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| INTRODUCTION

Up to this day, the theory of the other than ARMA-modelled stationary time se-
ries has been enriched with some decent attempts: the direct aim of Lomnicki and

Zaremba (1955) or Keenan (1982), was on the strictly stationary processes by re-
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ducing to categorical 0 — 1 dependencies; the Discrete ARMA models of Jacobs and
Lewis (1978) have placed the focus on general mixtures; the bilinear model with
deterministic coefficients offers a net solution, by writing the variable as a sum of
products of its lagged and error lagged values raised to natural powers, but suffers
from a lack of interpretation and demands some immediate action regarding mea-
surability; both the INARMA model (for instance, find a primary form in McKenzie
(1985) and then Du and Li (1991)) and the suggestion of Cui and Lund (2009) work
for count data, with the first one crossing the variables of interest with errors, and
the second one only conveniently combining information from discrete time renewal

processes.
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Evidently, blending the different equations in order to escape the linear series
modelling, has been a common mentality: for example, one could catch up on switch-
ing between different ARMA equations in Francq and Zakoian (2001). The threshold
models, an excellent account of which resides in Tong (1990), may be considered as
a world popular illustration of non-linearity that caused a lot of this. Finally, the
latest suggestion of a TARMA model by Dimitriou-Fakalou (2019) is to fulfil the
promise of encompassing the strictly stationary dependence, via a ‘non-parametric’
assignment of the variables’ values into a fixed number of ranges: under causal-
ity, Markov chain conditional probability approaches become its special case. Since
this paper will be translating the TARMA merits for the spatial series in the line

transect, a reminder of existing transitions from time to space must follow.

For the linear series, two main streams developed in the past: the simultaneous
bilateral auto-regressive models of Whittle (1954) and the conditional auto-normal
processes of Besag (1974). The first exhibited what happens when the standard

ARMA model uses its variables from both past and future: the high risks for the
inference were exposed and the causal solution has been treasured as the right way

to go, subject to the unilateral (more than one) index ordering of Whittle (1954).
Besag (1974), on the other hand, worked with conditional arguments and proposed
a Gaussian model that equally treats both ends of the axis; that second approach
would often relate to a parameterization with intrinsic restrictions. Remaining in
the ‘best linear predictor’ series department, those authentic definitions triggered
Dimitriou-Fakalou (2010) to introduce the term ‘auto-linear’, combining the simul-
taneous (rather than conditional) element from Whittle (1954) together with the

spatial (rather than unilateral) element from Besag (1974).

Trying to record some attempts for the spatial modelling outside the Gaussian
distribution, Besag (1974) also introduced the auto-logistic schemes (for a fixated
number of sites in space rather than a process in the transect) applied on Bernoulli
variables that do, in general, exhibit a higher than second-order dependence: nev-

ertheless, those definitions were accompanied by the assumption that the quantities

On Some Spatial Considerations of the Tabulated (Categorical) Stationary Series (Natural Modelling; Probability Restrictions;
Markovian Dependence)

Volume 23 | Issue 8 | Compilation 1.0 © 2023 Great Britain Journal Press



relating more than two variables were set as null (leaving the analysis only to cliques
consisting of single sites and pairs of sites) and shattered any hope of going further
than the relevant pairwise elements. The reader is encouraged to look at Cressie
(1993) for a beautiful description of the different perspectives in spatial statistics,
which is rich in diverse material: nevertheless when working in space, the dilemma
of either sticking to linearity for the infinite lattice processes, or resorting to con-
ditional probability arguments and under the knowledge of a basic distribution for

the finite lattice variables, remains.

Hence a discretized strictly stationary series indexed regularly in the straight line
is to be modelled: a two-sided, random coefficient equation is the proposed solution
satisfying the spatial needs. Due to the severe difficulties that arise when scrutinizing
the spatial dependencies, the assumption of causality that frees the ‘future’ errors
from any dependence with ‘present’ and ‘past’ variables will still be wrapped inside
the new definitions. Section 3 introduces a special case of the model, which results in
the spatial pth order conditional probabilities, and Section 3.1 explains the thinking

that supports the new models: the arguments relate to writing the latent equalizer

predictor, as this has been explained already in Section 2. Section 3.2 is looking
for ways to get to the restrictions that tie Bernoulli variables in space, and Section
3.3 examines whether time reversal can be achieved when one goes higher than
the Gaussianity of random variables and there is no moment generating function
to ease the derivations; this is versus the spectral density of an ARMA(p, q) series

that reveals how 2P*9 different ARMA equations share the same auto-covariance
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function (Brockwell and Davis (1991)). Finally, Definition I in Section 4 introduces
the Table Auto-Linear Moving-Average model and perfects the previous suggestions,

by approximating the infinite spatial Markovian dependence.

ll.  REMINDERS: THE ‘LATENT EQUALIZER PREDICTOR'APPROACH

Suppose that {X;, t € Z} is a strictly stationary time series which, either naturally
or by discretization, takes the values 0, vy,...vx with probability one. For a fixed

positive integer p, this could be modelled as
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X, = LX) (1)

where {It(il""’i”), t € Z}, i1,...,0p = 0,v1,...,v; are sequences of independent in
time and identically distributed random vectors with marginal probability masses
alitein) .= IP(It(il""’i”) =w), w=0,vy,...,0.

If the index functions

£y = Dermoo s =) _ [ 1, iy =z
Hx*zo,vl,...,vk, x*;ém(x o ':C*) 07 if Yy = 0, Viyeo oy Uy, Y 7é x

are considered, then (1) is equivalent to

f:c(Xt) = Z fx(lt(il,m’ip)) ' fil (Xt—l) s fip(Xt—p>’ r = O’ Uiy« Uk (2)

11,...,0p=0,v1,...,U)

Under the condition of (table) causality (see Dimitriou-Fakalou (2019)), it is
secured that It("') is independent of X;_;, [ > 0, so that (1) implies that

PXi=2|Xpn=an, n€N)=P(X, =2 | X,y =3, n=1,...,p) = 1)
(3)
for x,z, = 0,v1,...,v,, n € N, and hence { X, } exhibits the pth order (homogeneous)

Markovian structure.

