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| PRELIMINARIES

1.1 Notation and Terminology
In this paper, we shall represent the following notations as: Y- sum over i; A -an alternating group of

degree n and order "T' ; |G| — the order of a group G; |G: H| -Index of H in G;

PP _ the set of an ordered triple from set P = {1, 2,3,..,n}; S Bl _ the set of an ordered triple from set
S={n+1n+ 2,..,2n} V[3] — the set of an ordered triple from set

V ={2n+ 1,2n + 2,.,3n}; [a, b, c] -Ordered triple; A XA xA -Cartesian product of alternating

group 4 ; PP x sP1 x VP Cartesian product of ordered sets of triples P[3], sP1 and v,

Definition 1.1.1: Group action (Kinyanjui et al., 2013): Let P be a non-empty set. A group G is said
to act on the left of P if for each geG and each peP there corresponds a unique element gp€eG such
that:

(i) (9192) =91(92p). 91, g € Gand p €P.

(ii) For any p€eP, ep = P, where e is the identity in G.

The action of G from the right on P can be defined in the same manner.
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Definition 1.1.2: Orbit (Njagi, 2016): Let G act on a set P. Then P is partitioned into disjoint
equivalent classes called orbits or transitivity classes of the action. For every peP the orbit containing p
is called the orbit of p and is denoted by Orb P

Definition 1.1.3 Fixed point (Kinyanjui et al., 2013): Let G act on a set P. The set of elements of P
fixed by g€G is called the fixed-point set of ¢ and is denoted by Fix(g). Thus Fix(g) = {gp = p}.

Definition 1.1.4: Transitive group (Cameron, 1970): If the action of a group G on set P has only one
orbit, then we say that G acts transitively on P. In other words, G acts transitively on P if for every
pair of points p, s€ P, there exists geG such that gp = s.

Theorem 1.1.4: (Orbit — Stabilizer Theorem, Rose, 1978, p.72): Let G act on a set P. Then
|orb_ ()| = |G: Stab )|

Definition 1.1.5: Blocks and primitivity (Nyaga et al., 2011): Assume that the action of G on X is
transitive. For every subset A of X such that each g€G, let gA = {ga: a€A}<X. A subset A of X is referred
to as a block for the action if, for every g€gG, either gA = A or gANnA = @. @, X and all singleton subsets
of X are definitely blocks known as trivial blocks. If these are the only blocks, then G acts primitively on
X otherwise, G acts imprimitively.

Definition 1.1.6: Direct product action (Cameron et al, 2008): Let G, P) and G, P) be
permutation groups. The direct product G X G, acts on the disjoint union P UP, by the rule

p(gl,gz)z {rg, if EP, pg,, if PEP, and on the Cartesian product P xP, by the rule
(p1’p2)(g1’g2) - (plgl,ngz).

Theorem 1.1.7: (Armstrong, 2013): The G, X G, % G3—orbit containing (p, s, vV)EPXSXV is given by
Orb . (p)x0rb . (s)x0rb, (v) and the stabilizer of (p,s,v) is given by Stab . (p)xStab, (s)xStab . (v).

1.2 Introduction

Higman (1964) introduced the rank of a group on finite permutation groups of rank 3. Cameron
(1972) worked on the suborbits of multiply transitive permutations and later in 1973 studied the
suborbits of primitive groups.

Hamma and Aliyu (2010), on transitivity and primitivity of dihedral groups proved that the dihedral

group of degree 2"(n>2) is transitive and primitive. Ndarinyo et al., (2015) showed that the alternating
group A = 5,6,7 acts transitively on unordered and ordered triples from the set P = 1,2, ..,n when

n<7 through determination of the number of orbits.

Muriuki et al., (2017) showed that for the action of direct product of three symmetric groups on
Cartesian product of three sets, the action is both transitive and imprimitive for all n>2 and the

) . .3
associated rank is 2.

Mutua et al., (2018) showed that the direct product of S XA, of the symmetric group S by the
alternating group A on the cartesian product XXY has its action both transitive and imprimitive

when n>3. Nyaga (2018) proved that the direct product action of the alternating group on the
Cartesian product of three sets is transitive.
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Maraka et al.,, (2021) showed that the action of the cartesian product of the alternating group,

A XA XA, on the cartesian product of PPl x 5P V[3], the cartesian product of ordered sets of

triples is transitive when n>5.

