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| INTRODUCTION

Allelopathic interference mechanisms are extremely difficult, if not impossible, to distinguish from
interference due to competing in economic and environmental conditions. Plant interference is defined
as any physical or chemical process that causes a plant's development to be radiated over time as a
result of the availability of another plant. Rihan and Bocharov investigate the descriptive and analytical
relevance of delay in plant populations, metabolism, and other areas, as well as the sensitivity analysis
in numerical modeling utilizing the delay differential equation, applying a direct method [1]. Rihan also
examined the sensitivity analysis for dynamic systems with delays utilizing the direct technique when
the model's parameters are not constant but change over time [2]. Kalra and kumar studies the role of
delay in plant development under the effect of toxic metal [3]. Dipesh and Kumar worked on
stimulatory and inhibitory allelopathy effects on two competing plant populations [4]. Gupta et al.
studied the effect of allelopathic on competing harvesting species and observed that realizes
allelochemicals are inhibitory for each other [5]. In a predator-prey model with discrete delays, a
systematic analysis was presented for several types of stabilities such as absolute stability, conditionally
stability, and bifurcation [6]. The nature of exponential characteristic equation zeros studied in depth
was proposed by Wei and Ruan [7]. A Lotka-Volterra competitive system for two planktonic ecosystems
in the presence of toxicity proposed by Chattopadhyay [8]. Monica et al. observed that allelopathy may
also be considered a significant impact in nature crops when coping with cooperative or sequential
development of a variety of plants [9]. The response of aquatic competitive models in the handling of
toxic substances is a hot topic right now. The impact of toxic chemicals on the formation of algal
communities is explored utilizing a variety of dynamics factors, including stability, elimination of both
species, and delay differential equation systems. [10-14]. The impact of toxic effects on phytoplankton
populations is being studied by aquatic ecological specialists [15-16]. Sun et al. suggested a response—
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diffusion equation to show the interaction between plant transcriptional protections and herbivore
transcriptional protections. They assumed that the plant harmed by the herbivore using transcriptional
protections requires some response time, which may be expressed by time delay [17]. Kumar and
Dipesh studied the effect of allelochemicals on competing plant populations using time lag [18].

In light of the above discussion, a mathematical method is developed for analyzing the role of delay in
the allelopathic effect competition of a community of plants when one population releases
allelochemicals and affects the other, while the other organism does not develop any allelochemicals
and discovers that the affecting population may be pushed to death.

. MATHEMATICAL MODEL

A set of nonlinear ordinary differential equations lead the classic two-species Lotka- Volterra type
competition model.

&zP(c—aP—BP) (1)
dt 1\“1 11 12 2
dpP
2 _— — —
Tar T 2(C2 P, Blel) @)

Where Pland P, are the two competing plant populations species respectively, ¢, and c,are the cell
proliferation rate of 1 and 2" plant populations respectively, a L and a, are the intraspecific
competition of 1% and 2" plant population species. 8 o and f ,, are the interspecific competition of 1%
and 2" plant population species. The units of ¢ o Cp & and a ,1s the number of days per cell and days is

the unit of time.

We take an additional term into the Lotka-Volterra equation of second plant population species to the
model for the allelochemicals interaction.

ar, 3
Tat Pl(cl —oP - B12Pz) ®

dp
= = Pz(cz P, B, Pt yP1Pz) )
y denotes the role of allelochemicals substance realized by second plant population species and affects
the first plant population with having all parameters have same biotic explanation above. Release of
allelochemicals is not suddenly and but some discrete time delay is required for plant population to
mature. This time delay is introduced in the release of allelochemicals by 1* plant population and
introduces discrete delay into the intraspecific competition term of both plant populations. The
competition model is defined for the system as:

dapr

d_tl = Pl(cl N alpl(t -0 - B12Pz) ®
dp,
k= Pz(c2 —oP (t—1) —B, P + VP (t— T)Pz) ©

Where P120, PZZO forallt& P1(t -0D& Pz(t — 1) = Constant for t € [0, T].
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For understanding a biological phenomena we check the basis properties like positivity, boundedness,
equilibrium and stability. These properties would make it easier to calculate the validity of the
biological phenomena. Whereas delay occurs in nature and takes part in the system to understand the
dynamics of biological phenomena.