Model (1) uses the latent equalizer predictor to define {X;, t € Z} and this is
explained here further. For the linear series, we write the best (linear) predictor of
X, based on, say, X;_; for some decided values of the ¢ # 0: this is a linear function
of the X;_; with deterministic coefficients, i.e. a random variable; knowledge of the
X;_; leads to a realization of the predictor. The difference of X; minus the predictor
is defined as the prediction error, so that what singles out the best linear predictor
as unique amongst other linear functions, is that the best linear prediction error is

uncorrelated with the relevant X,_;.
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For the discretized series, we write the latent equalizer predictor of X; based on
Xi_i, 1 # 0, which is a random variable that is set equal to X, using the information
according to X;_; as it is their function; for each one of their combined value an X,
variable is assigned and, hence, knowledge of the X, ; leads to a random variable,
say, the conditional predictor with known distribution. What has characterized
the latent equalizer predictor of X; based on X, ;, ¢ # 0, is that the distribution
of the conditional predictor remains unchanged under the presence of the relevant
condition or not, implying some form of independence with it: for instance, in this
section IP’(It(il""’ip) =w | Xy =d1,..., X, = 1) = [P’(It(il""’ip) = w) verifies that
1) s independent of fi, (X;_1) ... fip (Xi—p).

Prediction examples: The best linear prediction of X; based on some X;_;, 7 # 0, is a

linear function of the X;_;; the intercept and coefficients are determined according to
the first and second moments of the variables (parameters which are known or to be
estimated). The latent equalizer prediction (of X, based on some X;_;, i # 0) is the

realization of a random variable; its (discrete) distribution are the parameters which
are known or to be estimated. In this section’s notation, when X; 1 = i1,...X;—, = 1,

the latent equalizer prediction of X; can be the realization of a random variable with

identical distribution as that of It(il"”’i”).

. SPATIAL MODELING

Next suppose that instead of the time axis, the strictly stationary process of interest,
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say {X,, s € Z} takes place in the spatial line transect (see Whittle, 1954); this
can still be expressed as in (1), yielding a unilateral representation based on the
variables of one side of the transect X,_;, ¢ > 0, but it is explored here what is the
spatial analogue. Subject to the condition of causality that links (1) to an adequate

strictly stationary process { X}, it is now written that

X, = Y[(Xsfpy-“stfl);(X‘&i»l7~~~’X5+p)} (4)

. s Y

where for ip = (ipp,...,ip1) (and iy = (ipy,...,ipp) still a row vector), ip =

(Z.F71, N ,’iF7p), it holds that (set any ip,l, N ,Z.pyp, iF71, c. ;iF,p = 0,’111, c. ,’Uk)
mgip;iF] . Y's[iP;iF] — Ms[iP;iF}, (5)
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which must be accompanied by

m[siP;iF] — Z fw(Iﬁlp)) ) fiF’l(Is(i,lzp,lwﬂP,pfl)) o fipr (IS(:f:Z‘;piljn.ﬂFYl’w))

w=0,v1,...,V

and
M[ip;ip] . I(l"};) [(Iéi;)yiP,lymyiP,p—l) ]’(iF,p—lw-yiF,lyIs(i})) .
s T 48 f1F1( s+1 )lep< s+p ),

the last equation results in

fu(MEPAFYy = p (10PN g (gl )y g (e Ry Sy oy,

PO = 1 3D g

W=,k

Note that if mIFi) = 0 then MUIFIF) = [0P). plirsie] i equal to zero as well. Hence,
it is clarified that if the system (5) is null, then the variable Y cannot be considered
at all, i.e. Y& is defined on the sample space {m[sip il 1}. Provided that

mlirir! — (5) can be replaced by fy(Y;[iP;iF}) = fy(Ms[iP;iF]).

In addition, (4) is equivalent to

fy(Xs) = > Fy (V) - fi (Xomp) o iy (Xom)

P pseslP 1y UF, 1y U, p=0,01,...,0k

Jira (Xst1) - fir, (Xop) (6)

for all y = 0,vy,...,v;. Directly from (6), it can be deduced that for any y =
0,v1,...,vs, it holds that

PXs=y | Xsep=tipp, ..., Xso1 =ip1, Xsp1 = ip1,. .. Xopp = 1pp) =

P(YEPArl = o | X,y =ipy, s Xeo1 = ip1, Xeg1 = ip1, - Xepp = irp) (7)

({Xeot = ip1y s Xaep = ipps Xop1 = ip1, -y Xasp = ipp} C {ml"H = 1}).
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3.1 Interpretations

The variable mEP £l 45 Bernoulli and it holds that

ip;i (iT) W, ,1:--~7i p—1 % ,p_l,...,’L' 1,W
P(mfirirl = 1) = 3" B{fu (I8} B{ fip, (1P ) ) LR fi, (L)
w=0,v1,...,Vk
(8)

(remember that I are assumed to be ‘serially’ independent on different spots of the

line transect). The variable MEPIF s 0 or 1 w, w=0,vq,...,v;, and it holds that

IP)(Ms[iP;iF] — w’mLiPﬁF] _ 1) _

E{ fuo(ISP)} B fi,. (1077000 0Yy R fy,, (IE2-2 Py ()

(for w = vy,...,vp, it holds additionally that P(MIFH! = w) = paiFF! =
w, miPirl — 1)). It can be written, in general, then
P(y;[ip;ip} —w) = ]P’(Y:S[ip;iﬂ =w | mLiP;iF} =1) = ]p(Mé[ip;iF] =w | mgip;iF] =1)=
P<Ms[iP;iF] —w mLiP;iF] _ 1)
P(mgip;iF] =1)

, w=0,v1,...,0. (10)

