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I. INTRODUCTION

We call Q(·) the division(cancelation) groupoid if for any a ∈ Q

the left and right multiplications are surjections(injections), if the

groupoid is both division and cancellation then it’s called quasi-

group. If Q(·) is a division(cancellation) groupoid, then its oper-

ation is called a divisible(cancellable) operation. A binary algebra

(Q; Σ) is called division(cancellation) if each operation A ∈ Σ is a

divisible operation and it’s called invertible algebra if it’s both di-

vision and cancellable algebra. We call a groupoid (Q; ·) left-regular

if ca = cb =⇒ Ra = Rb, where a, b, c ∈ Q. Similarly, we define the

right-regular groupoid. We call a groupoid regular if it is simulta-

neously left-regular and right-regular. If Q(·) is a regular groupoid,

then its operation is called regular. A binary algebra (Q; Σ) is re-

ferred to as regular if each operation A ∈ Σ is a regular operation.

We say that a groupoid (Q;A) is homotopic to a groupoid (Q;B)

if there exist such mappings α, β, γ : Q =⇒ Q that the equality

γA(x, y) = B(αx, βy) holds for any x, y ∈ Q [2, 3]. Then the triple

(α, β, γ) is called a homotopy from (Q;A) to (Q;B). If γ = idQ, then

the groupoids are called principally homotopic. If α, β, γ are surjec-

tive mappings, then the groupoids are called epitopic or principally

epitopic, respectively. We say that an algebra (Q; Σ) is homotopic

(epitopic) to a groupoid (Q; ·) if for each A ∈ Σ the groupoid (Q;A)
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is homotopic (epitopic) to the groupoid (Q; ·). In the same manner

we define the principal homotopy (epitopy) of an algebra (Q; Σ) to

a groupoid (Q; ·). An algebra (Q; Σ) is referred to as r-algebra if it

is regular, division, and there exists at least one invertible opera-

tion A ∈ Σ. A binary algebra (Q; Σ) is called left(right)-linear on

a groupoid (Q; ·) if each its operation is left (right) linear on the

groupoid (Q; ·), that is, for each operation A ∈ Σ there exists an

automorphism φA of the groupoid (Q; ·) and a permutation αA of

the set Q such that:

A(x, y) = φx · αy,

(A(x, y) = αx · φy)

binary algebra (Q; Σ) is called linear (endolinear) on a groupoid

(Q; ·) if each its operation is linear (endolinear) on the groupoid

(Q; ·), that is, for each operation A ∈ Σ there exist automor-

phisms(endomorphisms) φA and A of the groupoid (Q; ·) and an

element tA ∈ Q such that

A(x, y) = (φAx · tA) · Ay

for any x, y ∈ Q.

During World War II, while working at the German crypto-

graphic center, Schauffler obtained applications In Cryptography us-

ing invertible algebras that satisfy second-order identities, through

proving the following theorem. [4–6]

Theorem 1.1 (Schauffler). Let Q be a non-empty set. The fol-

lowing propositions are equivalent:

• For all (Q;X), (Q;Y ) quasigroups, there exist (Q;X ′), (Q;Y ′)

quasigroups, such that following ∀∃(∀)-identity holds:

(1.1)∀X, Y ∃X ′, Y ′∀x, y, z(X(Y (x, y), z) = X ′(x, Y ′(y, z))),

• For all (Q;X), (Q;Y ) quasigroups, there exist (Q;X ′), (Q;Y ′)

quasigroups, such that following ∀∃(∀)-identity holds:
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(1.2)∀X, Y ∃X ′, Y ′∀x, y, z(X(x, Y (y, z)) = X ′(Y ′(x, y), z)),

• |Q| ≤ 3

In the [7] proved schauffler-like theorem for other second-order

identities and hyperintensities (see [8–10]).

