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l. - INTRODUCTION

Let B, (1 < p < o0) be a linear space consisting of measurable functions f(z) for which

|f(z)[P (1 <p<oo)is Lebesgue integrable on any finite segment of the real axis with norm
T
I1Alls, = (¥ @1} = (Fm [ 17@)lde}s < oc,
“r

I|fllg.. =vrai sup |f(z)| < oc.

—oo<r<0o0

At 1 < p < oo, A. Bezikovich [1] or [2]|, introduced the following concept of B,-almost—
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periodic function.

Definition 1. A function f(z) is called almost-periodic in the sense of Bezikovich or B),-
almost-periodic if there exists a sequence of finite trigonometric polynomials {P,(x)} of the

form
Po(x) =) Ar(f)e™,
k=1
for which the following condition holds

Tim [|£(2) — Pala)|5, =0

(© 2024 Great Britain Journals Press Volume 24 | Issue 2 | Compilation 1.0




London Journal of Research in Science: Natural and Formal

38

For each f € B,, a function is defined

T
1 A )
a(f,\) = lim — / f(2)e”*de = M{f(z)e”*}.
T—oo T
Y
It can differ from zero no more than on the countable set of values of X\: Ay, Ao,...; Ap,... .

The numbers {\;} are called exponents Fourier transform or the spectrum of the function in
question, and the numbers Ay (f) = a(f, \x) - Fourier coefficients. Thus, each function f € B,

can be written a Fourier series

f(x) ~ ) Ax(fe?.
k
The space B, of uniform almost-periodic functions denote B (see, for example, [3], [4]).
Denote by A" f(z) the finite difference of the mth order of the function f € B, at the point

x with a step of £, i.e.
m

AP fe) =Y (=)™ f @ +rt).

r=0
To determine the smoothness of the function, the quality of the structural characteristic of

the function f € B,, p > 1, we will use the continuity module of the order %

wi(fsh)p, = sup |AY f(2)]|B,, h>0,meN.
tI<h

Let IT be any partition —7T = 29 < x1 < g < ... < x, = T of the function f(x) of interval
(=T,T). Given r > 1, T > 0 and a positive m, we write

VIL(f) = [sup Y |AR £ ()],
r=0

where m € N, h, = === Then we call the value

r-the variation of function of order m.

In [9]-[17] and others, some necessary and sufficient conditions for the absolute convergence of

the Fourier series of almost-periodic functions in the sense of Bohr and Bezikovich were obtained.

J. Museliak [10] showed that if the spectrum A\ — oo and k* = O(\;), k — oo, a > 0,
then for the function f € By the condition
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171 Wi (f: %)Bz < 00, (1)

k=1
at 0 < 8 < 2, entails the convergence of the series

> AP (2)

N.P. Kuptsov [11] showed that for functions f € B, condition (1) for « =1, f§ =1 and

replacing the value wi(f, +)p, by wa(f,1)p provides absolute convergence of the series (2).

In the work of A.G. Pritula [12] it is proved that if for \y = 00, 0 < f < ¢, 2 < ¢ <
o (: + é =1), v > 0 the condition is met

P
Aoy L gvo+52)
Z )\21/ 1 )\2u> ! < OO’

v=1

that .
D AR < oo,
k=1

In the case when f(x) € B,, 1 <p <2, A\, = 0, A. S. Jafarova and G. A. Mammadova [13]

established the convergence of the series

[e.e]

> 1Akl (k).

k=1

with some restrictions on the functions (k). Instead of the continuity modulus, they used the

following value based on the Laplace transform
Q(f, H;0;6) =osup| /e:vp(—é@)f(x — t)exp(ift)dt|, 6 > 0,0 € R.

In the work of Yu.K. Khasanov [14], some sufficient, and in the case of monotonous decrease
of the Fourier coefficients, the necessary conditions for the absolute convergence of the Fourier
series of almost-periodic Bezikovich functions are established when the Fourier exponents have

a single limiting point at infinity or at zero.

