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ABSTRACT

The paper investigates sufficient conditions for the absolute convergence of trigonometric Fourier

series of almost-periodic functions in the sense of Bezikovich in the case when the Fourier exponents

have a single limiting point at infinity. A higher-order continuity module is used as a structural

characteristic of the function under consideration.

I. INTRODUCTION

Let Bp (1 ≤ p ≤ ∞) be a linear space consisting of measurable functions f(x) for which
|f(x)|p (1 ≤ p <∞) is Lebesgue integrable on any finite segment of the real axis with norm

||f ||Bp = {M [|f(x)|p]}
1
p = { lim

T→∞

T∫
−T

|f(x)|pdx}
1
p <∞,

||f ||B∞ = vrai sup
−∞<x<∞

|f(x)| <∞.

At 1 ≤ p < ∞ , A. Bezikovich [1] or [2], introduced the following concept of Bp–almost–
periodic function.

Definition 1. A function f(x) is called almost-periodic in the sense of Bezikovich or Bp -
almost-periodic if there exists a sequence of finite trigonometric polynomials {Pn(x)} of the
form

Pn(x) =
n∑
k=1

Ak(f)eiλkx,

for which the following condition holds

lim
n→∞

||f(x)− Pn(x)||Bp = 0.
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For each f ∈ Bp , a function is defined

a(f, λ) = lim
T→∞

1

T

T∫
−T

f(x)e−iλxdx = M{f(x)e−iλx}.

It can differ from zero no more than on the countable set of values of λ : λ1 , λ2 ,..., λk ,... .
The numbers {λk} are called exponents Fourier transform or the spectrum of the function in
question, and the numbers Ak(f) = a(f, λk) - Fourier coefficients. Thus, each function f ∈ Bp

can be written a Fourier series

f(x) ∼
∑
k

Ak(f)eiλkx.

The space B∞ of uniform almost-periodic functions denote B (see, for example, [3], [4]).
Denote by ∆m

t f(x) the finite difference of the mth order of the function f ∈ Bp at the point
x with a step of t , i.e.

∆m
t f(x) =

m∑
r=0

(−1)m−r(mr )f(x+ rt).

To determine the smoothness of the function, the quality of the structural characteristic of
the function f ∈ Bp , p ≥ 1 , we will use the continuity module of the order k

ωm(f, h)Bp = sup
|t|≤h
||∆m

t f(x)||Bp , h > 0,m ∈ N.

Let Π be any partition −T = x0 < x1 < x2 < ... < xn = T of the function f(x) of interval
(−T, T ) . Given r ≥ 1 , T > 0 and a positive m , we write

V m
r,T (f) = [sup

n−1∑
r=0

|∆m
hrf(xr)|r]1/r,

where m ∈ N , hr = xr+1−xr
m

. Then we call the value

V m
r (f) = lim

T→∞

1

2T
V m
r,T (f)

r -the variation of function of order m .

In [9]-[17] and others, some necessary and sufficient conditions for the absolute convergence of
the Fourier series of almost-periodic functions in the sense of Bohr and Bezikovich were obtained.

J. Museliak [10] showed that if the spectrum λk → ∞ and kα = O(λk) , k → ∞ , α > 0 ,
then for the function f ∈ B2 the condition
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∞∑
k=1

k
1−β2
α−1 ωβ1 (f ;

1

k
)B2 <∞, (1)

at 0 < β < 2 , entails the convergence of the series
∞∑
n=1

|Ak(f)|β. (2)

N.P. Kuptsov [11] showed that for functions f ∈ B , condition (1) for α = 1 , β = 1 and
replacing the value ω1(f, 1

k
)B2 by ω2(f, 1

k
)B provides absolute convergence of the series (2).

In the work of A.G. Pritula [12] it is proved that if for λk → ∞ , 0 < β < q , 2 ≤ q <

∞ (1
p

+ 1
q

= 1) , γ > 0 the condition is met

∞∑
ν=1

(
λ2ν

λ2ν−1

)βωβ1 (f,
1

λ2ν
)Bp2

ν(γ+ q−β
q

) <∞,

that
∞∑
k=1

|Ak|βkβ <∞.