Theorem 1.2. (Movsisyan) Let Q be non empty set. The follow-

ing propositions are equivalent:

• for all (Q;X), (Q;Y ) quasigroups, there exist (Q;X ′), (Q;Y ′)

quasigroups, such that (1.1) identity holds,

• for all (Q;X), (Q;Y ) quasigroups, there exist (Q;X ′), (Q;Y ′)

quasigroups, such that (1.2) identity holds,

• for all (Q;X), (Q;Y ) loops, there exist (Q;X ′), (Q;Y ′) quasi-

groups, such that (1.1) identity holds,

• for all (Q;X), (Q;Y ) loops, there exist (Q;X ′), (Q;Y ′) quasi-

groups, such that (1.2) identity holds,

• for all (Q;X), (Q;Y ) loops, there exist (Q;X ′), (Q;Y ′) loops,

such that (1.1) identity holds,

• for all (Q;X), (Q;Y ) loops, there exist (Q;X ′), (Q;Y ′) loops,

such that (1.2) identity holds,

• following hyperidentity holds in the (Q;LQ) algebra:

X(x, Y (y, z)) = X(Y (x, y), z),

• following hyperidentity holds in the (Q;LQ) algebra:

X(x, Y (y, z)) = X(Y (x, y), z),

• For all (Q;X) quasigroup, there exist (Q;X ′), (Q;Y ′) quasi-

groups, such that following ∀∃(∀)-identity holds:

(1.3)∀X∃X ′, Y ′∀x, y, z(X(X(x, y), z) = X ′(x, Y ′(y, z))),
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• For all (Q;X) quasigroup, there exist (Q;X ′), (Q;Y ′) quasi-

groups, such that following ∀∃(∀)-identity holds:

∀X∃X ′, Y ′∀x, y, z(X(x,X(y, z)) = X ′(Y ′(x, y), z)),

• |Q| ≤ 3,

where LQ is the set of all loop-operations over the set Q.

In [11] it was proved that an invertible algebra (Q; Σ) with the

formula (1.1) or (1.2) is linear on the group. In this paper, we will

prove that r-algebras with second-order formulas of mediality and

paramediality are endolinear on the group.

Definition 1. A mapping φ : Q =⇒ Q is called quasiendo-

morphism of a group (Q; ·) if φ(x · y) = φx · (φ1)−1 · φy for all

x, y ∈ Q,where 1 is the unity of the group (Q; ·).If φ is also a bi-

jection from Q to Q,then φ is called the quasi-automorphism of the

group (Q; ·).

Lemma 2.1. Each quasiendomorphism φ of a group (Q; ·) has

the form φ = Laφ
′,where Lax = a · x, a ∈ Q, and φ′ is an en-

domorphism of the group (Q; ∆). The converse is valid: if φ is an

endomorphism of a group (Q; ·), then an arbitrary mapping φ′ = Laφ

from Q to Q is a quasiendomorphism of the group (Q; ·).

Proof. Suppose that φ1 = k. We show that φ′ = Lk−1φ is an endo-

morphism. We have

II. PRELIMANRY RESULTS

φ′(ab) = Lk−1φ(ab) = k−1·φa·(φ1)−1·φb = (k−1·φa)·(k−1·φb) = φ′a·φ′b.

Lemma 2.2. Suppose that (Q; ·) is a group and α is the principal

epitopy of this group. Then α is a surjective quasiendomorphism of

this group; moreover, if

(1.4)
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α(x · y) = βx · γy,

then β and γ are also quasiendomorphisms.

Proof. Making the successive replacements in the (2.5): (1) x = 1,

(2) y = 1, and (3) x = y = 1, we obtain

(2.6)αy = β1 · γy, x = βx · γ1, α1 = β1 · γ1.

We transform equality (2.5), taking into account equalities (2.6):

α(x·y) = αx·(γ1)−1·(β1)−1·αy = αx·(β1·γ1)−1·αy = αx·(α1)−1·αy,

that is, α is a quasiendomorphism.

From (2.5) we also have

β(x · y) = α(x · y) · (γ1)−1 = αx · (α1)−1 · (αy · (γ1)−1) =

(αx · (γ1)−1) · (β1)−1 · βy = βx · (β1)−1 · βy.

In the same manner, we prove that γ is a quasiendomorphism of the

group (Q; ·).

(2.5)

Lemma 2.3. [12] If a loop (Q; ◦) is principally homotopic to a

group (Q; ·), then they are isomorphic. If a group (Q; ◦) is principally

homotopic to a group (Q; ·), then they are isomorphic.

