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I INTRODUCTION

We call (-) the division(cancelation) groupoid if for any a € @
the left and right multiplications are surjections(injections), if the
groupoid is both division and cancellation then it’s called quasi-
group. If Q(-) is a division(cancellation) groupoid, then its oper-
ation is called a divisible(cancellable) operation. A binary algebra

(Q; ) is called division(cancellation) if each operation A € ¥ is a
divisible operation and it’s called invertible algebra if it’s both di-
vision and cancellable algebra. We call a groupoid (Q); -) left-regular

if ca =cb = Ra = Rb, where a, b, c € (). Similarly, we define the
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right-regular groupoid. We call a groupoid regular if it is simulta-
neously left-regular and right-regular. If Q(-) is a regular groupoid,
then its operation is called regular. A binary algebra (Q;X) is re-
ferred to as regular if each operation A € ¥ is a regular operation.
We say that a groupoid (Q; A) is homotopic to a groupoid (Q; B)
if there exist such mappings o, 3,7 : @ = (@ that the equality
vA(z,y) = B(ax, By) holds for any x,y € @ [2,3]. Then the triple
(o, B,7) is called a homotopy from (Q); A) to (Q; B). If v = idg, then

the groupoids are called principally homotopic. If «, 5,y are surjec-
tive mappings, then the groupoids are called epitopic or principally

epitopic, respectively. We say that an algebra (Q;X) is homotopic
(epitopic) to a groupoid (Q); -) if for each A € ¥ the groupoid (Q; A)
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is homotopic (epitopic) to the groupoid (Q;-). In the same manner
we define the principal homotopy (epitopy) of an algebra (Q; ) to
a groupoid (Q;-). An algebra (Q;Y) is referred to as r-algebra if it
is regular, division, and there exists at least one invertible opera-
tion A € X. A binary algebra (Q;3) is called left(right)-linear on
a groupoid (Q;-) if each its operation is left (right) linear on the
groupoid (Q;-), that is, for each operation A € ¥ there exists an
automorphism ¢4 of the groupoid (Q;-) and a permutation a4 of

the set @ such that:
A(:E?y) - ¢Z’ - ay,
(A(z,y) = az - ¢y)

binary algebra (@Q;X) is called linear (endolinear) on a groupoid
(Q;-) if each its operation is linear (endolinear) on the groupoid
(Q;-), that is, for each operation A € X there exist automor-
phisms(endomorphisms) ¢4 and 4 of the groupoid (Q;-) and an
element t4 € ) such that

A(z,y) = (¢az -ta) - ay
for any x,y € Q.

During World War II, while working at the German crypto-
graphic center, Schauffier obtained applications In Cryptography us-
ing invertible algebras that satisfy second-order identities, through

proving the following theorem. [4-6]

Theorem 1.1 (Schauffler). Let Q be a non-empty set. The fol-

lowing propositions are equivalent:

e Forall (Q; X), (Q;Y) quasigroups, there exist (Q; X'), (Q;Y”)
quasigroups, such that following VY3(V)-identity holds:
VX, YIX'Y'Va,y, 2(X(Y(2,y),2) = X' (2,Y'(y,2))), (1.1

e Forall (Q; X), (Q;Y) quasigroups, there exist (Q; X'), (Q;Y”)
quasigroups, such that following Y3(V)-identity holds:
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VX, Y3X' YV, y, 2(X(2,Y(y,2) = X' (Y'(z,y),2), (1.2)
o Q<3

In the [7] proved schauffler-like theorem for other second-order

identities and hyperintensities (see [8-10]).