In the case when f(x) ∈ Bp , 1 < p ≤ 2 , λk → 0 , A. S. Jafarova and G. A. Mammadova [13]
established the convergence of the series

∞∑
k=1

|Ak|βϕ(k),

with some restrictions on the functions ϕ(k) . Instead of the continuity modulus, they used the
following value based on the Laplace transform

Ω(f ;H; δ; θ) = δ sup
x
|
∞∫

0

exp(−δθ)f(x− t)exp(iθt)dt|, δ > 0, θ ∈ R.

In the work of Yu.K. Khasanov [14], some sufficient, and in the case of monotonous decrease
of the Fourier coefficients, the necessary conditions for the absolute convergence of the Fourier
series of almost-periodic Bezikovich functions are established when the Fourier exponents have
a single limiting point at infinity or at zero.

The results of this note are analogs of some results of [10], [14] and [15] for the class of
almost-periodic Bezikovich functions.
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1.1. The note discusses some new sufficient conditions for the absolute convergence of Fourier
series of almost-periodic functions from the space B2 when the spectrum Λ = {λk}∞k=1 has a
single limit point at infinity, i.e.

λ0 = 0; λ−k = −λk; |λk| < |λk+1|; lim
k→∞

λk =∞.

It is well known that for an arbitrary function f ∈ B2 having a Fourier series expansion

f(x) ∼ a0(f)

2
+
∞∑
k=1

(ak(f) cosλkx+ bk(f) sinλk)x, (3)

где
a0(f) = M{f(x)},

ak(f) = M{f(x) cosλkx},

bk(f) = M{f(x) sinλkx} (k = 1, 2, ...),

M{g(x)} = lim
T→∞

1

2T

T∫
−T

g(x)dx.

We prove the following theorem concerning the absolute convergence of series (4) with known
coefficients (see, for example, [3], [10-15]).

Let f(x) ∈ b2 is a limited function. Suppose that the function Φ(u) is non-
decreasing such that Φ(u) > 0 if u > 0 and u2/(Φ(u)) is also a non-decreasing function. If at
0 < β < 1 is executed

∞∑
ν=1

[µ(2νπ)− µ(2ν−1π) + 1]1−
β
2ωβ(f, 2−ν)ω

β/2
Φ (f, 2−ν)Φ−β/2[ω(f, 2−ν)] <∞, (4)

where
ω(f, h) = vrai sup

x
sup
|δ|≤h
|f(x+ δ)− f(x)|,

ωΦ(f, h) = sup
|δ|≤h

M{|f(x+ δ)− f(x)|},

that row
∞∑
k=1

(|ak(f)|β + |bk(f)|β) (5)
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0.1 Main results



it fits.

We first prove an important inequality∑
n∈Aν

(|ak(f)|2 + bk(f)|2) ≤ 1

2
M{|f(x+ 2−ν−1)− f(x− 2−ν−1)|2}, (6)

where Aν = Ek{2−ν−1π ≤ λk ≤ 2−νπ} , ν ≥ 1 .
For any h ≥ 0 , consider the function

Fh(x) = f(x+ h)− f(x− h).

The coefficients of the Fourier function Fh(x) are defined as follows:

a0(Fh) = M{Fh(x)} = lim
T→∞

1

2T

T∫
−T

[f(x+ h)− f(x− h)]dx =

= lim
T→∞

1

2T

T∫
−T

[f(x)− f(x)]dx = 0.

ak(Fh) = M{Fh(x) cosλkx} = M{[f(x+ h)− f(x− h)] cosλkx} =

= lim
T→∞

1

2T

T+h∫
−T+h

f(t) cosλk(t− h)dt− lim
T→∞

1

2T

T−h∫
−T−h

f(t) cosλk(t+ h)dt =

= lim
T→∞

1

2T

T∫
−T

f(t+ h)[cosλnt cosλnh+ sinλnt sinλnh]dt−

− lim
T→∞

1

2T

T∫
−T

f(t− h)[cosλkt cosλkh− sinλkt sinλkh]dt =

= 2 sinλkh lim
T→∞

1

2T

T∫
−T

f(t) sinλktdt =

= 2 sinλkhM{f(t) sinλkt}dt = 2bk sinλkh.

