pg (d2) > a,
Case(iv)ips(b) > i, (¢1) > iy (02) = vt (dy) = g, (d) > v,
Case(v):113(6) > (1) > () > g (dh) > g, (da) = o
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For case (i) the lower and upper bound of a- cuts of Jigo] Can be obtained through the
corresponding parametric non-linear programs,

[E[O]]g = min {[I]} and [E[O]]g* = max {[I]}.

Similarly, we can calculate the lower and upper bounds of the a-cuts of 1Ero)
for the all cases (ii),(iii),(iv) and (v). By considering all the cases simultaneously the lower

and upper bounds of the a-cuts of [E[O]] can be written as

[E[O)]g = min{[/]} and [E[O]]7 = max {[I]}

where,
[ — bzpdg b202 + bQQdQ + 2b2Qd1C1
- 2[bpd; + 1] 2[1 — bey — bagd,]
such that

DL <b < [B]Y, [ai <o <[all, (el < < el

a) ) o)

[di]} < dy < [di]Y and [do]} < dy < [do]5.

If both [E[O]]L and [E[O]]Y are invertible with respect to «, the left and right

« «

shape function, L(I) = [F[O)%]7! and R(I) = [E[O]Y]™" can be derived from which the

o «
membership function ,um(f ) can be constructed as

L(I), [E[O]lg=0 <1 < [E[O]]5-,
paod) = 4 1, [E[O]]G=y < T < [E[O]]g- ()
R(I), [E[Ollg= <1 < [E[O]la=

The mean number of customers in the system

We can calculate the lower and upper bounds of the a-cuts of[E[S]] as, pizg(J)
is the supremum of minimum over

{:U’S\(b)a 2075 (Cl)’ 2178 (02)7 27 (dl)v M{z(d1>/‘] = f<b> C1, C2, d1> d2)}

[E[S]la = min{[J]} and [E[S]]q = max{[J]}
where,

2b201d1 + b2d2 + b202

J = bey +
T TO0 b+ dy)]
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such that
DlE <b <Y, [a]h < e < ey, el < e < el

) )

[di]} < dy < [di]Y and [do]] < dy < [d5]].

If both [E[S])L and [E[S]]Y are invertible with respect to «, the left and right

« «

shape function, L(J) = [E[S]%]™! and R(J) = [E[S]Y]™! can be derived from which the

membership function izg(J) can be constructed as,

L(J), [E[S]la=o < J < [E[S]5=
pas(d) = 1 1, [E[S]la= < J < [E[S))g= (6)
R(J), [E[SNlg=1 < J < [E[S]la=o

The mean number of customers in the waiting time

We can calculate the lower and upper bounds of the a-cuts of[E[W]] as, pgr(K)

is the supremum of minimum over

{:ui(b)’ 2073 (Cl)’ 20178 (02)7 27 (dl)v M{z(dl)/K = f(b’ C1, Co, dla dQ)}

[EW]lq = min {[K]} and [E[W]]; = max {[K]}

where,
2b61d1 + bdz + bCQ
K=¢ +
@ 2[1 — b(Cl + dl)]
such that

DIE <b < [B]Y, [ai < a < [all, [e]i < e < ey,

a) )

[di]} < dy < [di]Y and [do]] < dy < [do]].

If both [E[W]]L and [E[W]]Y are invertible with respect to «, the left and right

« «

shape function, L(K) = [E[W]]Z]7 and R(K) = [E[W]]{]~* can be derived from which the

[e7

membership function yig7(K) can be constructed as,

L(K), [EW]lam < K < [E[W]5-,
pem(K) = q L, [EWl5o < K < [EV]JoL,
R(K), [EW]lg= < K < [E[W]]a=
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V.  NUMERICAL STUDY
The mean number of customers in the orbit

Suppose the fuzzy arrival rate \, service rate fi1, u2, vacation rate &, & are as-
sumed to be hexagonal fuzzy numbers described by
X = [11,12,13,14, 15, 16], 7ir = [13, 14,15, 16, 17, 18], T3 = [41, 42, 43, 44, 45, 46),
& =[91,92,93,94,95,96] and & = [101,102,103, 104, 105, 106] per hour respectively.
Then,
Ma) = { min {z € s(\),G(r) > a}, max {z € s(\),G(r) > a}},

z€s(X) z€s(A)
where,
(1 =z —a
- L , for a1 <z < ay
2 o — a1
r—a
-+ = 1), for as <z < ag
2 2 as — ag
G() 1, for a3 <z <ay (8)
r)= 1, z—a
1—-= 4), for ay <z < as
2 a3 — Ay
ag — T
~ (=5 , for as <z < ag
2 g — Uy
\ 0, for otherwise

That is, A(a) = [11 + «, 16 — af, py(@) = [13 + o, 18 — o], pa(a) = [41 + «, 46 — a,
& (a) =91+ @,96 — o] and &(a) = [101 4 «, 106 — af.