In the other hand, it holds that

PXy=w | (Xe1, s Xop) = ip, (Xep1, -, Xoup) = ip) =
P(Xs = w, Xgp1 = i1, s Xsip = ipp | Xec1 =ip1,. ., Xsp =ipp) B
> w00y P(Xs = w* Xop1 = ip, o, Xapp = imp | Xoo1 = ipa,.. ., Xoop = ipp)
B{fu (1370 fipy (L1000 o (L5
o, B (70090 o (ISP tor)) o (L))

X1,y Xs—
]S( 1 p)
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based on the representation Xy = . By combining the derivation above

together with (7) as well as (8), (9) and (10), it can be concluded that
P(VRIF] ) = POYERIF | (X, 1, Xosp) = 0 (Kr oo Xorp) = 6): (1)
In fact using similar arguments, it can be shown (for any z; = 0,vq,..., v, |I| =
p+1,p+2,...), that
PV = ) = PO — w0 | (X, X ) = i,

(Xt Xowp) =ip Xo =y, l|=p+1p+2..).  (12)
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It has been obvious already that ylipiir] (properly defined) is independent of X,
¢ > 0, as the former is a function of I,1;, 7 € Ny and the latter is a function of
Is_i_j, 7 € Ny: this is no improvement over what was there before defining Y,
i.e. the random variable I, being independent of X, ;, ¢ > 0. The additional
element that the equation (11) (together with (12)) brings in, is that it allows
the probability of Y to remain unchanged under the condition of interest or not
(implying a form of independence of YJ###)
{( X1, Xsp) = 1p, (Xsq1y oo, Xowp) = ip, Xsy =2, |l = (p+1),...,(p+

n)}, n € Ny), subject to shrinking the sample space for the variable; this seems to

(Xs—pr“st—l);(Xs-I»l7"'7Xs+p)}

with each Bernoulli variable on the set

justify Y;[ being a latent equalizer predictor of X, based on

Xo—i; il € N.
3.2 Symmetrical Probabilities

For variables with two values only (k = 1), say wvo, v; (vg # v1), there is interest

whether it holds that
P(}/;[iPﬁF] — w) = ]P)(}/;[l;ai;’] — w>7 w = UO,Ul (13)

(it is reminded that the two random variables are defined on different spaces and

the index ‘s’ for both is used ‘loosely’). If (13) takes place, then

B ) f (L0, f ()
(1Pt (W*,ip1,ip, ( yeeesi 7, 1,W%) =
Zw*—vom {fw*< o w) )f’LFl( s+1 o rot) ) szp( Sfpp ! ol )}
)

E{fw(](wl, ,ZFp )flp1(Is$1lF17 SUF,p— 1) flpp( sfpp 1,...,2}3’1,11)))}
'LFp

3 *
i (0 0) L (1))

Zw*:vo,m {fw*( SZFJ’M
and, consequently, (13) results in the key equality

ZFp 1se-sF,1,00)

B{ fog (I{P10P2)) fi, (105000 ”) o fe, (I )}

E{ fo (I10700)) fy (180000 ..fippuéf:;f peinioyy o

B fo (1721000) fig (L5000 0) o (1 >>}

E{ fug (I{F1F0)) fr, (IS5R00=0) L (I8Erm it Pty (1)
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Lemma 1: If the order p = 1 or p = 2 then (13) definitely holds.

Proof: For p =1, (14) becomes

E{ fuo (1970) fipy (IS YEL foy (1070 fi (18} =
E{ fo (1079) fip s (VYR fog (1879) fip, (159}

(p1) __(vo) _(ir1)__(v1) _ _(ip1)_(v1) _(iF1) _(vo)
OF Two Ty ) Ton ipr — v Tpy Moo Tip s

which holds when ip; = ip; as well
as when vy = ipy # ip1 = Vo Or Vg = ip1 # ip1 = V1.

For p = 2, the equality under question reduces to

vo iF,1 ip2 v1 ip,1 ip2

(iP1ip2) (vo,ir,1) _(im1,00) (ipa,ips). (Vi) _(ipavn)

7_‘_(1;})7172'})72) (vlyiP,1) (iF,lyvl).ﬂ_(ipyl,iF’Q) ‘('UO/L'F,I) (ip,lyvo)
v1 iF1 iF2 vo ip1 ip2

and the reader may try all different values to verify its validity. [J

Next it is explained why (13) is investigated whether it holds. If it is true, it

may be derived as well that

P(XS = w | (XS—17 e 7Xs—p) = 1;, (XS+1, N 7Xs+p) = IF) =

P(X,=w| (Xeo1,.. o Xoop) = ip, (Xor1, ..o Xopp) = D). (15)

In fact, it was Besag (1974) crystallizing that symmetry conditions often take
place regarding the deterministic coefficients for spatial models of interest: for the

auto-normal schemes (i.e. Gaussian variables that are characterized by an up to

London Journal of Research in Science: Natural and Formal

second-order dependence), those coefficients would be found in E{X|X,_,;, i =
+1,...,+p}. Later, in the simultaneous Auto-Linear model of Dimitriou-Fakalou
(2010), the symmetrical coefficients were demonstrated to be (proportional to) the
auto-covariances of the Y latent process, which was a moving-average series with
pairs of variables uncorrelated when more than p (i.e. the order of the model) steps
away. Hence the short investigation that took place here regarding Y symmetrical

probabilities is natural and just.

For Bernoulli variables and p = 1, the dependence is still linear (the conditional
expectation of X, given X, ;, ¢ > 1 is a linear function of X i, the conditional
variance is no constant though), so that an even auto-covariance function might

describe it. The material point is that
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E{x") x xry — R{XxP X@ XY p e N, (16)

for any w, vp, vp = 0, 1, where the operator X, i = 0, 1 generates either X (i=1)
or 1 =X (i =0), when X isin {0,1}. The general Bernoulli property (16) results
in

PXs=w| Xson=vp, Xsin=vp) =P(Xs =w | Xs_p = vp, Xsin = vp),
which easily justifies all symmetrical probabilities (15) for p = 1.