Similarly, we have repeating these calculations for the coefficients bk(Fh) , we find
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bk(Fh) = −2ak sinλkh.

Then by virtue of Bessel ’s inequality we get

∞∑
k=1

(|ak(f)|2 + |bk(f)|2) sin2 λkh =
∞∑
k=1

(|ak(f) sinλkh|2 + |bk(f) sinλnh|2) =

=
1

4

∞∑
k=1

(|2ak(f) sinλkh|2 + |2bk(f) sinλkh|2) =
1

4

∞∑
k=1

(|an(Fh)|2 + |bk(Fh)|2) ≤

≤ 1

4
M{|f(x+ h)− f(x− h)|2}.

For k ∈ Aν , consider
2ν−1πh ≤ λkh < 2νπh.

Let’s put h = 2−ν−1 and from the latter we get

2ν−1π2−ν−1 ≤ λkh < 2νπ2−ν−1

or
π

4
≤ λkh <

π

2
.

Hence,

sin2 λk2
−ν−1 ≥ 1

2
.

Hence, after using a number of calculations, the inequality (6) follows∑
k∈Aν

(|ak(f)|2 + |bk(f)|2) ≤ 2
∑
k∈Aν

(|ak(f)|2 + |bk(f)|2) sin2 λk2
−ν−1 ≤

≤ 2
∞∑
k=1

(|ak(f)|2 + |bk(f)|2) sin2 λk2
−ν−1 ≤ 1

2
M |f(x+ 2−ν−1)− f(x− 2−ν−1)|2.

Next, we denote by ϕ(u) the function u2

Φ(u)
, which is non-decreasing. Since the function f(x)

is bounded, then ω(f, 2−ν) < ∞ . So, if Φ(u) ≡ u2 , then ϕ(u) ≡ 1 and the assumption of the
limitation of the function f(x) will be superfluous.

Multiplying and dividing the right part (6) by the function Φ[ω(f, 2−ν)] , we have

∑
k∈Aν

(|ak(f)|2 + |bk(f)|2) ≤ 1

2
M{|f(x+ 2−ν−1)− f(x− 2−ν−1)|2}Φ[ω(f, 2−ν)]

Φ[ω(f, 2−ν)]
≤

≤ 2−1ω2(f, 2−ν)Φ−1[ω(f, 2−ν)]M{Φ[ω(f, 2−ν)]} = 2−1ω2(f, 2−ν)ωΦ(f, 2−ν)Φ−1[ω(2−ν)].
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Let m(Av) be a measure of sets in Av . Then using the Helder inequality from the last
inequality we get

∑
k∈Aν

(|ak(f)|2 + |bk(f)|2)
β
2 ≤ [m(Av)]

1−β
2 [
∑
k∈Aν

(|ak(f)|2 + |bk(f)|2)]
β
2 ≤

≤ [m(Av)]
1−β

2 [2−1ω2(f, 2−ν)ωΦ(f, 2−ν)Φ−1[ω(f, 2−ν)]]
β
2 =

= 2−
β
2 [m(Av)]

1−β
2ωβ(f, 2−ν)ω

β
2
Φ (f, 2−ν)Φ−

β
2 [ω(f, 2−ν)] ≤

≤ 2−
β
2 [µ(2νπ)− µ(2ν−1π) + 1]1−

β
2ωβ(f, 2−ν)ω

β
2
Φ (f, 2−ν)Φ−

β
2 [ω(f, 2−ν)]. (7)

So for

k0 = min
λk≥π

k

from inequality (7) we find that

∞∑
k=k0

(|ak(f)|2 + |bk(f)|2)
β
2 ≤

≤ 2−
β
2

∞∑
ν=1

[µ(2νπ)− µ(2ν−1π) + 1]1−
β
2ωβ(f, 2−ν)ω

β
2
Φ (f, 2−ν)Φ−

β
2 [ω(f, 2−ν)]. (8)

By virtue of condition (4), the series (5) converges. Theorem 1 is proved.