The results of this note are analogs of some results of [10], [14] and [15] for the class of

almost-periodic Bezikovich functions.
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0.1 Main results

1.1. The note discusses some new sufficient conditions for the absolute convergence of Fourier
series of almost-periodic functions from the space B; when the spectrum A = {\;}72; has a

single limit point at infinity, i.e.
Ao = 0; A_p = —)\k; ’)\k| < |)\k+1’§ lim A\, = oo.
k—00
It is well known that for an arbitrary function f € By having a Fourier series expansion

ao(f)

fla) ~ 2

+ 3 (ak(f) cos A + bi(f) sin Ay )z, (3)

k=1

rie

ao(f) = M{f(x)},
ap(f) = M{f(x)cos \px},
be(f) = M{f(x)sin \px} (kE=1,2,...),

M{g(@)) = Jim o [ gl

We prove the following theorem concerning the absolute convergence of series (4) with known

coefficients (see, for example, [3], [10-15]).

Theorem 1. Let f(x) € by is a limited function. Suppose that the function ®(u) is non-
decreasing such that ®(u) > 0 if w > 0 and u*/(®(u)) is also a non-decreasing function. If at
0 < B <1 is erecuted

o0

Sl m) = (2 ) + 1R (27wl B (.27 8T w(f,27)] < o0, (4)

v=1

where
w(f,h) = vraisup sup | f(z +0) — f(z)],
z |5]<h
wa(f,h) = sup M{|f(x + ) — f(2)|},
[6]<h

that row

o0

> (ar(H)1 + bk ()I) (5)

k=1
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it fits.

Proof We first prove an important inequality

S (al AP + (AP < SM{flw+277Y) = flo — 272} (6)
2

nGAu

where A, = B {277 Ir <\ <277}, v > 1.

For any h > 0, consider the function
Fi(z) = f(x+h) = f(z = h).

The coefficients of the Fourier function Fj,(x) are defined as follows:

ao(F) = M{Fy(x)} = m - / @t h) — fla — h))de =
1 T
= Jim o [17(0) =~ f@))dz =0

ap(Fy) = M{F),(x)cos \px} = M{[f(z+ h) — f(:r — h)| cos Nz} =

—hm— / f(t) cos \g(t — )dt—hm— / f(t)cos \p(t + h)dt =
T—oo 2T

—T+h —T—-h

= lim —/f (t 4+ h)[cos At cos A\ h + sin A\, t sin A, h|dt—

London Journal of Research in Science: Natural and Formal

— lim —/f (t — h)[cos At cos Agh — sin Agt sin A\ph]dt =

= 2sin \yh hm —/f ) sin Aptdt =
= 2sin \gh M { f(t) sin At }dt = 20, sin Agh.

Similarly, we have repeating these calculations for the coefficients by (F}), we find
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bk(Fh) = —QCLk sin )\kh

Then by virtue of Bessel ’s inequality we get

D Uar ()P + bu(H)P) sin® Aeh = > (Jar(f) sin Aeh[* + [be(f) sin Auh[?) =

»-lkl>—‘

-Z |2ai(f) sin Agh|* + [205(f) sin Aeh]?) = =~ (Jan(Fn)* + [be(F))[?) <
=1 k=1

—_

< SM{|f(z+h) = flz—n)I*}.

=~

For k € A, , consider
2"~ lrh < \h < 2Ymh.

Let’s put A =27""! and from the latter we get
g vl < \oh < 2V v

or

™

NS

Hence,
sin? \, 2707t >

l\.')lH

Hence, after using a number of calculations, the inequality (6) follows

> s (DI + [Be(HF) <2 D (aw(HI + b)) sin® A2 <

keA, keA,

- : —v— 1 ez —v—
<2 (lan( £+ bl D) sin? M2 < SM|fla+277) = fla =272
k=1

u

Next, we denote by ¢(u) the function Wi)’ which is non-decreasing. Since the function f(z)
is bounded, then w(f,27") < oco. So, if ®(u) = u?, then ¢(u) = 1 and the assumption of the

limitation of the function f(z) will be superfluous.
Multiplying and dividing the right part (6) by the function ®[w(f,27")], we have