It is clear that, when b = bg, cp = clg, Ccy = 62g7 dy = dlg and dy = ng, I attains its
maximum value and when b = bg, ¢ = clé, Cy = 025, dy = dlg and dy = dgg, I attains its
minimum value.

From the generated for the given input values of \, T, Ty, &;, &,

i) For fixed values of b,c,co and d; 1 decreases as dy increase.
ii) For fixed values of ¢1,¢9,d; and ds I decreases as b increase.

(

(

(iii) For fixed values of b,cy,d; and dy I decreases as ¢; increase.

(iv) For fixed values of b,¢y,d; and ds 1T decreases as ¢ increase.

(v) For fixed value of b,c1,c2 and dy T decreases as d; increase.

The minimum value of occurs when z-takes its lower bound.

ie).,, b = 11 + « and ¢, ¢g, di and dy takes their upper bounds given by ¢; = 18 — «,
o =46 —a, dy = 96 — «, and dy = 106 — « respectively, and the maximum value of E[O]
occurs when b = 16 —a, ¢ = 134+, co = 4l 4+, dy = 91 4+ « and dy = 101 + . If
both [E[O]]L and [E[O])Y are invertible with respect to ‘a’ then, the left shape function

« «

L(I) = [E[O]£]7! and right shape function R(I) = [E[O]Y]™! can be obtained and from

« «
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which the membership function um(l ) can be constructed as

e =

(0.5(z — 1), for
0.5+ 0.5(x — 1), for
1, for
1+ 0.5(z —4), for
0.5(6 — x) for
0, for

\

L<I<I
I, <I<Is
I;<I<I,
I, <1<
Is <1<

otherwise

For the given set of input values, the values of Iy, I5, I3, I, I5 and I evaluated c
programme given above are 0.000, 8.717, 9.264, 9.154, 8.826 and 0.000 respectively and

(0.5(x — 1), for
0.5+0.5(x—1), for
1 for
—(I) = ¢ ’
Heod) 14 0.5(x —4), for
0.5(6 — x) for
0 for

\

0.000 < I < 8.717
8.717 < 1 <9.264
9.264 <1 <9.154

9.154 < T <8.826

8.826 < I < 0.000

otherwise

(10)

The graphs of the shape function L(I) and R(I) are given in the figure 1

The mean number of customers in the system

The minimum value of occurs when z-takes its lower bound.
ie)., b = 11 + « and ¢, ¢y, dy and dy takes their upper bounds given by ¢; = 18 — a,
¢y =46 — «, d; = 96 — « and dy = 106 — « respectively and the maximum value of E[S] oc-
curs when b = 16—, ¢; = 13+a, ¢; = 41+«, d; = 91+« and dy = 101 +a. If both [E[S])%

and [E[S]]Y

[e%

are invertible with respect to ‘@’ then, the left shape function L(J) = [E[S]%]!

and right shape function R(J) = [E[S]Y]™! can be obtained and from which the membership

o

function pzg(J) can be constructed as:
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(0.5(90 - 1), for J < J< J,
05+05x—1), for Jo<J<J

1, for J3< J< Jy
1gE () = (11)
1 —+ 05([[‘ — 4), for J4 S J S J5
0.5(6 — x) for Iy < J < Jg
0, for otherwise

\

For the given set of input values, the values of Jy, Js, J3, Jy, J5 and Jg evaluated c
programme given above are 0.8462, 1.9776, 2.0829, 2.0847, 1.9793 and 0.8710 respectively and

(0.5(z — 1), for  0.8462 < J < 1.9776
05+0.5(x—1), for 19776 < .J < 2.0829
1, for  2.0829 < J < 2.0847
1 () = 9 (12)
1+ 0.5(x — 4), for  2.0847 < J < 1.9793
0.5(6 — z) for 19793 < .J < 0.8710
\ 0 for  otherwise

The graphs of the shape function L(J) and R(J) are given in the figure 2

The mean number of customers in the waiting time

The minimum value of occurs when z-takes its lower bound.

