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ABSTRACT

We define differentiation operator on H(B) by radial derivative, then we study the
boundedness and compactness of products of multiplication, composition and
differentiation on weighted Bergman spaces on the unit ball.
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| INTRODUCTION

Let D be the open unit disk in the complex plane. Let B = {z € C" : |z| < 1} be
the unit ball of C", and S = dB its boundary. We will denote by dv the normalized
Lebesgue measure on B.

Recall that for o > —1 the weighted Lebesgue measure dv,, is defined by
dve(2) = ca(1 — |2[2)%du(2),
where

I'n+1+a)
Co = nll'(1+ «)

is a normalizing constant so that dv,, is a probability measure on B.
Let H(B) denotes the space of holomorphic functions on B. Take 1 < p < oc.
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Then f € H(B) is said to be in the weighted Bergman space A2 (B) if

1l = [ 15)Pduaz) < oo

Let ¢ be an analytic self-mapping of B, then the composition operator on H(B)
is given by

Cof =foo.
Recently, there have been an increasing interest in studying composition operators
acting on different spaces of analytic functions, for example, see [2,3] for details
about composition operators on classical spaces of analytic functions.
Let D be the differentiation operator defined by
Df=f, feH(D).

Hibschweiler and Portnoy [3] defined the linear operators DC, and C,D and in-
vestigated the boundedness and compactness of these operators between Bergman
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spaces using Carleson-type measure. S. Ohno [4] discussed boundedness and com-
pactness of C,D between Hardy spaces. Recall the multiplication operator M,
defined by

My f=4vf, feH(D).

A. K. Sharma defined [5] products of these operators in the following six ways:

(My C,Df)(2) =9 (2)f (¢(2)),

(Me DC,f)(2) = (2)(#'(2))f'(0(2)),

(CoMuDf)(2) = p(e(2)f (0(2)),

(DM Cof)(2) =9 (2)f(#(2)) +¥ (2) (¢ (2))f (0(2)),
(CoDMy f)(2) =9 (0(2))f((2) + ¥ (0(2)f (0(2)),

(DCoMw [)(2) =y (0(2)) ] (0(2))¢'(2) +¥ (0(2)) [ (0(2))¢ (2)

for z €D and f € H(D).

There are a lot of papers researching these products, see [6,7,8]. Since those
results focus on D, naturally, we consider similar questions on B. Of course, the
method we used is different from the case on D.

For f € H(B), we define the differentiation operator on H(B) by radial derivative.
Recall that for z € B and f € H(B),

r—0 r

Rf = ilzjgz];(z) = lim flztrz) _f(2>7 r € R.

One can see that for z # p=1(0),

[(Bf)(p(2) - Bep(2)]
o (=)l '

Then we also have six ways of products of these operators on the unit ball:

[R(fop)(2)] =

(MuCoR)f(2) = ¥(2) - (Rf)(p(2)),

(CoMv Rf)(2) = ¥(p(2)) - (Rf)(e(2)),

SR IO L EET)

(CoRMy f)(2) = (RY)(p(2)) - f(e(2) +8(e(2)) - (Rf)((2)),
(RMvCof)(2) = f(p(2)) - RY(z) + R(f(¢(2))),

(RC,Mu f)(z) = R( (p(2)) - f(e(2)) + R(f((2))) - ¥(p(2))

for z # ¢ 1(0).
In this paper, we characterize the boundedness and compactness of My RC,, My C,R
and RC,Myv on the weighted Bergman spaces on the unit ball.

2. Mv RC,

For a,b € B, we will denote 3(a,b) the distance with the Bergman metric on B.
For r > 0, let the Bergman metric ball

D(a,r)={z€B: B(a,z) <r}.
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For a point ¢ € S and ¢t > 0, the non-isotropic metric ball with center ¢ and
radius ¢ is

Qu(Q) ={z€B:[1-(z Q[ <t}
The following Lemma is Theorm 50 of [9].
Lemma 2.1 Suppose 0 < p < ¢ < 00, « is real, and A is a positive Borel
maesure on B. Then for any nonnegative integer m with a+mp > —1 the following

conditions are equivalent.

(a) There is a constant C' > 0 such that

[ 1B i) < i,
for all f € AR (B).

(b) For each (or some) s > 0 there is a constant C' > 0 such that

(1= l=)°
/IB |1 — (z,w)|s+(n+1+at+mp)e/p dA(w) <C
for all z € B.