Based on these results we investigate some properties of A XA XA, the cartesian product action of

the alternating group acting on PP s V[3], the cartesian product of ordered sets of triples.

(3]

The cartesian product of alternating group A XA XA, actson PPl x 5P« V[3], by the rule;

giil(L, 2,3[1, 2,4, .[n,n—1, n=3[n, n—1, n—-2)xg,{(n+1, n+2, n+
3,[n+1, n+2, n+4, . .[2», 2n—-1, 2n -3 [2n, 2n -1, 2n-2) X g{(Rn+

1, 2n+2, 2n+3[2n+1, 2n+2, 2n+4, ..,[3n, 3n—1,3n—-3[3n, 3n—-1, 3n—-3) }=
{g:([1, 2,3[1, 2,4 . .[n, n—1, n—=3[n, n—1, n-2) g([n+1, n+2, n+3,[n +
1, n+2, n+4 . .[2», 2n—1, 2n—3[2n, 2n—1, 2n—-2) g([2n+1, 2n +2, 2n+
3],[2n +1, 2n+2, 2n+4, ..,[3n, 3n—1,3n—-3[3n, 3n—1, 3n—-3)};

Vg g g€A,{(L, 2R3, 2K . .[n n-1 n-3[n n-1, n-2) e

PBl set of ordered triples from{he, Set. LPiEm +1, n+2, n+3,[n +
1, n+2, n+4 . .[2n, 2n—1,2n-3[2n, 2n—1, 2n-2) }€

SBl set of ordered triples fromfnhelset+2S.= . ad{(2n +1, 2n+

. MAIN RESULTS
Theorem 2.1: (Maraka et. al., 2021): The action of the cartesian product of the alternating group A,
A XA XA, acting on the cartesian product of ordered sets of triples, PP x 5B P! , is transitive
if and only if n>5.
Proof: Let G =G, XG3 XG, =A, XA, XA, act on PLIxSEEIxV IS It suffices to
verify that | B3IxS[3IxV I3 is equal to |Orbs ([1, 2, 3], [n+1, n+2, n+3], [2n+

1, 2n+2, 2n+3])/|

Let |R| = |Stabs([ 1, 2, 3], [n+1, n+2, n+3], [2n+1, 2n +2, Pn +3]

So, (gp, g g) €EG=A,%xA, XA, fixes ([1,2,3], [n+1, n+2, n+3], [2n+1, 2n+
2, 2n+3]) e PIxSB8Ixy 3] ifand onlyif 1, 2and 3 comes from 1-cycle ofg,, ;

n+1, n+2 and n+3 comes from 1-cycle ofgsand 2n +1, 2n+2 and 2n +3 comes

from 1-cycle ofg,, . |

Therefore, |R| = [Stab ([1,2,3],[n + 1,n + 2,n + 3],[2n + 1,2n + 2,2n + 3])|

StabG (I1,2,3]) x StabG (n+Ln+2,n+ 3)x StabG ([2n + 1,2n + 2,2n + 3])|
p s v
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_m-3) x(m-3) x(n-3) _ (n-3)\’
B 2 X2 X2 _( 2 >

Applying the Orbit-Stabilizer Theorem we get;

|Oorb; ([ 1, 2, 3], [n+1, n+2, n+3], [2n+1, 2n+2, 2n +3]

=|G: Stak([1, 2, 3], [n+1, n+2, n+3], [2n+1, 2n+2, 2n +3]

n! xn! xn! nh3
g1 =T X ()

Therefore; 2 X2 x2 2

3

|
6] {ﬁ) | PlExs 3%y 3]

ﬁ_

Hence, A XA X A acts transitively on PP x sP1 x VP if n>s.

Lemma 2.2: The action of the cartesian product of the alternating group A o A X A_ X A, acting on

the cartesian product of ordered sets of triples, PP x P % pP! , is imprimitive.
Proof: This action is transitive by Theorem 2.1.