London Journal of Research in Science: Natural and Formal

ie).,, b = 11 + « and ¢, ¢, di and dy takes their upper bounds given by ¢; = 18 — a,
o =46 — o, d; = 96 — a and dy = 106 — « respectively and the maximum value of E[W]
occurs when b = 16 —a, ¢ = 13+, co = 41+, di = 91 + « and dy = 101 + . If
both [E[W]]Z and [E[W]]Y are invertible with respect to ‘a’ then, the left shape function

« o

L(K) = [E[W]E]7! and right shape function R(K) = [E[W]Y]~! can be obtained and from

which the membership function “W(K ) can be constructed as:

Analysis of FM/FG/1 Retrial Queue with Bernoulli Schedule and Vacation using Hexagonal Fuzzy Numbers
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(0.5(x — 1), for K, <K <K
0.5+ 0.5(x — 1), for Ky < K < K,

1, for K <K<K,y
Hamr () = (13)
1+05(ZL’-4), for K4§KSK5
0.5(6 — x) for Ky < K <K
0, for otherwise

\

For the given set of input values, the values of K7, K,, K3, K4, K5 and Ky eval-
uated ¢ programme given above are 0.0000, 13.5398, 14.1564, 14.4615, 13.8491 and 0.0000
respectively and

(0.5(z — 1), for  0.0000 < K < 13.5398
054+ 05(x—1), for 13.5398 < K < 14.1564
1, for  14.1564 < K < 14.4615
1K) =
1+ 0.5(z — 4), for 144615 < K < 13.8491 (1)
0.5(6 — z) for  13.8491 < K < 0.0000
0 for  otherwise

\
The graphs of the shape function L(K) and R(K) are given in the figure 3

In this paper we fix the service rate i by crisp value 43.5 and taking arrival
rate A = [11,12,13,14,15,16], service rate fiy = [13, 14,15, 16,17, 18] both hexagonal fuzzy
numbers and the values of the mean number of customer in the orbit were generated and
from the figure 6.1. It is observed that as X increases the mean number of customer in the
orbit increases for the fixed value of the service rate. Whereas for fixed value of arrival
rate, the mean number of customer in the orbit decreases as service rate increases. It is
also observed from the data generated that, the membership value of the mean number of
customer in the orbit is 9.4, when the ranges of arrival rate, service rate lie in the intervals
(13,14.4), (15.5,16.5) respectively.

For fixed value of & = 93 and 93.3 the graph of the mean number of customer
in the system drawn in figure 6.2 shows that, as arrival rate increases the mean number
of customer in the system also increases, while the vacation time decreases as the mean
number of customer in the system increases. It is also observed from the data generated
that, the membership value of the mean number of customer in the system is 2.1, when
the ranges of arrival rate, service rate, and the working vacation rate lie in the intervals
(13.5,14.3), (93,94.3) respectively.
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Again for fixed values of & = 102.5 and 103.7 the graph of the mean reneging
rate of the system are drawn in figure 6.3 respectively. This figure shows that as arrival rate
increases, also the mean number of customer in the waiting time increases, while the the
mean number of customer in the waiting time decreases as the service rate increases. It is
also observed from the data generated, that the membership value of the the mean number
of customer in the waiting time is 15.06, when the ranges of arrival rate, service rate, and
the vacation rate lie the intervals (12.5,13.8), (102,104.6) respectively.

The following three graphs are represent the performance mea- sures

Arrival rate, Service rate versus The mean number of customers in the orbit

10

9~

8~

The mean number of customers in the orbit

13

) 18 1.5 12 125
Service rate .
Arrival rate

Figure 1: Arrival Rate, Service Rate Versus the Mean Number of Customer in the Orbit

Arrival rate, Service rate versus The mean number of customer in the system

London Journal of Research in Science: Natural and Formal

The mean number of customer in the system

Service rate
14
14.5 15

Arrival rate

Figure 2: Arrival Rate, Service Rate Versus the Mean Number of Customer in the System
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Arrival rate, Service rate versus The mean number of the customer in the waiting time

The mean number of the customer in the waiting time

3 25 3 ] Service rate

Arrival rate

Figure 3: Arrival Rate, Service Rate Versus the Mean Number of Customer in the Waiting Time

VI.  CONCLUSION

In this paper we have studied analysis of FM/FG/1 retrial queue with Bernoulli
schedule and vacation using hexagonal fuzzy numbers. Based on Zadeh’s extension prin-

ciple, system performances of interest for the mean number of customers in the orbit, the
mean number of customers in the system and the mean number in the waiting time. We

have obtained numerical results to all the performances and graphs to the corresponding
measures are obtained. Basically, queue formation is a phenomenon that often occurs when
the current demand for a service excees the current capacity to offer that service. This fuzzy
retrial queueing systems are useful everywhere in the society. The capablity of these systems
can have an impact result on the quality of human lives and productivity of the process.
Fuzzy retrial queueing systems were applied to procure the performance analysis of different
system like telephone switching systems, computers competing to gain service from a central
processing unit etc., Fuzzy retrial queues are more realistic when compared to crisp queues.
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