(¢) There is a constant C' > 0 such that

A(@:(Q)) < Cttntttetmpla/p

forallt>0and ¢ €S.
(d) For each (or some) r > 0 there is a constant C' > 0 such that

A(D(a,r)) < C(1 — |a|?)tn+itetmplale
for all a € B.

Theorem 2.2. Let 0 <p < gqand a, > —1. Let p,v be a holomorphic maps on

B and % € Aqﬁ (B). Define a finite positive Borel measure p on B by

London Journal of Research in Science: Natural and Formal

HE) = /w(m <W)qdvﬁ(z)

for all Borel sets E of B. Then the following are equivalent:
glj My RC, maps AL(B) boundedly into A% (B).
2

a(n+14+a+p)

p(D(a,r)) =O0((L—a|*)" 7 as |a| » 1.

Proof. Suppose (1) holds. Since ’l’l%’ €A% (B), by the definition of y, we get (see
(10, p.163))

Products of Multiplication, Composition and Differentiation on Weighted Bergman Spaces on the Unit Ball
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||Mlll RCw(f)HqA% / (Wj(z) ) (Rf)(w(z)) . R‘P(Z)l)qdvﬂ(z)

B le(2)]
=/ |Rf(w)|*dpw)
= HRfH%q(Hy

Since My RC,, maps AZ(B) boundedly into A%(B),
IRF 20 = 1M RCA(F)g < CI7IG,
holds for all f € AZ(B). From Lemma 2.1, one can see that
w(D(a,r)) = O((1 — |a?) 7 as |a| — 1.
Conversely, if (2) holds, also by Lemma 2.1, we have
180 RO (1) g = IR Wagyy < O,

Then, My RC, maps AL (B) boundedly into A%(B).
The following lemmas were obtained in [11] and [9] respectively.

Lemma 2.3. let 7 >0, p >0, a > —1, then there is a constant C such that

SO < e [, e

for all f € H(B) and all z € B.

Lemma 2.4. Suppose p > 0, n+ 1+ « > 0, then there exists a constant C' > 0
(depending on p and «) such that

Ol llag
7)) <
(1= [22) 5

for all f in AZ(B) and z € B.

Theorem 2.5. Let 0 <p <qanda,B > —1. Let ¢, be a holomorphic maps on
B and “f2 ¢ A% (B). Define a finite positive Borel measure ;1 on B by

el
Y(z) - z)|\4
W(E) = LI(E) (W) dvs(2)

for all Borel sets E of B. Then the following are equivalent:
(1) My RC, maps AZ(B) compactly into A%(B).
(2)
a(nt+lta+tp)

p(D(a,r)) = o((1 —al*)™ 7" "as |a] = 1.
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Proof. First suppose that My RC, maps AL (B) compactly into A%(B). Let a € B
and consider function

n+1+
(1—lal®) 7
fa(z) = 2(ntlta) *

(1=(z0a) 7

o

Clearly ||fallar = 1 and f, converges to zero uniformly on compact subsets of B
as |a| — 1. Since My RC,, is compact, so for gives & > 0, we can find 0 < ro <1
such that ||MvRC,(f)||%» <€ for |a|] > ro. Thus

> / Rfa(2)|1du(z) > /D ENLIACIRTO

for |a| > 7g. Since 1 — |al? = |1 — @z| when z € D(a,r), so

n+l4+a

20+ 1+ )(1— o) "5 (sy0) _ 20+ 1+ a)lal
|Rfa(2)| = — 2(ntlta)fp = +1+a+p .
p(1 —az) z p(1—af?)

Then

q(n+1+a+p)
p(D(a,r)) = o((1 - |af*)

as |a] — 1.

Conversely, assume that (2) holds. Let {fi} be a sequence in AP (B) such that
| frllar < Mwand {fr} — O uniformly on compact subsets of B. To show that
M RC, maps AZ(B) compactly into A%(B), it is sufficient to prove that

M8 RO ()l = IRFkls = 0 as = o0

From Lemma 2.3,
/|Rf’€|qd“<c/m|n+1+a/l)( )|Rfk(z)|qdva(z)dp(a).