Theorem 1.2. (Mowvsisyan) Let () be non empty set. The follow-

ing propositions are equivalent:

o for all (Q; X), (Q;Y) quasigroups, there ezist (Q; X'), (Q;Y”)
quasigroups, such that (1.1) identity holds,

o for all (Q; X), (Q;Y) quasigroups, there ezist (Q; X'), (Q;Y”)
quasigroups, such that (1.2) identity holds,

o for all (Q; X), (Q;Y) loops, there exist (Q; X'), (Q;Y') quasi-
groups, such that (1.1) identity holds,

o for all (Q; X), (Q;Y) loops, there exist (Q; X'), (Q;Y") quasi-
groups, such that (1.2) identity holds,

o for all (Q; X), (Q;Y) loops, there exist (Q; X'), (Q;Y") loops,
such that (1.1) identity holds,

o for all (Q; X), (Q;Y) loops, there exist (Q; X'), (Q;Y") loops,
such that (1.2) identity holds,

o following hyperidentity holds in the (Q; Lg) algebra:

London Journal of Research in Science: Natural and Formal

X(xv Y(yv Z)) = X(Y(ac, y)> Z)a
o following hyperidentity holds in the (Q; Lg) algebra:
X(z,Y(y,2)) = X(Y(z,9), 2),

e For all (Q; X) quasigroup, there exist (Q; X'), (Q;Y') quasi-
groups, such that following Y3(V)-identity holds:

VX3IX YV, y, 2(X(X(z,y),2) = X' (2,Y'(y,2))), (1.3)

Schauffer-like Theorems for Medical and Paramedical Algebras
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e For all (Q; X) quasigroup, there exist (Q; X'), (Q;Y’) quasi-
groups, such that following Y3(V)-identity holds:

VXIX' YV, y, 2(X (2, X(y, 2)) = X'(Y(2,9), 2)), (1.4)
e Q[ <3,
where Lg 1is the set of all loop-operations over the set ().

In [11] it was proved that an invertible algebra (Q; ) with the
formula (1.1) or (1.2) is linear on the group. In this paper, we will
prove that r-algebras with second-order formulas of mediality and

paramediality are endolinear on the group.
[l.  PRELIMANRY RESULTS

Definition 1. A mapping ¢ : Q = @Q is called quasiendo-

morphism of a group (Q;-) if ¢(x -y) = ¢z - (¢1)~' - ¢y for all
x,y € Q,where 1 is the unity of the group (Q;-).If ¢ is also a bi-
jection from @ to Q,then ¢ is called the quasi-automorphism of the

group (Q;-).

Lemma 2.1. Fach quasiendomorphism ¢ of a group (Q;-) has
the form ¢ = L,¢',where Lyx = a-x, a € Q, and ¢' is an en-
domorphism of the group (Q;A). The converse is valid: if ¢ is an
endomorphism of a group (Q;-), then an arbitrary mapping ¢’ = La¢
from Q to Q is a quasiendomorphism of the group (Q;-).

Proof. Suppose that ¢1 = k. We show that ¢’ = L;-1¢ is an endo-

morphism. We have
¢'(ab) = Ly-1¢(ab) = k™" ¢a-(¢1) ™ -¢b = (k~"-¢a)-(k~"-¢b) = ¢'a-¢'b.

Lemma 2.2. Suppose that (Q;-) is a group and « is the principal

epitopy of this group. Then « is a surjective quasiendomorphism of

this group; moreover, if
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a(z-y) = Bz -y, (2.5)
then 8 and ~ are also quasiendomorphisms.

Proof. Making the successive replacements in the (2.5): (1) z = 1,
(2) y =1, and (3) z = y = 1, we obtain

ay=p1l-vy, = _pFx-v1, al =pF1-~1. (2.6)
We transform equality (2.5), taking into account equalities (2.6):
a(iy) = 0 (v1) " (B1) oy = o (B141) Vo = az-(01) -ay,

that is, a is a quasiendomorphism.

From (2.5) we also have
Bla-y)=alz-y) - (1) =az- (@)™ (ay-(y1)7) =
(- (1)1 - (B1)™" - By = Bz - (B1) ™" - By.
In the same manner, we prove that v is a quasiendomorphism of the

group (Q; ).

Lemma 2.3. [12] If a loop (Q;0) is principally homotopic to a
group (Q;-), then they are isomorphic. If a group (Q; o) is principally

homotopic to a group (Q;-), then they are isomorphic.