2.1 Boundedness of Solution

LetW =P +P,

dp dap 5

dw 1
dt_dt+dt

Letx = (0(1, a,, 612, 321' y) &P1(t — ‘E)EPl, Pz(t — T)EP2
dw(t _
<20 sx(P1 + PZ) (c,+¢c)
=0<XW — (c, +c,)

(cl+cz)
X

=>0<W<

(<)

All solution of (3) — (4) lying in the region S = [(P1’ Pz) € Ri: 0sWs-——|astowV positively initial

value P120, P220 vVt & Pl(t - 1), Pz(t — 1) = constant for t€|[0, r]ESCRi.

2.2 Positivity of Solution

All  the given solution of (5)— (6) are positive with initial condition
P 20, P, 20Vt&P (t — 1),P,(t — 1) = constant for t€[0, T]. The significance of (P1’ Pz) remain

positive for all ¢ > 0.

From Equ. (5)

Similarly we calculate P, vP 20, P,>0.
2.3 Equilibrium Points for the Solution

Several equilibrium point for the dynamical system (5)-(6) are E oo E1o Eor E " exist with no limitation

on the variable of the dynamical system

Eoo: (0,0) (zero equilibrium point)

Role of Time Delay on Sensitivity and Hopf-Bifurcation between two Competing Plant Populations under Allelopathy

© 2022 London Journals Press Volume 22 | Issue 10 | Compilation 1.0

London Journal of Research in Science: Natural and Formal




London Journal of Research in Science: Natural and Formal

E 10° (L 0) (axial equilibrium point, unstable)

Em: (0, ;—2) (axial equilibrium point, unstable)
2

E*(PI, P;) (Non — zero equilibrium point, stable)
We study only non-zero equilibrium point E *(Pj, PZ)

From Equ. (5)

dP; * * *
at P1(C1 —oP - B12P2)

qutO, soc — 0(1P1 — [312P2 =0

o CI_BHP;
We get P1 =—— (7
1

c
1

and similarly we calculate P_ = -
2 @, =B, —YP;

Put the value of P; in (7) we get a quadratic equation in PZ
P*z P* _
aly 1 - (ycl + O(10(2 + O(lﬁZl) 1 + C1a2 + C1821 - B12c1 -

Which have two roots

2
P* _ (yc1+a1a2+a1[321)i\/(ycl+(x1a2+a1[321) _4a1Y(C1a2+C1821_B1261) (8)
12 2ay
’ 1

Local Stability of Equilibrium Point (PI P;) and Hopf-Bifurcation

dP*l . * * *
Tar P1(C1 L Gl B12132)

dP; _ * * * * *
T PZ(C2 - azPZ(t - 1) - 812P2 + yPl(t - T)Pz)
The characteristic equation of the system is

A\ T) = 2+ (ale'_}\T

+ az)?\ +b +ed=0 )
Where a, = 2yP, - 2a,P, — 2a P,

.
= P.—c —
aZ 3[312 2 Cl CZ
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b1 =66~ 2612P261

d=cl+cz+cg+c4

Where ¢, = 2P2(c10(2 — Blzasz), ¢, = 20(1P1(c2 — ZBlsz — 2), ¢, == 20(2P2

P.—2+B._P)

C4 - yP2(2C1 + 2812 2 12 1

Clearly a,a, b, andd all are positive.
If we put t = 01in Equ. (9), we get
2
7\+(a1+a2);\+b1+d=o (10)

With the help of Routh-Hurwitz criteria, root of Equ. (10) will be negative real part, i.e., the dynamical
system is stable iff:

(9,):(a, + a,)> 0, (g,): (b, + d)> 0 Which is true.

- ) B, P
Att = 0, E islocally asymptotically stable when — > max - P—ll
2

BIZ

2

E will be locally asymptotically stable for t=0 when the real part of A(A, 1) is -ve and A(iw, T)#0 for
every real w and t=0. Now we calculate the negative real component of the root moves for the positive
real component root when the value of t is different.