Note that X p(a,r)(2) = XD(2,r)(a) and 1 — |a* = 1 —|z|* when a € D(z,r). At the
same time, f; € AL (B) if and only if Rf;, € Aa+p( ), then by lemma 2.4,

London Journal of Research in Science: Natural and Formal

IRkl az C|| full ax
[Rfi(2)] < WJLM < s
P

(1 =12 (1—12%)

Then, by an application of Fubini’s theorem, we have

I RCANIL, < ¢ [ IRAGI DS dun )

- | | )n+1+a
< IRl / Rl —LET) g ()
B (1 |z2) 5
O’ MP » w(D(z,r)) don
< omr([ IR e ()
p M(D(Z,T))
+ /lzm RO |Z|2)dea<z))

= I+1I

Products of Multiplication, Composition and Differentiation on Weighted Bergman Spaces on the Unit Ball
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Now (2) implies that for a give € > 0, there is 0 < ry < 1 such that

D
I = e / R — L&) g, ()
sioro (1 — sy 552
< MO / Rfe(2)P(1 = |22)Pdva(2)
[z|>r0
< eC'MUP| filln
< eC'M1.

Since fr — 0 uniformly on compact subsets of B,

p= o [ RGP ()
i<ro (1) =
< sClC/qup//L(D(z,r))dva(z)
B
< 661020/Mq_p/ﬂ(B)dva(Z)
B

= EC10203C/Mq_p.

for k large enough. Thus
; ¢ _
nl;néo || M RCg:fk”Ag =0
and hece M RC, maps AZL(B) compactly into A%(B).

Lemma 2.6. [9, Theorem 54] Let 0 < p < ¢ < oo and « be any real number,
and let A\ be a positive Borel measure on B. Then for any nonnegative integer m
with o +mp > —1 the following conditions are equivalent.

(a) There is a constant C' > 0 such that

LR rwlautu) < Uy,
for all f e AP(B).

(b) For any bounded sequence {f;} in AZ?(B) with f;(z) — 0 for every z € B,

lim |Rmf (2)|%dA(z) =0

j—oo

(c) For any fixed r > 0, define the function

p(D(z,7))

A(z) = (1 — [z]2)ntitatmp’ z € B,
then A(z) € Lﬁ(va+mp).
(d) For any fixed s > 0, define the function
P

|1 _ Z w ‘n+1+s+mp

D

then B(A)(2) € L7 (Vatmp)-
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(d) For any fixed s > 0, define the function

— |z]?)® w
B()\)(z):/ (L= |2[F)°dA(w) z € B,

5 |1 = (z,w)[rtitetme?

then B()\)(z) € L%(Ua-&-mp)

Theorem 2.7. Let 0 <p <qanda,B > —1. Let ¢,1 be a holomorphic maps on

B and wl—gf € A%(B). Define a finite positive Borel measure y on B by

for all Borel sets E of B. Let G(z) = O—Iltz(lg))(%' Then the following are
equivalent:

(1) My RC, maps AP (B) boundedly into A%(IB).
(2) Mv RC, maps AZ(B) compactly into A%(B).
(3) G € L7 (vasy).

Proof. (1)<=(3). Suppose (1) holds. By the computation before,

1My RC fllas = RS a0

Since Mw RC, maps AP (B) boundedly into Af%(B), we can find a positive constant
C such that

IRANE ) < CIAIS,

Then by Lemma 2.1 and Lemma 2.6, My RC,, maps AP (B) boundedly into A%(B)
if and only if G € Lﬁ(vaﬂ)).

It is clear that (2) implies (1).

London Journal of Research in Science: Natural and Formal

It remains to verify that (3) implies (2). Assume that

| frllaz < C

and fi — 0 uniformly on compact subsets of B. It is sufficient to show that
: ¢ _
Jim [[My RC fill g = 0.

By the computation in the Theorem 2.5, we have

M RCoilly, < C [ IRAGI S e )

| |2)n+1+o¢

- cf |Rfk<z>|qG<z>dva+p<z>.

Products of Multiplication, Composition and Differentiation on Weighted Bergman Spaces on the Unit Ball
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Let ¢ > 0. Then the hypothesis of (3) implies that there exists 0 < rg < 1 such
that

p

| (@) @) < 75
|z[>70
It follows by Holder’s inequality that

/ LSO

< ([ 1rrerae@) ([ @) de) 7
< elRfly,

< EC”kaqu

< C(Ce..