Lemma 2: For any fixed order p € N (k = 1 and values vy, v1), it holds that

IP)(XSZUI |Xs—n:U17 Xs—l—n:UO’ n:17...,p>:
ﬂ_(vl,..,,vl)
]P)<Xs =0 | Xsn :U07Xs+n =V, n= 1,7]9) = = (17)

(’Ulv"'ﬂ-}l) (’UO,...,UO) ’
7Tv1 + 7TUQ

which can be linked to a natural interpretation.
Proof: Obvious. [J

Lemma 3: For any fixed order p € N (k = 1 and values vy, vy), it is true that the

‘oscillating’ conditional probabilities are symmetrical, i.e.

]P(Xs =w | Xso1 =y, Xs+1 =0, Xs—2 = U07Xs+2 =V1,...

(Xs+p—1 :)Xs—p # Xs+p(: Xs—p+1)> =

]P)(XS = w ’ X5,1 = v07X5+1 = /UlaXsz = /01st+2 = Vo, ...
(Xs-l—p—l :)Xs—p 7é Xs+p(: Xs—p+1))
holds for both w = vy, vy.

Proof: 1f p is even, it holds (for either w = vy, v;) that

]P)(XS = w,X5+1 = UQ,X8+2 =V1,.. .X5+p = U | Xs—l = V1,... aXs—p = ’Uo) =

IP)(XS = w,XS+1 = Ul,XS+2 = U9y ... ,X5+p = Vo | Xs—l = U9y - ,Xs_p = ’Ul);
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if p is odd, it can be shown that

]P(XS = U},Xerl = Uo,XerQ = V1,... ,Xerp = Vo | Xs,1 = V1,... 7Xsfp = Ul)
]P(XS = ’U),Xs+1 = Ul,XSJrQ = Vo, . .- 7Xs+p =1 ’ Xs,1 = Vo, ... 7Xsfp = Uo)

(v1 vo...v1)
vo

= ooy W= V0, Ut ]
U1

In addition to the Y latent series of the auto-linear model (Dimitriou-Fakalou,
2010), for any p, k € N, the variables Y as defined in Section 2 also follow a moving-
average like pattern, in the sense that Y; is independent of Yy, |i| > p+ 1 (p-

dependence). Due to the discretization within a finite number of categories and

the extensive use of index variables, it is possible to compute joint probabilities
of the Y variables. It is reminded that symmetry conditions for the original X
modelled naturally in space, such as (15) when it holds, translate for the spatial
latent equalizer predictors Y, such as (13), respectively. Nevertheless, the varying
conditions under which the different Y series are considered could be making an
essential difference to the various equalities, so the probabilities of Y or M should
be computed with care. Below, there is a couple of examples of unobvious restrictions

on the parameter probabilities of the spatial Y or M.

Probability restriction examples: We consider Bernoulli variables and order p = 1.

We start with

P(MPON =1) = 79 70 £ 201 — 720y = p(ar[H0) = 1), (18)

London Journal of Research in Science: Natural and Formal

as opposed to the special case of (13) when we know that

[0;1] 7T§0)7T§1)
P =1) = -
A+ (1= )

1 1
(1 —at)
1 1 1 0
a1 =)+ (1 -7 - )

=Py =1): (19)

though the left-hand or right-hand side of (18) seems to be ‘proportional’ to the left-
hand or right-hand, respectively, side of (19), an equality does not become apparent

from (18); Y% and Y are defined on different spaces resulting, here, in P(m" =

1) £ P(mi"% = 1),
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We continue with interest in moments (probabilities) of two random variables,
and we try to discover analogues to the even auto-covariance function of the auto-
linear Y latent series by Dimitriou-Fakalou (2010). Hence we consider the case
(MY =1 M[H] = 1} and compare it to {M") = 0, M[H} = 0}, in terms of
probability: this seems to be the closest possible to reversing the order in the transect

of the two M-variables, i.e. M%) and M0,

An adequate space must be taking place for either case. In the first case, we write

111 M
{mm[so’l][l’o] =1} := {[(0) =1, [gf;l) = O} (‘mm’ is one symbol), with probability

of occurrence

PmmPI = 1) = 79 [P = 1) UL, = 0) + P(IL, = 0) P, = 0)]

0 1 1 0
= O () (4 1),

and followed by

1
U0 _ 1) = P(LY =1, I}h =1, [}, =0)
= ]P)(mmLO 1][1 O] _ 1)
o

P(MO = 1, MY = 1| ]

1-— 7r§0) + 7T§1).

)
In the other hand, we write {mm!" = 1} .= {IS) = 0,[5(132“) = 1}, and con-

: (1) :
sider the events {Ms[l’m =0} = {Is(l) = O}U{]i_lfl ) = 1} and {Miﬂ] =0} = {Ié?r)l =
0} u {[szH = 0}. Observe that

P(Is(l) - 07]5(—|—)1 07153)2 =1) _
P(mm[sl 00 1)
1 0 0 0

e N I U ¢ s )

1 0 1 0 1 ’
(=) 5+ (=) Al 41—

P10 = Mig&] 0 | mmM001 = 1) =
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Not only is the sum of the two conditional probabilities equal to unity (this might
be attributed to the fact that the realizations 0 and 1 have to switch as well), but
even more so it is true that

P(MO = 1, M =1 | 00 — 1) = P

Il
=

( )
( )
P(MM =0, M5 =0 [ mm00T = 1) = P(X, =0 X,y =1, Xss1 = 0)

( )

Il
)

((17) might be referred to) and the relation between the symmetrical conditional
(from past and future) probabilities of X, translates to the joint probabilities of M-
adjusted (Y'-like variables). This basic result can be considered as one of a plethora
of unobvious restrictions that do take place regarding the Y series dependence: those

might concern joint probabilities of not necessarilly just two variables (especially for
p > 2). Thanks to the model (4), with Y defined from (5), following M and m

defined from the [ series, there should be no danger that the restrictions might be
overlooked by the spatial parameterization. The building block of the I series (hiding
behind the m, M and Y’) should make sure that any probability is computable and

any relationship in the probabilities may reveal itself.