Theorem 2.3. [12] Let the set Q form a division groupoid under

London Journal of Research in Science: Natural and Formal

the siz operations A;(x;y) (fori=1,...,6) and Ay or Ay is reqular

operation. If these operations satisfy the following equation:

A1 (As(z,y), As(u,v)) = Ag(As(z, ), Ag(y, v)), (2.7)

for all elements z,y,u,v € Q, then there exists an operation (-)

under which @ forms an abelian group and all these six division

Schauffer-like Theorems for Medical and Paramedical Algebras
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groupoids are epitopic to the group (Q;-) and there exist eight sur-
jective mappings o, 3,7,0, X\, 0, ¢, of Q onto itself such that:

ady(z,y) = vz - by,
PAs(x,y) = Az - By,

Ay(z,y) =Yz - oy,
VA5 (z,y) = vz - Ay,
o Ag(z,y) = 6z - By.

The abelian group (Q;-) is unique up to isomorphisms.

Theorem 2.4. [12] Let the set Q) form a division groupoid under
the six operations A;(x;y) (fori=1,...,6) and Ay or Ay is reqular
operation. If these operations satisfy the following paramedial equa-

tion:

Ay (Az(2,y), As(u, v)) = As(As(v, ), As(u, 7)) (2.8)

for all elements z,y,u,v € Q, then there exists an operation (-)
under which @ forms an abelian group, and all these six division
groupoids are epitopic to the group (Q;-) and there exist eight sur-
jective mappings «, B,7v,0, N, 0, ¢, of Q) onto itself such that:

Ai(z,y) = az - gy,
ady(z,y) = vz - by,
PA3(z,y) = Ax - By,

Ay(z,y) = oz - Yy,
oAs(z,y) = Bz - oy,
VAs(z,y) = Az - yy.

The abelian group (Q;-) is unique up to isomorphisms.

Schauffer-like Theorems for Medical and Paramedical Algebras
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ENDO LINEAR REPRESENTATIONS

Theorem 3.5. Suppose that (Q);X) is an r-algebra. If for arbi-
trary X,Y € X there exist X', Y', Z" € ¥ such that the following

identity of mediality holds:

X(Y(2,y), Y (u,0)) = X'(Y'(z,u), Z'(y,v)), (3.9)

then there exist an abelian group (Q;-) such that an arbitrary oper-

ation X € ¥ is endolinear over the group (Q;-). The group (Q;-) is

determined uniquely up to isomorphism.

Proof. Let X € ¥ be invertable operation, then from the theorem 2.3
we will have that exists operations X, Xs, X3 € ¥ and abelian group

(Q; ) such that following identities hold:

Since X is invertible operation, then we will have that o and [ are

bijections, moreover:

from which we will obtain:

alar - gy) = vz - oy,

oz y) =~ya x5y,

London Journal of Research in Science: Natural and Formal

This means that « is quasiautomorphism of the group (Q;-).

Lets fix operation X, for every operation Y exists operations

XY’ Z" € ¥ such that(3.9) identity holds, and then from the the-

orem 2.3 we will have that exist abelian group (Q;-y) such that

those identities hold:
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X(z,y) = ayvz -y dyy,
OéYY(% ?J) =Wy Oyy,
¢YY($7 y) = MAvT vy Byy,

YTy OovyY,

I
2
h<

8
<

>
}.<
&

From the proof of the theorem 2.3 we can construct the group (Q; -y)

in such way that ay = a.

We have that: X (z,y) = ax -y ¢yy = ax - ¢y, which is the same
as: T -y Yy = - ¢hg,y, where hy, is right inverse of ¢y

We have for every operation Y € ¥ the following identity is true:

aY (z,y) = wa vy oyy = wa  dyohs,y =
Y(x,y) = a (v - Sy dhs, y).
Since the set of all quasiautomorphisms of the group is also a group,
then o' will also be quasiautomorphisms, which means:

1

Y(z,y) = a 'y (a”te) T a Oy ghyyy = a iy a Lig-1e-107 Sy dhgyy,

where e € @ is the identity element of the group (Q;-), Liq-1¢)-1 is

left translation of the group (Q;-) with the (a~'e)™! element.