Theorem 2.3. [12] Let the set Q form a division groupoid under

the six operations Ai(x; y) (for i = 1, ..., 6) and A1 or A4 is regular

operation. If these operations satisfy the following equation:

(2.7)A1(A2(x, y), A3(u, v)) = A4(A5(x, u), A6(y, v)),

for all elements x, y, u, v ∈ Q, then there exists an operation (·)
under which Q forms an abelian group and all these six division
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groupoids are epitopic to the group (Q; ·) and there exist eight sur-

jective mappings α, β, γ, δ, λ, σ, φ, ψ of Q onto itself such that:

A1(x, y) = αx · φy,

αA2(x, y) = γx · δy,

φA3(x, y) = λx · βy,

A4(x, y) = ψx · σy,

ψA5(x, y) = γx · λy,

σA6(x, y) = δx · βy.

The abelian group (Q; ·) is unique up to isomorphisms.

Theorem 2.4. [12] Let the set Q form a division groupoid under

the six operations Ai(x; y) (for i = 1, ..., 6) and A1 or A4 is regular

operation. If these operations satisfy the following paramedial equa-

tion:

(2.8)A1(A2(x, y), A3(u, v)) = A4(A5(v, y), A6(u, x))

for all elements x, y, u, v ∈ Q, then there exists an operation (·)
under which Q forms an abelian group, and all these six division

groupoids are epitopic to the group (Q; ·) and there exist eight sur-

jective mappings α, β, γ, δ, λ, σ, φ, ψ of Q onto itself such that:

A1(x, y) = αx · φy,

αA2(x, y) = γx · δy,

φA3(x, y) = λx · βy,

A4(x, y) = σx · ψy,

σA5(x, y) = βx · δy,

ψA6(x, y) = λx · γy.

The abelian group (Q; ·) is unique up to isomorphisms.
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Theorem 3.5. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X, Y ∈ Σ there exist X ′, Y ′, Z ′ ∈ Σ such that the following

identity of mediality holds:

(3.9)X(Y (x, y), Y (u, v)) = X ′(Y ′(x, u), Z ′(y, v)),

then there exist an abelian group (Q; ·) such that an arbitrary oper-

ation X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·) is

determined uniquely up to isomorphism.

Proof. LetX ∈ Σ be invertable operation, then from the theorem 2.3

we will have that exists operationsX1, X2, X3 ∈ Σ and abelian group

(Q; ·) such that following identities hold:

X(x, y) = αx · φy,

αX(x, y) = γx · δy,

φX(x, y) = λx · βy,

X1(x, y) = ψx · σy,

ψX2(x, y) = γx · λy,

σX3(x, y) = δx · βy.

Since X is invertible operation, then we will have that α and β are

bijections, moreover:

α(αx · φy) = γx · δy,

III. ENDO LINEAR REPRESENTATIONS

from which we will obtain:

α(x · y) = γα−1x · δφ−1y,

This means that α is quasiautomorphism of the group (Q; ·).

Lets fix operation X, for every operation Y exists operations

X ′, Y ′, Z ′ ∈ Σ such that(3.9) identity holds, and then from the the-

orem 2.3 we will have that exist abelian group (Q; ·Y ) such that

those identities hold:
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X(x, y) = αY x ·Y φY y,

αY Y (x, y) = γY x ·Y δY y,

φY Y (x, y) = λY x ·Y βY y,

X ′(x, y) = Y x ·Y σY y,

Y Y
′(x, y) = γY x ·Y λY y,

σYZ
′(x, y) = δY x ·Y βY y.

From the proof of the theorem 2.3 we can construct the group (Q; ·Y )

in such way that αY = α.

We have that: X(x, y) = αx ·Y φY y = αx · φy, which is the same

as: x ·Y y = x · φhφY y, where hφY is right inverse of φY .

We have for every operation Y ∈ Σ the following identity is true:

αY (x, y) = γY x ·Y δY y = γY x · δY φhφY y =⇒

Y (x, y) = α−1(γY x · δY φhφY y).