3.3 Time Reversal

It is easily demonstrated that once the pth order Markovian dependence resulting

London Journal of Research in Science: Natural and Formal

from the ‘causal’ representation in the transect takes place, the same holds for the

unilateral representation from the other side: hence, for any n € Ny, it holds that

]P)(stxo ’ Xs+1:x17...,XS+p:xp,...,X3+p+n:xp+n):
]P)(Xs — xO,X5+1 — .’L'l, o e 7X8+p — l'p, e ,X5+p+n — $p+n) .
P(XS+1 — :Ul, o e 7X5+p - .Tp, e 7Xs+p+n - .Tp+n)

IP)(XS = x(]?Xs-i-l =T1,... 7X5+p = xp)
P(Xsp1 =21, .., Xotp = Tp)
P(Xs+p+n = Tptn, - - s Xotptl = Tpt1 | Xorp = Tp, ..., Xop1 = 21, Xs = )

]P(Xs+p+n = Tpin, -+ Xsiptrl = Tprl | KXetp = Tpy oo, Xgy1 = Il)
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where straight from the p-variate memoryless property (3), the last ratio is equal to

unity, so that one can continue by writing

P(Xs = .Z'(),XSJrl = T1y... 7Xs+p = xp)
P(Xsp1 =21, Xogp = 1)

= ]P)(XS = 2o | X5+1 = T1,... ,X5+p = ZL'p),
i.e. a causal {X;, s € Z} satisfying (3) also satisfies

]P)(XS - :EO | XS+1 — xl, .. 7Xs+p - .xp, e 7Xs+p+n - .Tp+n) -

P(Xs =20 | X1 = 21,..., Xs1p = x,), for any n € Ny. (20)

Additionally, a more general statement concerning a series of variables that occur

holds as well, i.e.

P(Xs—n =Tny--- 7Xs—1 = T_1, Xs = Zo | Xs+1 = T1,--- 7Xs+p - mp) =

n
H P( X =2 | Xomms1 = Tompr, - - s Xs—mip = Tomtp ), for any n € No.

m=0

(21)

Thanks to (20) and (21), we may continue under the following assumption: there
can also be (k + 1)P sequences, say {Js(jl”"’jp), s € LY, Jiyo-dp = 001,00, 0
of independent (on different points of the transect and from either sequence) and

identically distributed variables, with marginal distributions

Pgl""’jp) = P(Js(jl""’jp) =w)=P(X;=w | Xep1=J1,- - Xogp = Jp)
for w = 0,v1,..., vk, such that it can be written for any s € 7, that

X, = Jeens) (22)

S

Then it must hold that

(jl,...,jp) — ﬂ_(jpflam)jl:w) 'lp(jp—lv"'rjlvw)

” ll} (jpr"'vjl)

)

where Y,...q,) = P(Xs-1 = #1,...,Xs—p = ip) are the ‘stationary’ probabilities,

which have been obtained as a unique solution to the linear system (i.e. satisfying)

. (12,eeryip,w)
w(il"“?ip) - Z/]Th? ! ’ lp(i27“"ip’w)'

On Some Spatial Considerations of the Tabulated (Categorical) Stationary Series (Natural Modelling; Probability Restrictions;
Markovian Dependence)

Volume 23 | Issue 8 | Compilation 1.0 © 2023 Creat Britain Journal Press



The linear system

Up—1eeeyi1,W *
Zl: BU sz lp(wvilz-“:ipfl)

must yield the same stationary distribution Y* = ¥ to be the unique solution: by

ip=tei) ecording to (23), it is easy to verify

substitution in the system above of pl
that 1 is a solution indeed. Additionally, { X} must be a ‘causal’ (from the ‘future’)

process based on {JS()} (see Dimitriou-Fakalou (2019)).

Following an identical argument as from the I to the Y, it can be written
nLlF;lP] — Z fw(JS(IF ) flpl( (w ZF1, SR p— 1)) flpp( l_Pp 1yee 71P17w))
w=0,v1,...,V
and
JSF))
)

[i}ﬁ}] . 1F) ( ZF1,~--7in 1) le 15iP1,
NS . flPl( s— ’ , ) fle( ,

s—p )

so that it is defined

o . . (24)
nLlF,lp] ) Y;*[lF,lP} — NS[IF,IP]7

i.e. Yo s defined on the sample space {ng};i;] = 1}. Then it must hold that

Xs — }/s*[(X5+p7~"X5+1)?(X571ersfp)} = )/s[(Xsfpersfl)§(Xs+1’-~~:Xs+p)]. (25)

Equation (25) sets Jir) = ]gi}) but only provided that Xs_,, = ipn, Xetn = ipn,
n=1,...,p.