Since fr — 0 uniformly on compact subsets of B, by Cauchy’s estimate, |Rfx| < &
for all |z| < ¢ and for all n > ng. Thus

/ |Rfx(2)|9G(2)dvatp(z) < sq/ G(2)dva4p(2).
|z|<7o z
for all n > ng. Since Ll;iw € A%(B) and thus

G(z) < Cu(D(z,1)) < Cu(B) < oo
thus
| GEMvay(2) £ C [ ulDm)dvasy() < C.
[z]<ro B
Then
/| VBRI (2) < O

for n > ng. Hence, M RC, maps A% (B) compactly into A%(B).
3. My C,R

Similar to the proof in section 2, we have the following results about Mv C, R,
here we omit the details.

Theorem 3.1. Let 0 <p <qand a,B > —1. Let p,1 be a holomorphic maps on
B and yp € A% (B). Define a finite positive Borel measure p on B by

wE) = [ ] @ldu)
e H(E)
for all Borel sets E of B. Then the following are equivalent:

El; My Cy,R maps AL (B) boundedly into A%(IB).
2

a(n+l4a+p)

u(D(a,r)) = O((L — |aP) ™+ as o] — L.
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Theorem 3.2. Let 0 <p <gqand a,B > —1. Let p,1 be a holomorphic maps on
B and ¢y € A% (B). Define a finite positive Borel measure p on B by

uE = [ 1 Eld)

for all Borel sets E of B. Then the following are equivalent:

El; M C,R maps AZ(B) compactly into A%(B).
2

g(nt+lta+tp)

p(D(a,r)) =o((1 —al*)"" 7 as |a| = 1.

Theorem 3.3. Let 0 <p <gqanda,B > —1. Let ¢,1 be a holomorphic maps on
B and ¢ € A% (B). Define a finite positive Borel measure p on B by

TGy BNECITE

(DC )
for all Borel sets F of B. Let G(z) = Uﬂ%% Then the following are

equivalent:

(1) My C,R maps AP (B) boundedly into A%(1B).
(2) My C,R maps A2 (B) compactly into A%(IB).
(3) G € Lri (vayp)-

4. RC,My

In this section, we characterize the boundedness and compactness of RC,Mv by
using Carleson measures.

Recall that a positive Borel measure 4 on B is called Carleson measure for AP (B)
if there exists a constant C' > 0 such that

/ fPdu<C / | IPdva
B B
for all f €AP (B).

Similarly, a positive Borel measure u on B is called a vanishing Carleson measure
for A2 (B) if
tin [ |fePdi =0
k—oo Jp

whenever {fi} is a bounded sequence in AZ(B) that converges to 0 uniformly on
compact subsets of B.

London Journal of Research in Science: Natural and Formal

Theorem 4.1. Let 1 < p < 0o, @ > —1. Let ¢ be a holomorphic self-map of B

with % € A?(B) and € AP(B) such that Ry € AP (B). Define a finite positive

Borel measure (i, o on B by

poat®)= [ (i) 4t

Products of Multiplication, Composition and Differentiation on Weighted Bergman Spaces on the Unit Ball
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for all Borel sets E of B. Let du(w) = |v(w)|Pdup,qo(w). If for every (or some)
r > 0, there is a constant C' > 0 such that

u(D(a,)) < C(1— |ayitats W
holds for all a € B, then RC,Mv is bounded on AZ(B) if and only if |Ry|Pdpuy o
is a Carleson measure on AP (B).

Proof. First suppose that |Ry|Pdyp is a Carleson measure on AZ (B). Then for
f € AZ(B), by the definition of i, o, we get (see [10, p.163])

IC (Dl = [ (LR RAC): HoloD ) (R REGI g,

o (2)]
= /B(I‘P(w)Rf(w)l + | f(w) Bp(w) )P dppg,a (w)

/ [ ()P | Rf ()P dp () + / | () P| R () P (10).
B B

Since |Rv|Pdjiy, o is Carleson measure on AZ (B), then

IN

/B\f(w)lle#f(w)l”duw(w) < CllfIfars
On the other hand, for r > 0, there exits a constant C' > 0 such that
u(D(a,r)) < C(1 — |af*)"HIFot?
holds for a € B, then by Lemma 2.1,

[ 19@PIRF @) Pdigaw) = [ 1RF@)Pduto) < U,
B

thus
IRCo My () < CllfIs

Therefore, RC,Mw is bounded on AZ (B).