Now, forn = 5, theset P = {1, 2, 3,4, 5}, so, gap > Arrangements([1,2, 3,4, 5], 3);

Pl¥l=(11,2,31,[ 1,2 41],...,[541];[542],[5 4 3]}

S =16, 7, 8, 9},1¢hp> Arrangements([6,7,8,9,10],3);

s¥ =¢{[67,81,[67,9],[67,10],...,[ 10, 9,a6d], [ 10,9, 7 ], [ 10, 9,

V ={11, 12, 13, 14},156 gap> Arrangements([11,12,13,14,15],3);

vi8l=([ 11,12, 13 ], [ 11, 12, 14 ], ..., [ 15, 14, 11 ], [ 15,14, 12 ], [ 15, 14, 13]
We have;

K =

{([L, 2,1, 2,141, 2,15 ...[5, 4,115, 4,12[5, 4,13x

([6, 7,186, 7,196, 7, 10 ..,[10, 9,]A410, 9,]7[10, 9,19x

([11, 12, 13[11, 12, 1411, 12, 15 ..,[15, 14, 11[15, 14, 1215, 14, 13}

Let K’ be the non-trivial subset of K, K =P 31" x S8 xV 31" guch that |K’'| divides |K].

G=3) (53 “(5-3)! __ K|
51

So, we have; =
| K|

(5-3)!
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Now,
K' =
{(1,23] ,[6,7 8], [I1,.1Q 143 3] , [6 7 8 ], [B&[14213] , [6, 7, 9], [D3, 12, 13]

5!
(5=-3)! °

therefore, |K'| =

51
(5-3)!

{231, ...,[5438)],,...,] {0y 8113 1],...,[ 15 stdh 13]

For each element of K’ there exist (gp, 9 g)eG with cycles permutation,

that for every (gp, 9,9,)€G; [ 1,2, 3]is fixed in 9,,16,7,8] isfixedin g and that [11, 12, 13]

belongs to a single cycle of g, then, (gp, 9y gv) either fixes an element of K = P! x s% x y*!
or takes one element of K to another so that; (gp, g, gv)K =K. Any other (gp, 9, gv)eG moves an

element of K to an element not in K so that; (g 19y gv) KnK = 0. Thus, K " is a non-trivial block

for the action and it follows from definition 1.1.5 that the action is imprimitive.
Lemma 2.3: The action of the cartesian product of the alternating group A, A XA XA, acting on
the cartesian product of ordered sets of triples, PPl x P % pP! , 1s imprimitive.
Proof: This action is transitive by Theorem 2.1.
Now, forn = 6, theset P = {1, 2, 3,4, 5, 6}, so, gap> Arrangements([1,2,3,4,5,61,3);
PBl={[1,2,31,[ 1,2 4],[1,25],...,[6521]1,[6531],[654
Ss=1{7,8,9, 10, 13, <Rgap> Arrangements([7,8,9,10,11,12],3);

s¥l=¢[7,89]1,[7810],[ 7,8 111],...,[ 12,11, 8 ],4nd12, 11,9 ], [

N
—_

V = {13, 14, 15, 16, 1%, $8gap> Arrangements([13,14,15,16,17,18],3);

London Jeurnal of Rgsearch in Science: Natural and Formal

BBl =

{ [13, 14, 15 ], [ 13, 14, 16 ], [ 13, 14,17 ], ..., [ 18,17, 14 ], [ 18, 17, 15 |, [
We have;

K =

{1, 231,11,241,[1,25],...,[6521,[6531,[675 4]) x

(7891, [78101],[ 78 111],...,[ 12,11, 8 [D%k 12, 11,9 ], [ 12, 11, 10

([ 13, 14, 15 ], [ 13, 14,16 ], [ 13, 14,17 1, ..., [ 18,17, 14 1)} 18, 17, 15 ], [

Let K’ be the non-trivial subset of K, K =P [3] xS 3 x I3 guchthat |K'| divides |K].

6! 6! 6!

X X
— — — K
‘)re] e; (6—3)! (66!3)! (6—3)! | ,l
(6—3)! 1Kl
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Now,
K' =
{0(1,2,3] ,[ 7,8, 9], [93,.14,118)3] , [7,8,9 ], [ n8 12, 8%], [7, 8 10 ], [I3, 14, 15]

6!

therefore, |K'| = Tk

6!
(6-3)!

{1, 2, 31 [[6, 5 41, (7 8 91, .. [12, 11, 10]), ([13, 14, 15],., [18, 17, 16])} such that for
every (gp, g, gv)eG; [1, 2, 3]isfixed in g, [7, 8, 9] is fixed in g, and that [13, 14, 15] belongs

For each element of K there exist (gp, g, gv)eG with cycles permutation,

to a single cycle of g, then, (gp, g, gv) cither fixes an element of K = P[g]v xS 51 X V[S]I or takes one
element of K to another so that; (gp, 9, gv)K =K. Any other (gp, 9, gv)eG moves an element of K
to an element not in K so that; (gp, g, gv) KnK = 0. Thus, K ' is a non-trivial block for the action
and it follows from definition 1.1.5 that the action is imprimitive.