In fact, regardless of the values of X, _,,, n = =41,...,+p, it could be considered
for every ip and iy, whether it holds that mi7"] — pliFipl = 1; then, provided that

P(Y[lp,lF] Y. #[ipsipl — w | m[siPﬁF} — nLi}?iH = 1) _
IP’([SP _ JS(iF) —w | m[siP;iF] — nLi};i;] =1)=

PXs=w | (Xoso1y .., Xoop) = 1p, (Xsg1y -+, Xopp) = ip) (26)
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holds for all w = 0,vq,...,v;, it would be fair to conclude that ylirsirl Ys*[i%;i}]

(defined on the intersection of sample spaces) has all the elements, to take the role

of the (conditional) latent equalizer predictor of X given X;_,, = ipn, Xsin = ipn,

defined) would be independent of X, n € N. It is mandatory for every s € Z, that
for at least one out of the (k+1)? possible ip1,...,ipp, iF1,- - irp = 0,01,. .., Uk,

it holds that ms =1 and ny; = 1 and Y, = Y, together with

I[D(Y'S[(Xsfpv"vxs—l)5(X5+17-~-7Xs+p)] — Y;*[(XSerw--va+l)i(Xs—l7-~~7Xsfp)] = w | Xs—ia 7 ?é 0) —
]P)(Ys[(XS*P7"'7X571)§(XS+17“'1X5+P)} = w | XS—i? /L # O) =

P(y;*[(Xs_,_p,...,XS+1);(X5,1,...,Xs_p)] —w | Xs—i; Z# 0),

it remains a question to be answered though, whether (26) can or should be at-
tempted to hold. Formally, one would be able to consider for every s € Z, that the la-

tent equalizer predictor of X based on X ,,, |n| € N, is Y[ Kompron Xom1)i(Xotn Xstp)]

Y;*[(XS“”'"’XS“);(XS_I""’XS_”)] and should proceed conditionally via Y or Y*.

V. AN INTRODUCTION TO THE TALMA

Write jP = (jP,q7 s 7jP,1) (and j? = (jP,la s 7jP,q))> jF = (jF,b ce 7jF,q) and con-
sider {Is(if’lj;), s € Z} to be a series of independent and identically distributed
(k + 1)P*9-vectors (ip1,...,ipps jpis---sipg = 0,01,...,v;), which will be used as

a building block for the series of interest. Write
Wg(ci;u;) = IP’(Is(i;UP) =), x=0,v1,...,0, Z Wg(;i;“;) =1,

as well as Is(o”l()q) =1, and Wg(go”lo‘]) = 7,.

Definition 1: {Xs, s € Z} will be called a Table Auto-Linear Moving-Average
process of order (k,p,q) and it will be written {X;} ~ TALMA(k, p, q), if it holds
that
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XS = }/;([(XS—PV"7XS—1);(XS+17"'7X8+p)]|[(YS—QV"’YVS—l);(YS-ﬁ-l7"'7Y5+q)])’ s E Z’ (27)

paired with

}/s — yg[(Xsfpw~:X571)3(Xs+1r~7Xs+p)]|[(stquysfl)S(Yerl7~':Y5+q)D7 s € Z’

where, for every ip, ip, jp and jg, it is set

mlrlBee) () f (D)
f‘ (I((Ii((ipljp))JP,l7~~-7iP,p—1)\(IsJP,lp-an,q—l))) . .
ip1 \ts4 s
fiF,p(Is(syf-i;’pflz-nziF,l7I.§i71;‘j}))|(15+1)*1(?:jF)""7jF,1»Isij,l"“»jP)))7 (28)

followed by defining on the sample space {mg[ip rlllipdrl) 1} only, the variables

ylirielliedr)) . 1 and  y(Eedellliedr) = p0PUPR),

1. Definition 1 presents the spatial analogue to the Table ARMA (k,p,q) equa-
tion (see Dimitriou-Fakalou (2019)), which models the infinite Markovian de-

pendence (see Dimitriou-Fakalou (2022)), in the same way that the standard
time series ARMA is an AR(oc0). Indeed it can be verified for the process

of interest {X,, s € Z} that X, = [{FomtrXompllUomtilona)) g e 7 it s a
prerequisite that this is causal, implying strictly stationary, (as in Dimitriou-
Fakalou (2019)) and invertible (as in Dimitriou-Fakalou (2022)). Additionally,
the main latent process {I} converts into {Y;}, which shares the same real-
izations but, each time, the y-value is picked from a different probability rule,
depending on the fixed values of X and I from both sides. Note that, if (28)

1s re-written as

ij,l(YS+1) Tt ij,q(YS-HI) ’

(GBIB)) . . .
1, (I((ls ﬂP,l7--~7’LP,p71)‘(ISJP,lr--»]P,qfl))) .
1F,1\"s+1
T
1, (I((iF,p—l:-~~7iF,1aILSIP‘JP))|(Is+p—1(?:jF)v~~~7jF,1JsJP,lw-ij)))
LEp \"S5+p )
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then the definition of y{'7#F13737) resembles that of a TARMA (k,q,p) caused

from the future, though the comparisons should be done with care (this is

due to merging the different y processes into one Y for the ‘AR’ part and

considering a p-dependence for the ‘MA’ part). Still, it should be clear that

lirsir]|lirsir]) Y([ilP;iFH[jP;jF]
s+

X, and yiH ,

), for positive (and valid) [, are independent

in the same way that X, and I,,;, [ > 0, are independent).
+

To exhibit the independence of X, and yi_l ,

lipsirlllirir]) Y([iP;iFH[jP;.iF]) I >0

s—1

some form of time reversal would be required, i.e. writing X, as a ‘causal’

(from the future) function of another sequence of, say J, iid variables, with the

same variables from the past only determining the values of y, Y. Nevertheless,

not only would time reversal be expected to be an arduous (if not impossible)

task, but also it is not really needed, in order to solidify the vital property of

the TALMA model (as in (29) and the statement following it, which conclude

this point).