Assume A = ip, ¢ > 0 be the root of Equ. (9), then (9) became
(id)* + (ale‘“‘” + az)(iq)) +b +ed=0
> — q>2 + (al(cosc])r — isindT1) + az)(iq)) + b, + d(cosdpt — isingt) = 0
Separate real and imaginary part, we get
(1)2 - b1 = alcl)sind)T + dcosdt (11D)
a2c|> = dsindt — alq)coscl)t (12)

Squaring and adding (11) and (12), we get

o'+ (a2 —2b — a2)¢2 +b—d =0 (13)
2 1~ % 1
Equ. (13) have two roots
2
2 (a:+2b1—a§)i\/(a§—2bl—aj) )
c|)1,2 - 2 (14)
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2 . .
No roots of ¢, is +ve if:

2
(93): (ai +2b, — ai) < 0and (bi - dz) > 0or (az — 2b, - ai) < 4(bj - dz)
So, Equ. (14) doesn’t have positive root if condition (gg) hold.
Lemma 1. Root of Equ. (9) have negative real part for all =0, if (91) -9, hold.

Other side if
2
(94): (bi - dz) < 0or (ai +2b, — a;) > 0and (az — 2b, - ai) _ 4(bi _

W shows that Equ. (11) have one positive root, which is cbi. If

2
(gS): (bi - dz) > 0or (ai +2b, — ai) > 0 and (ai — 2b, — ai) > 4(bi - dz) Which shows that Equ.

. C 1. .2
(11) have two positive roots, which is ¢ e

In (94) and (g 5), when we change the value of t, root of Equ. (9) are purely imaginary. With the help of

Equ. (11)-(12) critical value of tii of T are calculated :

2
+_ 1 -1 (¢,,~b) 2im .
T = 0 c0S 7 + o, i=201,2,.. (15)

The above discussion can be condensed in succeeding by S. Raun [5].
Lemma 2. (i) Equ. (9) has a pair of imaginary roots ti¢ o if (g 1) - (g 2) and (g 4) holdand t = Tl_+.

(i) Equ. (9) has a pair of imaginary roots tip, (+id,) respectively, if (91) — (92) and (g 5) hold and

- +
T=T, (r = T, resp.).

Our exception is the negative real part shifted toward positive real part when t > Tz+ &t < ri+. We

check the possibilities

+
T =
i

WD) + i (D0 = 0,1,2,3...
The roots of Equ. (9) satisfied. u:‘r(rli) =0, q)li(r;‘r) =¢,,
We can verify that the following transversely conditions

di(Ref(rf)) 0 and L(Re)x,_(r._)) <0
T i\ dt i\

It shows that r:‘r varies with different values. The distribution of the Equ. (9) zeros are determined by

the S. Raun,
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Theorem 1. Let r:(l = 0,1, 2,3...) be defined by Equ. (15).

() If (g 1), (g 2) hold, then all of root (9) have -ve real part vt=0.

(2) If (91)' (gz) and (g4) hold and when te[0, ro+), then all of root (9) have negative real parts. When

T = r;, then (9) has a pair of purely imaginary roots tig,. When t > r;r, (9) has at least one + ve

real part root.

(3) If (gl), (gz) and (gS) carry & +ve integer n s.t. 0 < 1'0+ < 1'0_ < T: < T; ......... < Tr_l—l < r:and
there is n oscillation from stable to unstable. Which shows te[0, ro+), (To_’ T ) ......... (r:_ v r:) all the

roots of Equ. (9) have — ve real parts. When te[0, r;), (1'0_, rj) (t ,T:l_l) &t > r:, Equ. (9)

n—1

has at least one root with real parts.
Sensitivity Analysis of State variables w.r.t. model parameter

The model contains constant parameters in this article. The 'Direct Method' is used for estimating the
coefficients of generalized sensitivity. The direct approach is based on assuming all parameters as fixed
then somehow, by utilizing the sensitivity equations with initial solution of equations, the sensitivity
coefficients are calculated. When all the parameters a 4B B,y in the proposed system (5) - (6)

are assumed to be constant, then sensitivity analysis may simply involve finding the solution's partial
derivatives with regard to each parameter in this case. As an example, if parameter ¢ L considered then

partial derivatives of the solution (P Py )wrt.c givesriseto following set of sensitivity equation:

das
—1 _ _ _ _ — —
—L=5P —B (SP —SP)—2aP(t—1)S(t - 1) (16)
ds, )
—== Sp - 2(a2P2(t — DS, (t — 1= YP(t — r)52)321(51P2 +S,P )+ VS, (t - DP, (17)
h _ 6P1 . 6P2
w ereS1 _a_cl' 52 =0

This sensitivity equation system (16) - (17) is then solved together with the original equation system
(5)-(6) to approximate the sensitivity of the variable (P Py to the parameter c The system

variables' sensitivity to the function, and the related approach and statement apply.