Lemma 2.4: The action of the cartesian product of the alternating group A, A XA XA, acting on

the cartesian product of ordered sets of triples, PP x P x pP , is imprimitive.

Proof: This action is transitive by Theorem 2.1.

Now, forn = 7, theset P = {1,2,3,4,5, 6,7}, so, gap> Arrangements ([1,2,3,4,5,6,71,3);
PBI={[1,2,3],[ 1,241, [125],...,[17,631,[7641,[76,5]}
S =1{8,9, 10, 11, 12, 18sdgap> Arrangements([8,9,10,11,12,13,14],3);
skl =¢18,9,10 1, 89,111, 8 9,12 ], ..., [ 14, 13, 10 ], [add, 13, 11 ], [ 1

V = {15, 16, 17, 18, 19, 30s&hp> Arrangements([15,16,17,18,19,20,21],3); V3] =

([ 15, 16, 17 ], [ 15, 16, 18 ], [ 15, 16, 19], . .., [ 21, 20, 17 ], [ 21, 20, 18 |, [
We have;

K=

{qe, 2,31, 1, 2,41, 1,2,5]),...,[]7,6,3]1,[7,6,41,[7,6,51])X

([8,9,10 1, [ 89,11 1, [ 8 9,121, ..., [ 14, 13,10 ], D x4, 13, 11 |, [ 14, 13, -

([ 15, 16, 17 1, [ 15, 16,18 ], [ 15, 16, 19], ..., [ 21, 20, 17 |, )} 21, 20, 18 ], [ 2

Let K’ be the non-trivial subset of K, K =P [3] xS I3 x 7 [3 guchthat |K'| divides |K]|

X X
7-3)1"(7-3)!" (75-3)! K
s0, we have; U2 U3 Os-9 %

(7-3)!

K' =
{(1,23] ,[8 9, 10], [1», L[ 1.8, 3] , [8, 9, 10 ], [ 2X[202,13 ] [8, 9, 11], [1}} 16, 17]

7!
(7-3)

therefore, |K'| =
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For each element of K there exist (gp, g, gv)eG with cycles permutation,

71
(7-3)!

{1, 2 3107 6,518, 9, 10], .. [14, 13, 12]), ([15, 16, 17 ],..,[ 21, 20, 19])} such that for
every (gp, g, gv)eG; [1, 2, 3]isfixed in g, [8, 9, 10] is fixed in g, and that [15, 16, 17] belongs

to a single cycle of g, then, (gp, g, gv) cither fixes an element of K = P! x s x V™! or takes one

element of K to another so that; (gp, g, gU)K =K. Any other (gp, 9, gv)eG moves an element of K

to an element not in K so that; (gp, g, gv) KnK = 0. Thus, K ' is a non-trivial block for the action

and it follows from definition 1.1.5 that the action is imprimitive.

Theorem 2.5: The action of the cartesian product of the alternating group A, A XA XA, acting on

the cartesian product of ordered sets of triples, PPl x P x pP! , is imprimitive for n>5.
Proof: The action of A XA XA on PP x sP1 x VP! is transitive by Theorem 2.1 for n>5.

Consider, V g, g, g €A, {([L, 2,B[1, 2,4. .[n,n—1, n=3[n, n—1, n-2)Je
Pl set of ordered triples from{fhe, 8et ;K& +1, n+2, n+3,[n +
1, n+2, n+% . .[2p, 2n—1, 2n—3[2n, 2n -1, 2n—3) Je S,

set of ordered triples fromthe set

S=n+1, n+2, ...} 2amd{(2n+1, 2n+2, 2n+3,[2n +1, 2n+2, 2n+
4], ..,[3n, 3n—1, 3n—3[3n, 3n—1, 3n-3)}e VI3,
set of ordered triples from {Be4sEt2n ¥2 . . .}, 3n

We have;

K={(, 2B 2K¥. .[n,n-1, n=3[n, n-1, n=-2)x(n+1, n+2, n+3,[n+
1, n+2, n+4 . .[2n», 2n—1, 2n—-3[2n, 2n—1, 2n-2)x ([2n +1, 2n+2, 2n+
3],[2n +1, 2n+2, 2n+4, ...[3n, 3n—1,3n—-3[3n, 3n—1,3n-3)}

3]

Let K be the non-trivial subset of K ; K = PP % sP % vP such that |K | divides |K] .

n! n! n!