We obtained that for every opreation Y € ¥ there exists surjec-
tions vy and py, such that Y (x,y) = vyx - pyy. This means we can
rewrite the representations of the operations X,Y, X', Y’ Z’ in the

following way.

;

X(I7y) = axx- /BXy7
Y(z,y) = ayz - Byy,
3 X'(@,y) = axew - By,

Y/(.Z’7 y) = &y - BY’%

Z'(x,y) = agw - Bzy,

\

where ax, ay, ax:, ayr, az, Bx, By, Bx:, Py, Bz are surjections.

By doing the replacements in the identity (3.9) we will obtain:

Schauffer-like Theorems for Medical and Paramedical Algebras
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OéX(Oéyx : ﬁyy) 'ﬂX(OéYU : 5}/@) = OéX'(OéY'x : 5Y'U) : 5X/(Oéz'y ) ﬂZ/U)-

Replacing z = hqy haye, y = hgye, u = ho,u and v = hg, v, where
hoss hay , hg
and e is the identity element of the group (Q;-), we will have:

respectively are the right inverses of the ax,ay, By

ax, Y

Bx(uv) = ax/(ayhay haye Byha,w)-Bx (azhg,eBzhs,v) = pu-vu,

where p = aX/Lay,hayhaxeBy/haY and v = ﬂX/LaZ,hﬁyeﬁzlhgy. We
showed that Sy is quasiendomorphism of the group (Q;-) and from
lemma 2.1 we know that there exists ¢ x endomorphism of the group
(Q; ) such that Sx = L,¢x, where L, is left translation of the group
(Q;-) with the element a € (). We will have following representation
of the arbitrary operation X € ¥: X (z,y) = axx-L,¢xy = Roaxx-

Oxy = oxx - pxy where ox = R,ax.

By doing following replacements in the identity * = h,, 2z, y =
hg,y, w = hqo, hg,e and v = hg, e, we will obtain that sigmay is
also a quasiendomorphism of the group (Q;-) and from lemma 2.1
we know that there exists x endomorphism of the group (Q); -) such
that ox = Ry x, where R, is right translation of the group (Q;-)

with the element b € @), so we will have:
X(‘r7y) =o¢xr-b- xy,
for every x,y € Q.

Corollary 1. Suppose that (Q;X) is an r-algebra. If for arbi-
trary X,Y,Z € X there exist X',Y', Z' € ¥ such that the following
wdentity holds:

London Journal of Research in Science: Natural and Formal

X(Y(2,y), Z(u,0)) = X'(Y'(2,u), Z'(y,v)), (3.10)

then there ezist an abelian group (Q;-) such that an arbitrary oper-
ation X € ¥ is endolinear over the group (Q;-). The group (Q;-) is

determined uniquely up to isomorphism.

Corollary 2. Suppose that (Q; %) is an r-algebra. If for arbitrary
X,Y € X there exist X', Y' € ¥ such that the following identity
holds:

Schauffer-like Theorems for Medical and Paramedical Algebras
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X(Y(x,y),Y(u,v)) = X' (Y'(z,u),Y'(y,v)), (3.11)

then there exist an abelian group (Q;-) such that an arbitrary oper-
ation X € ¥ is endolinear over the group (Q;-). The group (Q;-) is

determined uniquely up to isomorphism.

Similarly, we can prove the following results.

Theorem 3.6. Suppose that (Q; %) is an r-algebra. If for arbi-
trary X,Y € X there exist X', Y', Z" € ¥ such that the following
identity of paramediality holds:

X(Y(2,9),Y(u,0) =X (Y'(v,y), 2 (u,2),  (312)

then there exists an abelian group (Q;-) such that an arbitrary op-
eration X € ¥ is endolinear over the group (Q;-). The group (Q;-)

18 determined uniquely up to isomorphism.