Since the set of all quasiautomorphisms of the group is also a group,

then α−1 will also be quasiautomorphisms, which means:

Y (x, y) = α−1γY x·(α−1e)−1·α−1δY φhφY y = α−1γY x·L(α−1e)−1α−1δY φhφY y,

where e ∈ Q is the identity element of the group (Q; ·), L(α−1e)−1 is

left translation of the group (Q; ·) with the (α−1e)−1 element.

We obtained that for every opreation Y ∈ Σ there exists surjec-

tions νY and µY , such that Y (x, y) = νY x · µY y. This means we can

rewrite the representations of the operations X, Y,X ′, Y ′, Z ′ in the

following way. 

X(x, y) = αXx · βXy,

Y (x, y) = αY x · βY y,

X ′(x, y) = αX′x · βX′y,

Y ′(x, y) = αY ′x · βY ′y,

Z ′(x, y) = αZ′x · βZ′y,

where αX , αY , αX′ , αY ′ , αZ′ , βX , βY , βX′ , βY ′ , βZ′ are surjections.

By doing the replacements in the identity (3.9) we will obtain:
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αX(αY x · βY y) · βX(αY u · βY v) = αX′(αY ′x · βY ′u) · βX′(αZ′y · βZ′v).

Replacing x = hαY hαXe, y = hβY e, u = hαY u and v = hβY v, where

hαX , hαY , hβY respectively are the right inverses of the αX , αY , βY

and e is the identity element of the group (Q; ·), we will have:

βX(u·v) = αX′(αY ′hαY hαXe·βY ′hαY u)·βX′(αZ′hβY e·βZ′hβY v) = µu·νv,

where µ = αX′LαY ′hαY hαX eβY ′hαY and ν = βX′LαZ′hβY eβZ′hβY . We

showed that βX is quasiendomorphism of the group (Q; ·) and from

lemma 2.1 we know that there exists φX endomorphism of the group

(Q; ·) such that βX = LaφX , where La is left translation of the group

(Q; ·) with the element a ∈ Q. We will have following representation

of the arbitrary operation X ∈ Σ: X(x, y) = αXx ·LaφXy = RaαXx ·
φXy = σXx · φXy where σX = RaαX .

By doing following replacements in the identity x = hαY x, y =

hβY y, u = hαY hβXe and v = hβY e, we will obtain that sigmaX is

also a quasiendomorphism of the group (Q; ·) and from lemma 2.1

we know that there exists X endomorphism of the group (Q; ·) such

that σX = Rb X , where Rb is right translation of the group (Q; ·)
with the element b ∈ Q, so we will have:

X(x, y) = φXx · b · Xy,

for every x, y ∈ Q.

Corollary 1. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X, Y, Z ∈ Σ there exist X ′, Y ′, Z ′ ∈ Σ such that the following

identity holds:

(3.10)X(Y (x, y), Z(u, v)) = X ′(Y ′(x, u), Z ′(y, v)),

then there exist an abelian group (Q; ·) such that an arbitrary oper-

ation X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·) is

determined uniquely up to isomorphism.

Corollary 2. Suppose that (Q; Σ) is an r-algebra. If for arbitrary

X, Y ∈ Σ there exist X ′, Y ′ ∈ Σ such that the following identity

holds:
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(3.11)X(Y (x, y), Y (u, v)) = X ′(Y ′(x, u), Y ′(y, v)),

then there exist an abelian group (Q; ·) such that an arbitrary oper-

ation X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·) is

determined uniquely up to isomorphism.

Similarly, we can prove the following results.

Theorem 3.6. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X, Y ∈ Σ there exist X ′, Y ′, Z ′ ∈ Σ such that the following

identity of paramediality holds:

(3.12)X(Y (x, y), Y (u, v)) = X ′(Y ′(v, y), Z ′(u, x)),

then there exists an abelian group (Q; ·) such that an arbitrary op-

eration X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·)
is determined uniquely up to isomorphism.

Corollary 3. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X, Y, Z ∈ Σ there exist X ′, Y ′, Z ′ ∈ Σ such that the following

identity holds:

(3.13)X(Y (x, y), Z(u, v)) = X ′(Y ′(v, y), Z ′(u, x)),

then there exists an abelian group (Q; ·) such that an arbitrary op-

eration X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·)
is determined uniquely up to isomorphism.