Let the function f(x) ∈ B2 . If at 0 < β < 2 the condition is met

∞∑
ν=1

[µ(2νπ)− µ(2ν−1π) + 1]1−
β
2ωβ2 (f, 2−ν) <∞,

where
ω2(f, h) = [sup

|δ|≤h
M{|f(x+ δ)− f(x)|2}]

1
2 ,

then row (5) converges.

We write inequality (6) in the following form∑
k∈Aν

(|ak(f)|2 + |bk(f)|2) ≤ 1

2
M{|f(x+ 2−ν−1)− f(x− 2−ν−1)|2} ≤

≤ 1

2
sup
|δ|≤2−ν

M{|f(x+ δ)− f(x)|2} =
1

2
ω(f, 2−ν).

Hence, using the inequality (7), we will have∑
k∈Aν

(|ak(f)|2 + |bk(f)|2)
β
2 ≤ 2−

β
2 [µ(2νπ)− µ(2ν−1π) + 1]1−

β
2 [ω(f, 2−ν)]

β
2 =

= 2−
β
2 [µ(2νπ)− µ(2ν−1π) + 1]1−

β
2ωβ2 (f, 2−ν).
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Then, by the conditions of the theorem, it follows from the latter that it follows that

∞∑
k=k0

(|ak(f)|2 + |bk(f)|2)
β
2 ≤ 2−

β
2

∞∑
ν=1

[µ(2νπ)− µ(2ν−1π) + 1]1−
β
2ωβ2 (f, 2−ν) <∞.

Theorem 2 is proved.

In the future, we will need the following auxiliary statement.

If for a non-decreasing function Φ(u) ≥ 0 at u ≥ 0

Vφ,T (f) = sup
Π

n∑
k=1

φ[|f(xk)− f(xk−1)|]B2 ,

where Π is an arbitrary division of the interval (−T ;T ) by the points x0, x1, ...., xN and

Vφ(f) = M{Vφ,T (f)} = lim
T→∞

1

2T

T∫
−T

Vφ,T (f)dx,

then for any h > 0 the following estimate is valid

M{Φ[f(x+ h)− f(x− h)]} ≤ 2hVΦ(f). (9)

Let VΦ(f) <∞ . Suppose that for ε > 0 there exists such a number T0 that for every
T > T0 the inequality holds

VΦ,T+3h(f) ≤ 2[VΦ(f) + ε](T + 3h). (10)

Indeed, by definition of the upper limit

1

2(T + 3h)
VΦ,T+3h(f) ≤ VΦ(f) + ε,

hence the inequality (10).

For a fixed T > T0 , we define such an interval (−T−h, T−h) in which the points x0, x1, ..., xn

will be
xk − xk−1 = 2h (k = 1, 2, ..., n),

xk − xk−1 ≥ 2h (k = n).

Then, given the values of xk−xk−1 , for up to the limiting average value of the function φ[|f(x+

h)− f(x− h)|] we get
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1

2T

T∫
−T

Φ[|f(x+ h)− f(x− h)|]dx =
1

2T

n∑
k=1

xk∫
xk−1

Φ[|f(x+ h)− f(x− h)|]dx =

=
1

2T

2h∫
0

n∑
k=1

Φ[|f(xk + t)− f(xk−1 + t)|]dt+

+
1

2T

xk−xk−1∫
0

Φ[|f(xk + t+ 2h)− f(xk−1 + t)|]dt ≤

≤ 1

2T

2h∫
0

sup
xk∈[−T+3h,T+3h]