> (ar(HP +bu(N)F) < %M{Lf(x +27 ) — fx - Q_V_1)|2}<I>[cu(—2

keA,

R (£,27)0 ol f, 2N (f, 2]} = 27 (f,2 (. 278 (2],
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Let m(A,) be a measure of sets in A,. Then using the Helder inequality from the last

inequality we get

S (ar(HIP + 1 HP)E < [mAN 1S (an(HP + [be(f)D)]2 <
keA, keA,
< (A 2272 (f, 27 wa (. 27) 0w (f,27)])F =
=2 (AP (£, 27wl (£,27) 0 F[w(£,277)] <
< 2 () — (2 )+ 1R (f, 2 wg (£,27) @ F[w(f,27)] (7)
So for
Ko = min k
from inequality (7) we find that
ST (Jar(HP + be(HIP)? <
k=ko
<of > lu(2m) = (2 ) + PR, 2 )l (£,27) 0 w(f,27)] (8)
By virtue of condition (4), the series (5) converges. Theorem 1 is proved. O

Theorem 2. Let the function f(x) € By. If at 0 < 5 < 2 the condition is met

o0

> (@) = p(@ ) + 1

v=1

gwg(f, 27") < o0,

where

London Journal of Research in Science: Natural and Formal

wi(f,h) = [sup M{|f(x +6) — f(x)]"}]?,

6|<h

then row (5) converges.

Proof We write inequality (6) in the following form

S (ak(H)P + (D) < SM{|fx+277Y) = flz — 27 )P} <
2

keA,

<3 s M{|f(z+0)~ F@)} = j(f,27).

|6]<2~

Hence, using the inequality (7), we will have

> (lan(HP + (b))

keA,

w\m
N1

[(1(2') — (27 ) + 12 [w(f,27)]

w\lb

= 2_§[,u(2”7r) — p(277 )+ 1) Wg(f 27).
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Then, by the conditions of the theorem, it follows from the latter that it follows that

o0

> (lan()IP + 1w (f)

k=ko

B
2

w\m

<2

Z 1277y + 15wl (F,277) < oo

Theorem 2 is proved. ]
In the future, we will need the following auxiliary statement.

Lemma 1. [f for a non-decreasing function ®(u) >0 at u >0

Vor(f) = sup > llf (xx) = flan-1)[]sss

where 11 is an arbitrary division of the interval (=T;T) by the points xg, x1,....,xx and
. T
Vil£) = T{Var(9)} = i o [ Vo (1),
=T

then for any h > 0 the following estimate is valid
M{®[f(x +h) — f(x = h)]} < 2hVa(f). (9)

Proof  Let Vg(f) < co. Suppose that for € > 0 there exists such a number Tj that for every
T > T, the inequality holds

Vo rian(f) < 2[Va(f) +](T + 3h). (10)

Indeed, by definition of the upper limit

1

m‘/@,ﬂgh(f) <Va(f) +e,

hence the inequality (10).

For a fixed T' > Ty, we define such an interval (—=T'—h,T'—h) in which the points g, x1, ..., z,,
will be
Ly — LTp—1 — 2h (k‘ = 1, 2, ...,n),
xp —x_1 > 2h  (k=n).
Then, given the values of x; — 1, for up to the limiting average value of the function ¢[|f(x+
h) — f(z = h)|] we get
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T no Tk

! 1
ﬁl O f (e +h) = fla— h)|de = o zzj / O\ f (x4 h) — f(x — h)[|dx =
1 2h n
=57 OfIf (we + 1) = fapr + 1) |dt+
2T0/k:1 k k=1
+% / | (wx + ¢ +2h) — fap +1)|)dt <
0
1 2h "
- 2 o/fke[—ﬁf?)ll)z,wr:sh] ; llf (zx) = flrr-)lldt =
1 2h . o
— ﬁ/v¢,T+h+3h(f)dt = ﬁv‘i),TJrBh/dt _
0 0
2h

1 h
= o7 / Vo rthesn(f)dt = Tch,TJr:m <
0

?[qu(f) +¢|[T + 3h] = (2h + 6%2)%@ +e),

Hence, at T — o0, going to the limit, we get an estimate (9), which implies the validity of

Lemma 1. OJ

Theorem 3.  Let f(x) € By and a non-decreasing function ®(u) is given such that ®(u) > 0
and for uw >0, ®(0) > 0. If Va(f) < oo at 0 < f <2 and the condition is met

London Journal of Research in Science: Natural and Formal

o

D lu(2'm) = (27 ) + 1)

v=1

2 F Wi (f,27)0 2 w(f,27)] < oo, (11)

then the series (5) converges.