Sensitivity of Variable to Parameter C .

In Figure1, the variable consumption coefficient ¢, causes 1o difference and adjustment in the quality
of the state vector allelochemical P, and P, which remain stable and tends to zero, as we decrease the
value of c,=Ll8toc =2.6.1t indicates that the state will be less sensitive variable P, and P, to the
variable c,. However, in the case of the equal rang of value of Cpr the state variable amount of
allelochemicals P, goes for the considerable change as shown by a,a,B B,y It indicates that

when the delayed value of the coefficient decreases, the rate of allelochemicals increases. It also
remains stable.
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Figure 1: Time series graph between partial changes in allelochemicals P

[BWLIO pUe [edN}eN 90UlI0S Ul [O.IE3SY JO [BUINOf* UOPUOT]

10

Figure 2: Phase diagram of plant populations P P, when the value of ¢ = L8
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Figure 4: Phase diagram of plant populations P, P, when the value of ¢, = 2.6
Numerical Example
The calculation is conducted with MATLAB to coordinate the analytical result with the aid of a

numerical. The behavior of the system is demonstrated for the given sets of values:

c =18 c =2 a =08 o =0.7 6, =0.015 B = 0.05 y = 0.008
1 2 2 12 21
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The dynamical system (5)-(6) changes the behavior around the equilibrium, varying with delay
parameter value.

Il RESULT AND DISCUSSION

Figure1 represent the sensitivity of dynamical system with respect to the parameter c - Which shows
that the stability of the system oscillate with different value of ¢ , = 1.8to2.6, putting other

parameters are constant. Kalra and Kumar studied the effect of toxic metal on sensitivity analysis of the
dynamical system with parametric value § = 0.3¢t00.7, y = 0.05t00.2and a = 0.5t00.9, and
worked on the role of delay on two plant population with parametric value
kN =1, kNM =0.3,a=0.91=0.5vy=0.2 81 = 0.2, 82 = 0.8, 83 = 0. 4, found that in the absence

of delay system is stable (t = 0) and at T < 1. 373 system shows the asymptotically stable but when the
value t=1. 373, system shows the Hopf-Bifurcation (3). Rihan’s also conduct an experimental studied
in point of subinterval [0, 2t] on sensitivity analysis and observed that when change the value of t in
interval [0, T] the system shows the change. Also observed that t play a significant role in the field of
sensitivity analysis (2).

10 T T T T T T T T T

Plant Population P1

Solufion y
o]
T
|

2 I I I I I I I I I
0 100 200 300 400 500 600 700 800 200 1000

Time t

Figure 5. At t = 0, the plant population P, is stable.
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Figure 6: At t = 0, the plant population P, is stable.
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Time t

Figure 7: Att < 0.8129, the plant population P, loses its stability and shows the asymptotically stable.
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Figure 8: At t < 0.8129, the plant population P, loses its stability and shows the asymptotically stable.
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Figure 9: At t=0.9999, the plant population P, loses its asymptotically stability and shows

hopf-bifurcation.
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Figure 10: At t=0.9999, the plant population P 5 loses its asymptotically stability and shows

hopf-bifurcation.
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Figure 11: Phase diagram of the plant populations t=0. 9999.

V. CONCLUSION

In this paper, we have studied the effect of allelochemicals on sensitivity and stability analysis of two
competing plant populations. We have used the “Direct Method” to study the sensitivity analysis of the
dynamics system. Further we have checked how the different parameters (cell proliferation,
intraspecific and interspecific competition) affects the stability of the model. We have calculated the
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sensitivity analysis for ¢, parameter by varying its value from c,=18t02.2t02.6. It has been
observed that at ¢, = 2.6, stability in a dynamic system occurs. Further we have calculated the stability

of the dynamic system about non-zero equilibrium point. It has been examined that when there is no
delay, the system shows stability. And when the value of the delay parameter is less than the critical
value, the system loses its stability and shows asymptotically stability. The equilibrium point loses its
asymptotically stability when the value of the delay parameter is greater than the critical value and
starts showing the Hopf-bifurcation. In MATLAB we use the dde23 command for graphical
representations.
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