VIR
~ - - K
Therefore; (-9 (-3} (n-a)t _ %

(n-3)!

(I1, 2, B[n+1, n+2, n+3,[2n+1, 2n+2, 2n+4) ..,
Now, K' = (I1, 2,B[n+1, n+2, n+3,[3n, 3n—1, 3n—3)
([1, 2, B[n+1, n+2, n+4,[2n+1, 2n+2, 2n+3)

n!

So, |K'| = (n—3)!
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For every element of K " there exist (gp, g, gv)eG with

B w® b=

10.

11.

12.

n!

(n 3)!

cycles permutation;

(@ 2RBM2K . . In,n—-1, n=-3[n n-1, n-2)(n+1, n+2, n+3,[n+1, n+
2, n+4, . .[2n, 2n—1, 2n -3 [2n, 2n—1, 2n—-2)([2n+1, 2n+2, 2n+3,[2n +
1, 2n+2, 2n+% ..[3n, 3n—1, 3n—3[3n, 3n—1, 3n —3) }such that for every

(gp, 4 g,)eG; [1, 2,13is fixed in g, ,[n+1, n+2, n+3 is fixed in g; and that

[2n +1, 2n +2, 2n+3 belongs to a single cycle of g, , then, (gp, g g) either fixes an
element of K’ =P [37s xS 31 xV [37 or takes one element of K’ to another so that;
(9, @ )PP xSBI xy 131 =p 3 xS 13 xV [31 Anyother (g,, g, §)eG moves an

element of K’ to an element not in K’ so that; (g,, g, )P xs Bl xy 3l 0 p3l x

[3

S I V[B] = @. This argument shows that K is a non-trivial block for the action and

the conclusion follows from definition 1.1.5 hence the action is imprimitive for n>5 .

REFERENCES

Armstrong. (2013). Groups and symmetry. Springer-Verlag, New York Inc.

Cameron, P.J., Gewurz, D.A., Merola, F. (2008). Product action. Discrete Math. 386—394.

Higman, D. G. (1964). Finite permutation groups of rank 3. Math Zeitschriff, 86:145—156.

Higman, D.G. (1970). Characterization of families of rank 3 permutation groups by sub degrees. I.
Arch.Math., 21: 151-156.

Kinyanjui, J.N., Musundi, S.W., Rimberia, J., Sitati, N.I. and Makila P. (2013). Transitivity Action of
An (n=5, 6, 7, 8) on ordered and unordered pairs. IJMA-4(9), 77-88.

Maraka, K. M., Musundi, S. W. and Nyaga, L.N. (2021). Transitivity Action of the Cartesian Product
of the Alternating Group Acting on a Cartesian Product of Ordered Sets of Triples. Asian Research
Journal of Mathematics, 17(12), 53-62.

Muriuki, G. D., Namu, N. L., & Kagwiria, R. J. (2017). Ranks, sub degrees and suborbital graphs of
direct product of the symmetric group acting on the cartesian product of three sets. Pure and
Applied Mathematics Journal, 6(1), 1.

Mutua, A.K., Nyaga, L.N. and Gachimu, R.K. (2018). Combinatorial properties, invariants and
structures of the action of S XA on XxY. International Journal of Sciences: Basic and Applied

Research (IJSBAR),Volume 40, No. 2, pp 109-115.

Ndarinyo, C.W. and Rimberia, J.K. (2015). Transitivity Action of A (n=5,6,7) on Unordered and
Ordered Triples. IJMSE, 6(7), 21-27.

Njagi, L.K. (2016). Ranks, subdegrees and suborbital graphs of symmetric group S acting on

ordered pairs. Journal of advance research in applied science (issn: 2208-2352), 3(2), 51-70.
Nyaga, L. N. (2018). Transitivity of the direct product of the Alternating group acting on the
cartesian product of three sets. International journal of mathematics and its applications,

(ISSN:2347-1557), In, 55, 7.
Rose, J. S. (1978). A Course in Group Theory. Cambridge University Press, Cambridge.Z.85.

Primitivity Action of the Cartesian Product of an Alternating Group Acting on a Cartesian Product of Ordered Sets of Triples

Volume 22 | Issue 7 | Compilation 1.0 © 2022 London Journals Press