n∑
k=1

Φ[|f(xk)− f(xk−1)|]dt =

=
1

2T

2h∫
0

Vφ,T+h+3h(f)dt =
1

2T
VΦ,T+3h

2h∫
0

dt =

=
1

2T

2h∫
0

Vφ,T+h+3h(f)dt =
h

T
VΦ,T+3h ≤

2h

T
[Vφ(f) + ε][T + 3h] = (2h+

6h2

T
)(VΦ(f) + ε),

Hence, at T → ∞ , going to the limit, we get an estimate (9), which implies the validity of
Lemma 1.

Let f(x) ∈ B2 and a non-decreasing function Φ(u) is given such that Φ(u) > 0

and for u > 0 , Φ(0) ≥ 0 . If VΦ(f) <∞ at 0 < β < 2 and the condition is met

∞∑
ν=1

[µ(2νπ)− µ(2ν−1π) + 1]1−
β
2 2−

βν
2 ωβ(f, 2−ν)Φ−

β
2 [ω(f, 2−ν)] <∞, (11)

then the series (5) converges.

The theorem is proved using Theorem 1 and Lemma 1. Indeed, since

ωΦ(f, 2−ν) = sup
|δ|≤2−ν

M{Φ[|f(x+ δ)− f(x)|]} ≤

≤ 2hVφ(f) = sup
|δ|≤2−ν

∞∑
ν=1

φ[|f(x+ 2−ν)− f(x)|] ≤ 2−ν ,

then substituting 2−ν instead of ω
β
2
Φ (f, 2−ν) into inequality (4), we get inequality (8), which

proves theorem 3.
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In the future, we will establish the convergence condition of series (5) for the existence of the
spectrum Λ = {λk}∞k=1 . In this case, we need to prove the following

If a1, a2, ... are positive numbers, then for any χ series

∞∑
ν=1

2χνa2ν

and
∞∑
k=1

kχ−1ak,

either converge or diverge at the same time.

Note that this lemma is implicitly contained in [10] (see page 13).
Indeed, due to the monotony of ak , for any ν we have

2χνa2ν ≤ 2|χ|+1

2ν∑
k=2ν−1+1

kχ−1ak ≤ 22|χ|+12χ(ν−1)a2ν−1 ,

and from here
∞∑
k=1

kχ−1ak = a1 +
∞∑
ν=1

2ν∑
s=2ν−1+1

sχ−1as.

3. If ak ↓ 0 and
∑∞

k=1 ak = +∞ , then the flat ∆ak = ak − ak+1 , we have

∞∑
k=1

k∆ak = +∞.

Let ’s put

kχ−1ak =
k∑
ν=1

ν∆aν .

By virtue of ak ↓ 0 we have ∆aν ≥ 0 (ν = 1, 2, ...). So all kχ−
1

ak ≥ 0 and does not decrease
monotonically. We need to prove that kχ−1ak →∞ . If this were not true, then

kχ−1ak ↑ a (a 6= +∞).

Then kχ−1ak = a− εk , εk ↓ 0 , and hence since

kχ−1ak − (k − 1)χ−1ak−1 = k∆ak = (a− εk)− (a− εk−1) = ∆εk−1,
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Lemma 2.

Lemma



that
∆ak =

∆εk−1

k
.

By virtue of ak → 0 and ∆εν ≥ 0 we have

ak =
∞∑
ν=k

∆aν =
∞∑
ν=k

∆εν−1

ν
≤

≤ 1

k

∞∑
ν=k

∆εν−1 =
εk−1

k
,

and therefore kak → 0

But, applying to the sum representing kχ−1ak , the Abel transform, we find

kχ−1ak =
k∑
ν=1

ν∆aν =
k+1∑
ν=1

aν = a1 + a2 + ...+ ak+1,

and since kχ−1ak → a , and kak → 0 , then a1 + a2 + ... + ak+1 → 0 , which contradicts the
condition

∞∑
k=1

ak = +∞.