Proof The theorem is proved using Theorem 1 and Lemma 1. Indeed, since
we(f,27") = Sup M{2[|f(z+06) = f(2)[]} <
<27v

o0

<2hVy(f) = sup Y dllf(x+27) = fla)]] <27,

lo]<2=v )5

8
then substituting 27" instead of wg(f,27") into inequality (4), we get inequality (8), which

proves theorem 3. O
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In the future, we will establish the convergence condition of series (5) for the existence of the

spectrum A = {A\¢}72;. In this case, we need to prove the following

Lemma 2. If aq,as,... are positive numbers, then for any x series

[e'S)
E 2XVCl2V
v=1

and
o0

Z kx_lak,

k=1
either converge or diverge at the same time.

Note that this lemma is implicitly contained in [10] (see page 13).
Indeed, due to the monotony of a;, for any v we have

21/
P o < 9lxl+1 E kxflak < 22|x\+12x(1/*1)a2u_17
k=2v—141

and from here

00 [e's) 2v
g P la, = ay + E g X La,.
k=1

v=1 s=2v—-141

Lemma 3. [fa;, ] 0 and Zzozl ay = 400, then the flat Aayp = ap — agy1, we have

Z ]fACLk = +o00.
k=1
Let ’s put
k
X g, = Z vAa,.
v=1

1
By virtue of a; | 0 we have Aa, >0 (v =1,2,...). So all kX~ a; > 0 and does not decrease

monotonically. We need to prove that kX~'a; — oo. If this were not true, then
X tap ta (a# +o00).
Then kX~ la, = a — ¢y, € J 0, and hence since

kx_lak — (k? — 1)X_1ak_1 = ]CACLk = (CL — €k) — (CL — 6k_1> = Aé‘k_l,
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that

v=~k v=k
1 — €
_ Ck—-1
S E ;Agul - I{Z 9

and therefore ka; — 0

But, applying to the sum representing kX 'ay, the Abel transform, we find

k k+1
-1
KX ay, = E vAa, = E a, = a; + as + ... + agyq,
v=1 v=1

and since kX"'ap — a, and ka, — 0, then a; + as + ... + a1 — 0, which contradicts the

condition
(@)

Zak = +00.

k=1

Let > 27, kX" ta;, be a convergent series with kX~ 'a;, | 0. We believe

(o)
Ty = g X tay,.
k=1

We will say that a series satisfies condition (A) if

= Ok 'a). (12)
If the terms of the series decrease no slower than some geometric progression, that is, if

(k’ + l)X_lak+1 < Hkx_lak, 0<d<1,

then it satisfies condition (A), but the reverse conclusion is, of course, incorrect, as at least such

an example shows

(2k — D) lag — (2k)* tagy =60%, ke N; 0<0<1.
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We show that if a series satisfies condition (A), then whatever 6 < 1, it can be divided into
a finite [ series (I envy of ) so that the terms of each of them decrease no slower than the

geometric progression with the denominator 6.

Indeed, condition (12) means that r, < ckX"'ay, where ¢ is constant. Let 6 be given. Let’s

choose the number [ so that

1=1=]. 13
] (13)
Then by virtue of the monotonous decreasing of the numbers kX~1a; and by virtue of (13)
we have
v=k+I o]
I+ D)k + D apy < Z X a, < Zyx_la,, < kX lay, (14)
v=~k v=k
and therefore it follows from (14) that
c

(k’ + Z)X*Iakﬂ < kxflak < Gk’“*lak.

[+1
Hence, all [ series

Plag+ T+ D a4+ (T+ 20X agpm + ooy

27 Nay + (24 DX tags + (24 20 agyy + -,

it can be decomposed into a series

oo
g Vx_lal,,

v=1

which decreases no slower than the geometric progression with the denominator 6.