Corollary 3. Suppose that (Q;X) is an r-algebra. If for arbi-
trary X,Y,Z € X there exist X',Y' Z' € ¥ such that the following
identity holds:

XY (z,9), Z(u,v)) = X' (Y'(v,y), Z'(u,x)), (3.13)

then there exists an abelian group (Q;-) such that an arbitrary op-
eration X € ¥ is endolinear over the group (Q;-). The group (Q;-)

15 determined uniquely up to isomorphism.

Corollary 4. Suppose that (Q; X) is an r-algebra. If for arbitrary
X,Y € X there exist X', Y’ € ¥ such that the following identity
holds:

X(Y(x,y),Y(u,v)) = X' (Y'(v,y),Y'(u,x)), (3.14)

then there exists an abelian group (Q;-) such that an arbitrary op-
eration X € ¥ is endolinear over the group (Q;-). The group (Q;-)

15 determined uniquely up to isomorphism.

Theorem 3.7. Suppose that (Q;X) is an r-algebra. If for arbi-
trary X, X' € X there exist Y, Z,Y', Z' € X such that (3.10) identity

of mediality satisfies, then there exists an abelian group (Q;-) such

Schauffer-like Theorems for Medical and Paramedical Algebras
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that an arbitrary operation X € ¥ is endolinear over the group

(Q;-). The group (Q;-) is determined uniquely up to isomorphism.

Proof. Lets fix X' = X, from the theorem 2.3 we will have that
there exists operations Y3, Z;,Ys, Z, € ¥ and abelian group (Q;-)
such that following identities hold:

aYi(z,y) =z - oy,
¢Z1(z,y) = Az - By,

X(z,y) =z - oy,
VYa(z,y) = vz - Ay,
0Zy(z,y) = dx - By

Lets fix operation X, and for every opreation X’ € Y we have
that there exists opreations Y, Z,Y’, Z" € ¥ such that identity
(3.10) holds, and from the theore 2.3 we will have that there ex-
ists axr, Bx, Vxr,0x, Axr, 0xr, Oxr, Wy © Q — @ surjections and

abelian group (Q);-x+) such that following identities hold:

X(z,y) = axz -x ¢x1y,
ax'Y(z,y) = yxx x 6x1Y,
Ox1Z(x,y) = Axrx -x0 Bxry,

!
X xZ, = x'T-x 0xY,

Y)
xY'(x,y) = vxx x0 Axry,
UX/Z/(JZ, y) = 5X/.CE c X! BX/y.

By doing following replacements x = hq,,x and y = hy v we

will obtain:
T-xrYy= th,aX,.T : ¢h¢X/y7

where ah, ., and ¢hgy ., are surjections.

Qaxr
We showed that arbitary operations X’ € ¥ has following repre-

sentation:

© 2023 Great Britain Journal Press
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X’(l’,y) = x/T-xr0x'Yy = OéhaX/ x'T - ¢h¢X,O'X/y =Vx'T - uxy,

where vy, and px/ are surjections.

From which we have that there exists abelian group (Q);-) that
following identieis hold:

(

X(x,y) = vxx - pxy,
Y(z,y) =vyYx - pyy,
Z(z,y) = vz - pizy,
X'(z,y) =vxx- pxy,

Y'(2,y) = vyrx - pyry,

Z'(z,y) = vz pgpy,

\
where Ux,uUx,Vy, Uy ,Vz, bz, Vxr, Ux’, Vy’, by’,Vzr, jbz: are Surjec-
tions.

By doing replacements in the identity (3.9) we will have:

vx(vya - pyy) - px (vzu - pzv) = v (Vyrx - pyru) - px(Vzy - fiz).