For the converse, assume RC,Mw is bounded. Then there exists a constant
C > 0 such that

IRCo My (F)lar < Cllf sz

for all f € A2(B). Also, there exists a constant M > 0 such that f € A2 (B),

1RO (D, 2 M [ RGHPdialw)

Y

M / | (0) PR () P () — M / | ()| RF (w) Pdpig ()

Y

M [ \fw)Pdvw) - 21 / RF@P] ()P dpaw)
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where dv(w) = |RY|Pdpg,o. From (1) and lemma 2.1, there exists a constant C' > 0
such that

/B (R (w) ]9 (1) Pdptg () < CIf IR,

then exists a constant K > 0 such that
[ 1rraste) < K151,

Thus, dv(w) = |Ry|Pdp,.q is a Carleson measure on AZ (B).

The proof of the following lemma follows on similar lines as in [1, Proposition
3.11].

Lemma 4.2. Suppose 1 < p,q < oo. Let T'= RC,Mv. Let ¢ be a holomorphic
mapping defined on B and € H(B) be such that T : A2 (B)—A%(B)(« > —1) is
bounded. Then T is compact if and only if whenever {fi} is a bounded sequence
in A2(B)(«w > —1) converging to zero uniformly on compact subsets of B, then
IT frllag = 0.

Theorem 4.3. Let 1 < p < oo, @ > —1. Let ¢ be a holomorphic self-map of B

with %T € A?(B) and € AP(B) such that Ry € AP (B). Define a finite positive

Borel measure p, o on B by

oo (E) = / . ('ﬁ;ﬁ;f') dua(2)

for all Borel sets E of B. Let du(w) = |v(w)|Pduy o(w). If for every (or some)
r > 0, there is a constant C' > 0 such that

n(D(a,r))
a1~ (1 — [af2)ntitats

=0

holds for all a € B then RC,Mwv is compact on AP (B) if and only if |R¢[Pdu, o
is a vanishing Carleson measure on AP (B).

Proof. First suppose that RC, My is compact on AP (B). Then by using the similar
argument as in Theorem 4.1, there exist a constant C' > 0 such that for f € A%(B),

London Journal of Research in Science: Natural and Formal

IRC My (), > C/B RS () P o (1),
then
/B | (0) | R () [P (0)
< CIRC Mo (f)|, +C / 19 () P|Rf ()Pt (a0).

In the above inequality, take f = k,(w) € AL (B), where

71+1+(1

(1|2
(1= (w,2)

k.(w) =

)
2(n+1+a) ?
)

Products of Multiplication, Composition and Differentiation on Weighted Bergman Spaces on the Unit Ball
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then
/B e ()P | R (0) P (10)

IN

CIIRC, My (), +C / 19 ()| Rl () Pt (0)

CIIRC Mo (1)l +C [ Rz (w)lPde
B

Since RC,My is compact on AP and the unit vectors k. tends to 0 uniformly on
compact subsets of B as |z| — 0, by lemma 4.2, ||[RC, My (f)||%, — 0 as [z] = 0.
On the other hand, sice for every (or some) r > 0,

p(D(a, 7))

|a}l~I>I}* (1 — |a|2)n+1+04+P - O’

by lemma 2.1,
/B|sz(w)|pdﬂ < szllig

Then, we have
Jim /B s ()P | R () [P (1) = 0.

|z|—1—

thus, |Ry|Pdp,. « is a vanishing Carleson measure on A? (B).

Conversely, suppose that |Ri[Pdji, o is a vanishing Carleson measure on A? (B).
Let {fr} be a norm bounded sequence in AE(B) (a > —1) such that || fr]lar <1
and {fz} — 0 uniformly on compact subsets of B. Now we prove that RC,M is
compact on A? (B). By Lemma 4.2, it is enough to show that ||[RC,M (fi)|lar — 0
as k — oo. Using the similar argument as before, we have

IRCoMe (o)l < € [ 19(0)PIRF0)Pdpa0)4C [ 1) LRG0 it ()

Since |Rv|Pdjip o is a vanishing Carleson measure on AP (B), then

i [ 1) LR (0 Pdp () =0,
n oo B
Using the similar argument as before, we have

fim [ | @R dig o) =

n— oo

The proof is finished.
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