So without resorting to any other than the I building blocks, first see that

{Xeoi=ip1, .-y

I = JP1s .-

Xs—p =1lpp, XS+1 =1F1,.-- ;Xs—i-p =1lFp,

g =Jrg L1 =, Loyg = Jrg} C

{mg[iP;iF“[jP;jF]) =1}

Secondly, it is easy to spot

PSP = 2T, =y |

X1 =1p1,- -y Xep = 1pp, Xei1 =Ip1, .-+, Xstp = iFp,
Isfl = jP,h e 7[sfq = jP,qy Ierl = ,jF,la ce. ;Is+q == .jF,q) ==
X1 = (2 ATERE 7Xsfp = 1pp; I, = JP1; - - - >[sfq = JPqg>

mg[iP§iF]|UP§jF]) — 1) =

mg[iPﬁF”[jP?jFD — 1)7

where the last equality is due to the fact that X,_;, I,_,, [,n > 0 are jointly

independent of I s("'), ms

()

. Identical arguments write, for any [;, m; € N, that
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]P)(Xs == QT,Y; =Yy ‘ X8,1 == iP,l; c. 7AXVS,]O = iP,pa XS+]_ = iF,la . 7Xs+p == iF,p)
‘[8—1 = jP,la . 'aIS—q = jP,q7 IS+1 = jF,lﬂ SR 7]s+q = jF,q7

Xs—p—ly l:]_,...,ll, ]s—q—ma mzl,...,ml):

P(éﬁ:li}) =z, I, =y | mg[ip;iFH[jP;.iFD — 1)_

Thirdly, set for convenience o := max{p,q}, i = (ir,irps1,..-10r0), jF =
lirsiplllir:dk))

(Jr,JFrg+1,-- -+ JFo), and slightly shrink the sample space to {mz( =

1} C {mg[iP;iFHUP;jF]) _ 1} where

“([ipsipllipidE])
m = fip (Tegn) - S (Tsvo) -
(G5B . ‘ .
f, 7Us JP,I7~-~71P,p—1)‘(ISJP,lw-JP,q—l))) .
tF1\"s+1

‘ S AT SN - .
I((ZF,pflv---aZF,las NUGFp—1-0F,1:D5,0P, 1505 JP)))_ )

I((iF‘,ofl»m)l(jF,oflw-,jF,l»Is)))

(the first line fixes the case p — 1 > ¢, so that jp,_1 exists, and the -...- last

line takes care of when g > p, so that ‘I’ is the last entry in the MA part), so
that it becomes clear why it holds that

P(IS(IPIJP) =x,l,=y | Xso1=1tp1,...,Xs—p=1tpp, Lso1 =Jp1,---,1s—q = Jrg,

m:([iP;i}”[jP;j}]) _ 1) =

P(IS(IPIJP) =, [s =y | Xsfl = iP,la cee 7Xsfp == Z.P,pa [sfl = jP,l, s 7157(1 == jP,q;

2 PRl g

London Journal of Research in Science: Natural and Formal

*
Xs—|—0+na n = 17"'7”17 Is+0+n*7 n = 17”‘7”2)7

for any nq,no € N: a similar relation can be found in Section 3.1.

To sum it up, the TALMA(k, p, q) model for { X}, is such that the probability

P(stx,ys:y | Xs—lziP,lw-'aXs—p:iP,pa Xs—p—la l:1,...,l1,

}/s—lsz,la”'v}/;’—q:jP,qa }{S—q—ma m:17"'am17

| | (29)
Xs+1:7fF,17-'-;Xs+o:ZF,07 Xs+o+n, n:].,...,n17

. . *
Y;Jrl = JF1,--- 7}/;+0 = JF,0, Y:s+0+n*7 n = 1? s 7”2)7

remains unchanged for any I, my, ny, no € Ny.
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The adjustment from mg to m* (which is not the case for the linear series)
might be attributed to the fact that the model is multiplicative on the AL and

MA parts, i.e. those two are tangled together.

2. It is clarified next how to employ the special merit of the TALMA equation,
which has been attached to the use of the partitioned Y latent series. When
q = 0, the TAL(k, p) process is none other than what was described in Sec-
tion 3. It is accustomed that the inclusion of the moving-average part with
order g € N, offers a parsimonious way to model the infinite Markovian de-

pendence: its spatial version is what the TALMA is all about.

To demonstrate how to approximate it, first for any n € Ny, write the ‘condi-

tions’

Pomy(@—p, p=m+1),...,(n+p), y, v=n+1),...,(n+q)) =
{Xs—,u,:'r—/.u /’L:(n+1)77<n+p)) )/s—yzy—lu V:(n+1)a7(n+Q)}7
and

Fs,(n)(xmy Ym,y M = (7’L+ 1)7 ce (n+0)) =

{Xs+m = Tm, Y:s-‘rm =Ym, M = (n—i—l),,(n—i—o)}

Then define the probabilities

wg[(fﬂfpvwmfl)?(xl:-wmom[(yqunyfl)?(yla~-~uy0)D - ]P)(Xs — x(]’}/s = Y | 7)87(0)’ fs,(()))-

%0,Y0)
More specifically, for any n € Ny, the quantity

P(Xs =20 | Xoym =Tm, m==%1,...,4n, Xgpp =2, p=—(n+p),...
—(n+1),(n+1),...,(n+0), Yeuo =y, v=—(n+q),...,—(n+1),

(n+1),...,(n+0)) (30)
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will be of interest. To compute (30), first re-write it as

{ Z P<XS::UO’Y;:Z/O7 Xs+m:xma }/;+m:ym7m::t17...,:l:n|
Y, m=0,£1,...4n

Xstp=au, p=—Mn+p),....,—(n+1),(n+1),...,(n+0),

Yorw =Y, v=—n+q),....,—(n+1),(n+1),....,(n+0) )} /
{ Z P(Xs =15, Ys = Yo, Xotm = Tmy Yoym = Ym, m=F£1,...,dn |
x§,Ym, m=0,%£1,....£n

Xetp=2u, p=—Mn+p),...,—(n+1),(n+1),...,(n+0),

Yiro=yp, v=—(n+¢q),...,—(n+1),(n+1),....,(n+0) ) };

then observe the important relation

n

P(Xsim = 2T, Yerm = YYm, m=0,£1,...,+n | 775’(”),7"37(”)) B H
]P)(Xs—i-m = Z'l’:n, Y:s—l—m = yy;w m = 07 :l:l, ceey +n | 7Ds,(n)w’l__;s,(n)) B