Let
∑∞

k=1 k
χ−1ak be a convergent series with kχ−1ak ↓ 0 . We believe

rn =
∞∑
k=1

kχ−1ak.

We will say that a series satisfies condition (A) if

rn = O(kχ−1ak). (12)

If the terms of the series decrease no slower than some geometric progression, that is, if

(k + 1)χ−1ak+1 < θkχ−1ak, 0 < θ < 1,

then it satisfies condition (A), but the reverse conclusion is, of course, incorrect, as at least such
an example shows

(2k − 1)χ−1a2k−1 − (2k)χ−1a2k = θk, k ∈ N ; 0 < θ < 1.
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We show that if a series satisfies condition (A), then whatever θ < 1 , it can be divided into
a finite l series ( l envy of θ ) so that the terms of each of them decrease no slower than the
geometric progression with the denominator θ .

Indeed, condition (12) means that rn < ckχ−1ak , where c is constant. Let θ be given. Let’s
choose the number l so that

l = [
c

θ
]. (13)

Then by virtue of the monotonous decreasing of the numbers kχ−1ak and by virtue of (13)
we have

(l + 1)(k + l)χ−1ak+l ≤
ν=k+l∑
ν=k

νχ−1aν ≤
∞∑
ν=k

νχ−1aν ≤ ckχ−1ak, (14)

and therefore it follows from (14) that

(k + l)χ−1ak+l ≤
c

l + 1
kχ−1ak ≤ θkχ−1ak.

Hence, all l series

1χ−1a1 + (1 + l)χ−1a1+l + (1 + 2l)χ−1a1+2l + ...,

2χ−1a2 + (2 + l)χ−1a2+l + (2 + 2l)χ−1a2+2l + ...,

..................................................................,

lχ−1al + (2l)χ−1a2l + (3l)χ−1a3l + ...,

it can be decomposed into a series
∞∑
ν=1

νχ−1aν ,

which decreases no slower than the geometric progression with the denominator θ .

1.2. Let the spectrum be λk and for ρ > 0 the condition kρ = O(λk) is satisfied. Let’s choose
an increasing function λ(x) such that λ(k) = λk then

yρ = x
yρ

λ(y)
= O(x) (x = λ(y)),

hence

y = O{x
1
ρ}.
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Hence

µ(2νπ)− µ(2ν−1π) ≤ µ(2νπ) + 1 = O{2
ν
ρ },

and condition (4) can be replaced by the condition

∞∑
ν=1

2
(1−β)ν

ρ ωβ(f, 2−ν)ω
β/2
Φ (f, 2−ν)Φ−β/2[ω(f, 2−ν)] <∞,

или согласно леммы 2

∞∑
ν=1

k
(1−β)ν

ρ
−1ωβ(f, k−1)ω

β/2
Φ (f, k−1)Φ−β/2[ω(f, k−1)] <∞.

The statement of Lemma 2 is obtained from the fact that the function u2

Φ(u)
is non-decreasing.

By virtue of Theorem 2 , the following holds.

Let kρ = O(λk) when ρ > 0 . And let for the function f ∈ B2 at 0 < β <2
takes place

∞∑
k=1

k
1−β2
ρ
−1ωβ2 (f, k−1) <∞, (15)

where ω2(f, h) = [sup|δ|≤hM{|f(x+ δ)− f(x)|2}] 12 . Then the series (7) converges.

For ρ = 1 and ω(h) = O{hα} , the result is obtained in β > 2
2+α(2−r) (see [8], p. 137), and

for ρ = β = 1 we get Bernstein (see [7], p. 231)

∞∑
k=1

1√
n
ω2(f, k−1) <∞.

Now we denote Vr(f) = [VΦ(f)]1/r for Φ(u) = ur. The value of Vr(f) is called r -a variation
of the function f(x) .