Replacing © = hy,, h,e, y = hyye, u = hy,u and v = hy,,v,
ljxahl/y’h/tyﬂh
the vx,vy, puy,vz, pz and e is the identity element of the group

(Q; ), we will have:

where h h,, respectively are the right inverses of

vz

px (uv) = vx (vyrhyy by e-pyrhy,w) px (vzihyy e pyrhy,,v) = Quy,
where 6 = Vleyy,hVYhVXeluy/h,/Z and v = NX’LVZ/huYEPJZ’huz- We
showed that puy is quasiendomorphism of the group (@Q;-) and from
lemma 2.1 we know that there exists ¢x endomorphism of the group
(Q;-) such that px = L,¢x, where L, is left translation of the group
(Q;-) with the element a € ). We will have following representation
of the arbitrary operation X € ¥: X(z,y) = vxx- Ly¢xy = Rovxx-

Oxy = oxT - pxy where ox = R, vx.

Schauffer-like Theorems for Medical and Paramedical Algebras
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By doing following replacements in the identity z = h,, z, y =
huyy, w = hy,,h, e and v = h,,e, we will obtain that ox is also
a quasiendomorphism of the group (@Q;-) and from lemma 2.1 we
know that there exists x endomorphism of the group (Q;-) such
that ox = Ry, x, where R, is right translation of the group (Q;-)

with the element b € (), so we will have:

X(z,y) = oxx-b- xy,

Theorem 3.8. Suppose that (Q;X) is an r-algebra. If for arbi-
trary X, X' € 3 there exist Y, Z,Y', Z' € 33 such that (3.13) identity
of paramediality satisfies, then there exists an abelian group (Q;-)
such that an arbitrary operation X € X is endolinear over the group

Q; ). The group (Q;-) is determined uniquely up to isomorphism.
g

Let denote by (g all the regular division operations of the set Q).

Theorem 3.9. One of the following VY3(V)-identities of mediality
VX, Y3IX' Y ZNz y,u, v X (Y(x,y),Y(u,v)) = X' (Y'(x,u), Z'(y,v)),
VXY, Z3X"\ Y, ZNz, y,u, v X (Y (x,y), Z(u,v)) = X' (Y'(2,u), Z'(y,v)),
VX, Y3IX' YV, y, u, v X (Y(2,y),Y (u,v)) = X'(Y'(x,u), Y (y,v)),
VX, XYY Z, ZNzx, g, u, 0 X (Y (z,9), Y (u,v)) = Y (X'(x,u), X' (y,v)),

or paramediality

VX, Y3IX' Y ZNz, y,u, v X (Y(x,y), Y (u,v)) = X' (Y'(v,y), Z'(u, x)),
VX,Y, Z3X" Y ZNz, gy, u, 0 X (Y (z,y), Z(u,v)) = X' (Y'(v,y), Z'(u, x)),
VX, YIX YV, y, u, v X (Y(z,y),Y(u,0) = X' (Y'(v,9), Y (u, x)),

VX, XAV Y Z, ZNz, y,u, v X (Y (z,y), Z(u,v)) = X' (Y'(v,y), Z'(u, x)),

holds in the algebra (Q;Qq), if and only if |Q] < 3.

Proof. Let us prove it for the first identity; the rest are proved sim-
ilarly. It follows from Theorem 3.6 that there exists a group (Q;-)
such that any operation X € ) is endolinear over this group, which

implies that all loops in §2g are endolinear over this group; therefore,

© 2023 Great Britain Journal Press
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they are principally homotopic to this group. From Lemma 2.1 it
follows that they are isomorphic to this group; however, the Albert
theorems ([ [2], [3]]) imply that a nonassociative loop is not isomor-
phic to a group; therefore, |@Q| < 5. It is well-known that on a finite
set each surjecion is a bijection; so, each regular division operation
is an invertible operation, that is, any operation in )¢ is invertible

this means if we fix u = a in the identity we will have:
XY (2,y),av) = X'(Bz,Y"(y,v)),

which is same
X(Y(z,y),v) = X'(Bz,Y'(y, 0 'v)),

1

where «, [ are bijections ad o™ is inverse of the a.

This means (Q;€)g) satisfies to the following second-order iden-

tity of associativity:

VX, YIX" YNz, y, 2 X (Y (2,y),2) = X" (2,Y"(y, 2)),

and from the Theorem 1.1 we have that |Q| < 3.
The sufficiency follows from the [7].
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