{P(Xori = 225, Yors = yYi | Po,n)s Xowj = 225, Yoirj = yy;, j = —n,
I 7/L. — ]_, Xs+j* = I.T;-(*7 }/S‘Fj* = yy;*, j* = 7/ + 1, e ,n7 F57(n))} /
{P(Xoyi = 227, Yagi = yy; | Pomyy Xorj = w2, Yor; = yy;, J = —n,

,'l— 1, X5+]* :x$;*7 Y9+]* :yy;(*, ]* :i+1,...,n, F,s,(n))}, (31)

which finds its roots in Besag (1974) together with a sketch of proof. Indeed,
by taking its right-hand side, it can be re-written

H {P(Xoyj = a2, Ysrj =yy;, j=—1,....1,

i=—n

Xopjr =axh, Yoo =yysn, j-=1+1,...,n | Potn)s Fsm))} /

London Journal of Research in Science: Natural and Formal

{]P)(Xerj = Iy, Ys+j = YY;, J =—N,... 77; - 17

X8+j* — :B$;*, Y9+]* == yy;*, ]* - i, e ,n | P57(n), f57(n))},
for i = —n, the factor becomes
{]P)<Xsfn =TT _p, Y;fn = YY—n, Xs+j* = $l‘;*, sz+j* = yy;ﬂ

F = mnt 1| Page, Fa)} /

{P(Xoyjr = 225, Yoo =9y, 3= -1, ;0 | Pomys Fam)}

J*
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with its denominator being exactly what is wanted and the numerator will
cancel with the denominator of the next factor (for ¢ = —n + 1), which is

altogether

{P<Xs—n = XT—np, Ys—n = YY_n, Xs—n+1 =TT —n+1, Y:s—n—I—l = YY—n+1,
Xoyjr = a2, Yorjo = yyje, J*=-—n+2,...,n | Potn)s Fsm))} /

{]P)(Xsfn =TT _p, szfn =YY_n, Xerj* - LIZ’JZ';*, Y;+j* = yy;*a

j* =-n+1,...,n | 7)57(”)’ fs,(n))}

and so on. Similarly, the one before the end factor (i =n — 1)

{P(Xs4j =xxj, Yorj =yy;, j=-—n,...,n—1,
Xogn = xx:w Yo, = yy; | Ps,(n)7 '/TS,(n)>} /
{P(Xspj =ax), Yoy =yy;, J=-1,...,n =2, Xeyn1=27,_4,

Yoin-1=y¥n_1, Xsgn =25, Yorn =9Yn | Psn)s Fs,m))}s

will have its denominator cancelled with the numerator of the previous factor

(1 = n — 2) and its numerator cancelled with the denominator of the last one
for ¢ = n, which is
{P(Xopj =22, Yoy, =9y, J= 1,0 | Psn)y Fsm))} /
{]P)(Xs-i-] = Iy, }/S-FJ = YYj, j =—-n,...,n— ]-7
Xopn = xx:” Yiin = yy:; ‘ Ps,(n)7 FS,(n))} :
as for the numerator of the last part above, together with the denominator

of the first factor, those are combined to verify exactly the statement under

question.

Once (31) is valid, given the same condition P; (), Fs ), the distribution

P(Xopm = Zm, Yepm = YYm, m = 0,%1, ..., En | Psn), Fsn)),
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ie. for any xx,,, yym, m = 0,£1,...,£n, can be determined: this should
be obvious how. As for the right-hand side of (31), thanks to the conclusion
regarding the probability (29) remaining unchanged, it suffices to know the
probabilities w to have at hand all that is required for it, then for (30). Straight
from (30), the infinite spatial Markovian dependence is implied as n — oo,
and the result is always contained within the prespecified TALMA parameters

Ww.

3. The parameters relating to Definition 1 are none other than the probabilities

w, and those should be expressed in terms of the original x, i.e.

(edilliedt) = ppORIE) _ | i Bedelliedi) _ )

(z,)
(R o 1 = L =
- (S *xas*y| s+1 = JF15---5yds+0 = JF,0;
.
PP ipip Dl Usdpanipg-0) _ 7P o1 Grormdrnds)) _ oy
s+1 _ZF,1>~--a s+o —ZEO).

particular emphasis must be paid on making sure that the condition considered
each time has a strictly positive probability of occuring (this can be referred
to as positivity condition). For example, when it is set (ip,jp) = 0,4, (i-c.
1iPhP) = I) this has to be accounted for in the condition first. Other cases

i |7 .
PR and I, referring to

(ip,jp) # 0,1, rely on the interdependence of Is(
variables at the same point s € Z (rather than the independence of I when
considered at different points of the transect): nothing has been said about

that here, but the fixes for the causality (or invertibility) of the process usually
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demand that the distributions of the different I must be really near (see

Dimitriou-Fakalou (2019) and Dimitriou-Fakalou (2022)).

V. FINAL POINTS: WHY TALMA?

Given the correspondence from the causal TARMA (k, p, q) to the TALMA(k, p, q)
equation, as well as the fact that it is the usual tack, from a sample of observed
values to derive optimal inference results via step-by-step projections on the past

available, one might wonder, why bother with the TALMA model?
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The reasons can be counted on three fingers, the first one being that it might be
desirable to understand how the (stationary) spatial dependencies extend. Secondly,
it might be preferable to naturally clothe the spatial relations using the TALMA
not TARMA equation, when the variables of interest are indexed on more than one
coordinates, mainly, in order to avoid the conventional (half-plane) unilateral order
of Whittle (1954): instead of writing the conditional probability of one value based
on its ‘previous’ ones, all (other than itself) values can contribute to the information.
Finally, there is the practical reason of prediction in spatial settings: for example, the
TAL(q = 0) equation provides directly with the whole distribution of the variable of
interest based on values from a finite number of ‘neighbours’ from all around, when

additional information can be discarded.

In the cases of multi-indexed discretized stationary processes, it is still advised
that simultaneous spatial models would better not be attempted directly: the previ-
ous care of causal arrangements in the lattice that will, nevertheless, remain hidden,

is essential for the validity of the spatial considerations.
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