1.2. Let the spectrum be A and for p > 0 the condition k” = O();) is satisfied. Let’s choose

an increasing function A(z) such that A(k) = Ay then

hence
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Hence
p(2m) — p(2 ) < p(2T) + 1= 025},

and condition (4) can be replaced by the condition

i WL 2w (2P w(f,27)] < oo

v=1

WA COTVIACHO JIEeMMBbI 2

S ESE (k2B 1) <

v=1

The statement of Lemma 2 is obtained from the fact that the function #i) is non-decreasing.

By virtue of Theorem 2 , the following holds.

Theorem 4. Let k? = O(\y) when p > 0. And let for the function f € By at 0 < 3 <2

takes place

Zk*—l J(f. k7Y < oo, (15)

where wa(f, h) = [sups<p, M{|f(x +0) — F(x)|2}]2. Then the series (7) converges.

For p =1 and w(h) = O{h*}, the result is obtained in g >
for p =0 =1 we get Bernstein (see |7], p. 231)

2+o¢(227r) (see [8], p. 137), and

=1
—wy(f, k) <
2

Now we denote V,.(f) = [Va(f)]'/" for ®(u) = u". The value of V,(f) is called r-a variation
of the function f(z).

According to Theorem 3 and Lemma 2 , the following statement holds

Theorem 5.  Let k” = O(\;) when p > 0. If at 0 < r <2 the function f € By has a finite

r-variation, besides at 0 < 8 <2 exists

M\m

Sk () < o,

k=1

then the series (5) converges.

In the case when p =1 and w(h) = O{h*} we get 5 > 77 2 Tra(z— » Which for r =1 obtained by
Varashkevich and Zygmunde (see [8], p. 138). For p = 8 = 1, we obtain the following statement

about the absolute convergence of the series (3).
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Theorem 6. Let f € By and k” = O()\;) when p > 0. Suppose that w(h) = O{h*} and
Vi(f) < oo for a >0, 0<r <2. Then the series (3) absolutely converges.

This theorem for » = 1 was obtained by Sigmund. If in Theorem 5 p = = r = 1 we obtain

the known condition of absolute convergence of series (3) (|7], p. 231)
> VAT < o0
k )
k=1
which generalizes Sigmund’s result.
1.3. Definition 3. A sequence of natural numbers
np <ng < ...<ng<..

are called lacunar if there exists such a ¢ > 1 that

Dl > (k=1,2,..).

ng
Now let the lacunar condition \
k1
>q>1

N !
be satisfied for the spectrum A = {A\;}?2;. Then the spectrum ;\—’,: will be increasing. Let’s
choose such a function A(z) so that the function 22 was increasing and A(k) = A. Then also
increasing and denoting y = u(x) we have

Ay)

y = loggx — logg—= + 1,

q’

then in the case of y; = u(27'7), yo = p(2m) we have

Ay2)g”
) — (2 +1—l092—log—+1§
p(2'm) = (2 ) 2 log, o B

< log,2+1=0{1} (16)

By virtue of Lemma 2, condition (6) can be replaced by the condition

S 1w, s (D A, )] < o0

k=1

Theorem 7.  Let the function f € By be bounded at ’““ > q > 1. And let the condition
of Theorem 1 be satisfied for the function ¢(u), for o > O, we(h = O{h*}). Then for each
0 < a <2 the series (5) converges.

Theorem 8.  Let ’\f\zl >q>1. Then if f € By and for o > 0 the condition ws(h = O{h*})
is satisfied, then for 0 < a < 2 the series (5) converges.
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By virtue of Theorem 3 we get:

Theorem 9. Let )‘f\—:l > q > 1 and the function ¢(u) satisfy the conditions of Theorem
3. Let the function f € By be bounded and Vy(f) < oo. Then at 0 < a < 2 the series (5)

converges.
For proofs, it is sufficient to note that the condition

[e.e]

> 2w (£, 278 2w, 27)] < oo (17)

follows when substituting (16) for (11). However, according to Lemma 2, the condition (17) is

equivalent to the condition

e}

1 1 B
> Lty et < oo
v=1 2

which follows from the limitations of the spectrum

1. s .
P )P R w(f,27)
and is performed when S > 0.

When f(x) is a bounded function, theorems 7, 8, 9 at 5 > 1 are weaker than Sidon’s results
stating that the lacunar series of periodic and bounded absolute functions converge (see [8], page

139), for almost-periodic functions [6].
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