According to Theorem 3 and Lemma 2 , the following statement holds

Let kρ = O(λk) when ρ > 0 . If at 0 < r ≤2 the function f ∈ B2 has a finite
r -variation, besides at 0 < β <2 exists

∞∑
k=1

k
1−β2
ρ
−β

2
−1ω

β(1− r
2

)
n (f, k−1) <∞,

then the series (5) converges.

In the case when ρ = 1 and ω(h) = O{hα} we get β > 2
2+α(2−r) , which for r = 1 obtained by

Varashkevich and Zygmunde (see [8], p. 138). For ρ = β = 1 , we obtain the following statement
about the absolute convergence of the series (3).
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Theorem 4.

Theorem 5.



Let f ∈ B2 and kρ = O(λk) when ρ > 0 . Suppose that ω(h) = O{hα} and
Vr(f) <∞ for α > 0 , 0 < r ≤ 2 . Then the series (3) absolutely converges.

This theorem for r = 1 was obtained by Sigmund. If in Theorem 5 ρ = β = r = 1 we obtain
the known condition of absolute convergence of series (3) ([7], p. 231)

∞∑
k=1

1

k

√
ω(f, k−1) <∞,

which generalizes Sigmund’s result.
1.3. Definition 3. A sequence of natural numbers

n1 < n2 < ... < nk < ...

are called lacunar if there exists such a q > 1 that

nk+1

nk
≥ (k = 1, 2, ...).

Now let the lacunar condition
λk+1

λk
> q > 1

be satisfied for the spectrum Λ = {λk}∞k=1. Then the spectrum λk
qk

will be increasing. Let’s
choose such a function λ(x) so that the function λ(x)

qx
. was increasing and λ(k) = λk . Then also

increasing and denoting y = µ(x) we have

y = logqx− logq
λ(y)

qy−1
+ 1,

then in the case of y1 = µ(2ν−1π) , y2 = µ(2νπ) we have

µ(2νπ)− µ(2ν−1π) + 1 = logq2− logq
λ(y2)qy1

qy2λ(y1)
+ 1 ≤

≤ logq2 + 1 = O{1} (16)

By virtue of Lemma 2, condition (6) can be replaced by the condition

∞∑
k=1

1

k
ωβ(f,

1

k
)ω

β
2
Φ (f,

1

k
)Φ−

β
2 [ω(f,

1

k
)] <∞.

Let the function f ∈ B2 be bounded at λk+1

λk
> q > 1 . And let the condition

of Theorem 1 be satisfied for the function φ(u) , for α > 0 , ωφ(h = O{hα}) . Then for each
0 < α < 2 the series (5) converges.

Let λk+1

λk
> q > 1 . Then if f ∈ B2 and for α > 0 the condition ω2(h = O{hα})

is satisfied, then for 0 < α < 2 the series (5) converges.
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Theorem 6.

Theorem 7.

Theorem 8.



By virtue of Theorem 3 we get:

]9. Let λk+1

λk
> q > 1 and the function φ(u) satisfy the conditions of Theorem

3. Let the function f ∈ B2 be bounded and Vφ(f) < ∞ . Then at 0 < α < 2 the series (5)
converges.

For proofs, it is sufficient to note that the condition

∞∑
ν=1

2
−βν
2 ωβ(f, 2−ν)Φ−

β
2 [ω(f, 2−ν)] <∞ (17)

follows when substituting (16) for (11). However, according to Lemma 2, the condition (17) is
equivalent to the condition

∞∑
ν=1

1

k1+β
2

ωβ(f,
1

k
)Φ−

β
2 [ω(f, 2−ν)] <∞,

which follows from the limitations of the spectrum

ωβ(f,
1

k
)Φ−

β
2 [ω(f, 2−ν)]

and is performed when β > 0 .

When f(x) is a bounded function, theorems 7, 8, 9 at β ≥ 1 are weaker than Sidon’s results
stating that the lacunar series of periodic and bounded absolute functions converge (see [8], page
139), for almost-periodic functions [6].
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