Corollary 4. Suppose that (Q; Σ) is an r-algebra. If for arbitrary

X, Y ∈ Σ there exist X ′, Y ′ ∈ Σ such that the following identity

holds:

(3.14)X(Y (x, y), Y (u, v)) = X ′(Y ′(v, y), Y ′(u, x)),

then there exists an abelian group (Q; ·) such that an arbitrary op-

eration X ∈ Σ is endolinear over the group (Q; ·). The group (Q; ·)
is determined uniquely up to isomorphism.

Theorem 3.7. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X,X ′ ∈ Σ there exist Y, Z, Y ′, Z ′ ∈ Σ such that (3.10) identity

of mediality satisfies, then there exists an abelian group (Q; ·) such
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that an arbitrary operation X ∈ Σ is endolinear over the group

(Q; ·). The group (Q; ·) is determined uniquely up to isomorphism.

Proof. Lets fix X ′ = X, from the theorem 2.3 we will have that

there exists operations Y1, Z1, Y2, Z2 ∈ Σ and abelian group (Q; ·)
such that following identities hold:

X(x, y) = αx · φy,

αY1(x, y) = γx · δy,

φZ1(x, y) = λx · βy,

X(x, y) = ψx · σy,

ψY2(x, y) = γx · λy,

σZ2(x, y) = δx · βy.

Lets fix operation X, and for every opreation X ′ ∈ Σ we have

that there exists opreations Y, Z, Y ′, Z ′ ∈ Σ such that identity

(3.10) holds, and from the theore 2.3 we will have that there ex-

ists αX′ , βX′ , γX′ , δX′ , λX′ , σX′ , φX′ , ψX′ : Q ↪→ Q surjections and

abelian group (Q; ·X′) such that following identities hold:

X(x, y) = αX′x ·X′ φX′y,

αX′Y (x, y) = γX′x ·X′ δX′y,

φX′Z(x, y) = λX′x ·X′ βX′y,

X ′(x, y) = X′x ·X′ σX′y,

X′Y
′(x, y) = γX′x ·X′ λX′y,

σX′Z
′(x, y) = δX′x ·X′ βX′y.

By doing following replacements x = hαX′x and y = hφX′x we

will obtain:

x ·X′ y = αhαX′x · φhφX′y,

where αhαX′ and φhφX′ are surjections.

We showed that arbitary operations X ′ ∈ Σ has following repre-

sentation:
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X ′(x, y) = X′x ·X′ σX′y = αhαX′ X′x · φhφX′σX′y = νX′x · µX′y,
where νX′ and µX′ are surjections.

From which we have that there exists abelian group (Q; ·) that

following identieis hold:

X(x, y) = νXx · µXy,

Y (x, y) = νY Y x · µY y,

Z(x, y) = νZx · µZy,

X ′(x, y) = νX′x · µX′y,

Y ′(x, y) = νY ′x · µY ′y,

Z ′(x, y) = νZ′x · µZ′y,

where νX , µX , νY , µY , νZ , µZ , νX′ , µX′ , νY ′ , µY ′ , νZ′ , µZ′ are surjec-

tions.

By doing replacements in the identity (3.9) we will have:

νX(νY x · µY y) · µX(νZu · µZv) = νX′(νY ′x · µY ′u) · µX′(νZ′y · µZ′v).

Replacing x = hνY hνXe, y = hµY e, u = hνZu and v = hµZv,

where hνX , hνY , hµY , hνZ , hµZ respectively are the right inverses of

the νX , νY , µY , νZ , µZ and e is the identity element of the group

(Q; ·), we will have:

µX(u·v) = νX′(νY ′hνY hνXe·µY ′hνZu)·µX′(νZ′hµY e·µY ′hµZv) = θu·γv,
where θ = νX′LνY ′hνY hνX eµY ′hνZ and γ = µX′LνZ′hµY eµZ′hµZ . We

showed that µX is quasiendomorphism of the group (Q; ·) and from

lemma 2.1 we know that there exists φX endomorphism of the group

(Q; ·) such that µX = LaφX , where La is left translation of the group

(Q; ·) with the element a ∈ Q. We will have following representation

of the arbitrary operation X ∈ Σ: X(x, y) = νXx ·LaφXy = RaνXx ·
φXy = σXx · φXy where σX = RaνX .
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By doing following replacements in the identity x = hνY x, y =

hµY y, u = hνZhµXe and v = hµZe, we will obtain that σX is also

a quasiendomorphism of the group (Q; ·) and from lemma 2.1 we

know that there exists X endomorphism of the group (Q; ·) such

that σX = Rb X , where Rb is right translation of the group (Q; ·)
with the element b ∈ Q, so we will have:

X(x, y) = φXx · b · Xy,

Theorem 3.8. Suppose that (Q; Σ) is an r-algebra. If for arbi-

trary X,X ′ ∈ Σ there exist Y, Z, Y ′, Z ′ ∈ Σ such that (3.13) identity

of paramediality satisfies, then there exists an abelian group (Q; ·)
such that an arbitrary operation X ∈ Σ is endolinear over the group

(Q; ·). The group (Q; ·) is determined uniquely up to isomorphism.

Let denote by ΩQ all the regular division operations of the set Q.

Theorem 3.9. One of the following ∀∃(∀)-identities of mediality

∀X, Y ∃X ′, Y ′, Z ′∀x, y, u, vX(Y (x, y), Y (u, v)) = X ′(Y ′(x, u), Z ′(y, v)),

∀X, Y, Z∃X ′, Y ′, Z ′∀x, y, u, vX(Y (x, y), Z(u, v)) = X ′(Y ′(x, u), Z ′(y, v)),

∀X, Y ∃X ′, Y ′∀x, y, u, vX(Y (x, y), Y (u, v)) = X ′(Y ′(x, u), Y ′(y, v)),

∀X,X ′∃Y, Y ′, Z, Z ′∀x, y, u, vX(Y ′(x, y), Y ′(u, v)) = Y (X ′(x, u), X ′(y, v)),

or paramediality

∀X, Y ∃X ′, Y ′, Z ′∀x, y, u, vX(Y (x, y), Y (u, v)) = X ′(Y ′(v, y), Z ′(u, x)),

∀X, Y, Z∃X ′, Y ′, Z ′∀x, y, u, vX(Y (x, y), Z(u, v)) = X ′(Y ′(v, y), Z ′(u, x)),

∀X, Y ∃X ′, Y ′∀x, y, u, vX(Y (x, y), Y (u, v)) = X ′(Y ′(v, y), Y ′(u, x)),

∀X,X ′∃Y, Y ′, Z, Z ′∀x, y, u, vX(Y (x, y), Z(u, v)) = X ′(Y ′(v, y), Z ′(u, x)),

holds in the algebra (Q; ΩQ), if and only if |Q| ≤ 3.

Proof. Let us prove it for the first identity; the rest are proved sim-

ilarly. It follows from Theorem 3.6 that there exists a group (Q; ·)
such that any operation X ∈ ΩQ is endolinear over this group, which

implies that all loops in ΩQ are endolinear over this group; therefore,
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they are principally homotopic to this group. From Lemma 2.1 it

follows that they are isomorphic to this group; however, the Albert

theorems ([ [2], [3]]) imply that a nonassociative loop is not isomor-

phic to a group; therefore, |Q| < 5. It is well-known that on a finite

set each surjecion is a bijection; so, each regular division operation

is an invertible operation, that is, any operation in ΩQ is invertible

this means if we fix u = a in the identity we will have:

X(Y (x, y), αv) = X ′(βx, Y ′(y, v)),

which is same

X(Y (x, y), v) = X ′(βx, Y ′(y, α−1v)),

where α, β are bijections ad α−1 is inverse of the α.

This means (Q; ΩQ) satisfies to the following second-order iden-

tity of associativity:

∀X, Y ∃X ′′, Y ′′∀x, y, zX(Y (x, y), z) = X ′′(x, Y ′′(y, z)),

and from the Theorem 1.1 we have that |Q| ≤ 3.

The sufficiency follows from the [7].
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