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l INTRODUCTION

A Wiener diffusion has been added to the classic Compound Poisson model by [1] as an ex tension of
the classical risk model. Since then many researchers have taken an interest in this model, making
their own contributions. For example, [2] for the probability of ruin, [3] for the distributions of
maximum surplus before ruin and deficit at ruin. The introduction of the dis counted Gerber-Shiu
penalty function [4], has been used in [5] and more recently in [6] to study the model with Brownian
perturbation. In addition, it is possible to consider a Sparre Ander sen risk process, also known as a
renewal risk process, in which the distribution of interclaim times is not constrained to follow an
exponential distribution. These studies include generalised Erlang (n) times as in [7]. All these
models assume independence between interclaim times and claim sizes. Although independence ’
simplifies calculations for multiple quantities of interest, it may not be suitable for modelling
catastrophic events such as bankruptcies in the banking and insurance sectors. The first attempts to
characterise a dependency structure between Poisson interclaim arrival times and claim sizes are
presented in [8] with an exponentially weighted mixture dependency and in [9] with a
Farlie-Gumbel-Morgenstern (FGM) copula. The authors [10] deal with a dependency structure with
an Erlang interclaim times combination and in [11] an Erlang arrival with an FGM copula. But these
models do not incorporate diffusion perturbation. Nevertheless, in [12], they deal with a compound
Poisson risk model with the two extensions : a diffusion and a dependence structure copula type
FGM. However, the FGM copula has one notable limitation as it does not take into account tail
dependencies. To remedy this, [14] and [13], based on the classical model of the Compound Poisson
model, propose the use of the Spearman copula, which takes account of this tail dependence.
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In our paper, we study a the Erlang (2) risk model with two extensions two extensions: the addition of
a browian perturbation and a Spearman copula dependence structure. This paper is organized as
follows. In Section 2, we describe the dependence structure which is defined by Sperman copula and
analyse the roots of a Lundberg-type equation. The Laplace transform of the probability of ruin and
some explicit expressions are obtained for the ruin probabilities in section 3. Finally, the conclusion
and outlook are developed in section 4.

ll.  PRELIMINARIES

Consider the Erlang risk model (2) that is perturbed by Brownian motion :

N(#)

Ut)=u+ct+oB(t) — ZX (1)
where -

o u > 0 is the initial capital and c is the constant rate of premium per unit of time,

o N(t), the number of claim occurrences is described by a renewal process,

0 (X;)i>1, sequence of strictly positive random variables, i.i.d., independent of N(t) is the
amount of the i-th claim. Fx represents their distribution function, fx the density
function and f% the Laplace transform.

N()
o B(t), standard Brownian motion is independent of ) ° Xj, i.e. independent of N(t) and
i=1

X;.

o o > 0 is the diffusion volatility.

Let V; = T; — T;_1, be the inter-occurrence times of the claim, that is a sequence of strictly
positive random variables and i.i.d. having an Erlang distribution (2) of parameter A with 7;
being the time of occurrence of the ith claim throughout our investigations. Fy represents their
distribution function, fy the density function and f;; the Laplace transform such that:

fv(t) = Nte M, (2)

Fy(t)=1—e M- Ae ™™, (3)

P =E[e] = (ﬁ) (4)
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We also assume that X has an Erlang (2) distribution with parameter § and that the (X;, V;);>1
form a sequence of random vectors i.i.d. as the canonical vector (X, V') with the possibility
that the components of such a vector are dependent.

Finally, we assume that the claim amounts X, X, .... are exponentially distributed with
a parameter § > 0, that the random vectors claim amounts and interclaim occurrence times
(Xi, Vi)i>1 is a sequence of random variables with the same distribution as the random vector
(X, V).

We denote F(z,t) the joint cumulative distribution function of the distribution function of
claim amounts and interclaim occurrence times (X, V) where (z,t) € RT x R™.

The moment of ruin U(t), which is the first time the risk process U(t) reaches a negative
value associated with the risk model (1), is written as follows:

| inf{t>0:U(t) <0 |U(0) =
= oo siU(t) >0, vt >

b )
The probability of ruin in finite time ¢ is defined as follows:
Yu) =P (r €[0,t],U(t) <0 |U(0) =u),
and the probability of ultimate ruin (infinite-horizon probability) by:
Y(u) = PYlu,00) =P (1 < 00,U(t) <0 |U(0) =u).
We decompose the probability of ruin as in [12] by:
Y(u) = P (u) + ¥ (u). (6)

This decomposition is justified by the fact that the probability of ruin can be caused either
by the claim amounts ¥, (u), or by the oscillation of the Brownian motion ), (u). To ensure
that ruin is not a certain event, we assume that net profit satisfies the following inequality:

London Journal of Research in Science: Natural and Formal

E[cV — X] > 0. (7)
We can verify by rigorous calculations that (7) is equivalent to:
cf? > N2

In order to better study ruin measures, we introduce the Gerber-Shiu function defined by:
6 (u) =& |ew (U(r), [U(T)]) I(r < o0)|U(0) = u], (8)

where § > 0 is the force of interest; I(.) is the indicator function; w(zy, z2), the non-negative
value of the penalty function is a function of the surplus just before bankruptcy U(77) and
the deficit at bankruptcy |U(7)| for (x1,22) > 0. So is the probability of ruin, the Gerber-Shiu
function can be broken down according to whether the ruin is caused by the claim amounts or
by the oscillation, i.e:
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¢ (u) = uw (u) + ¢a (u), (9)

where
6w (u) =K [e™7w (U(r7), [U(7)]) I(r < 00, U(t) < 0)|U(0) = u], (10)

is the Gerber-Shiu function when ruin is generated by claim amounts, and

¢a(u) = E [e“sTw (U(T_), |U(7')|) I(t < 00,U(t) =0)|U(0) = u]
= w(0,0)E [ I(r < 00,U(t) = 0)[U(0) = u], (11)

is the Gerber-Shiu function when the ruin is generated by the oscillation of Brownian motion.
For simplicity, we assume that w(0,0) = 1. We also note that a particular parameterisation of
d =0 and w(0,0) = 1 brings ¢, (u) and ¢4(u) to the probabilities of ruin i, (u) and PYy(u).

2.1 Dependency structure

The concept of copula was introduced in 1959 by Abe Sklar. The copula are functions that
provides a general framework for studying associated structures of random variables and con-
structing multivariate distribution function using univariate marginal functions and multivari-
ate correlation structure functions. Copulas are used extensively to model the structure of
dependence between multiple random variables in finance and insurance ([15],[16],[17],[18])

2.1.1 Tail dependence

Tail dependence is a measure of comovements in the tails of a bivariate distributions . He
describes the describe the level of dependence at the extremes of the distribution. Tail depen-
dence represents the limiting proportion that one margin exceeds a certain threshold given that
the other mzrgin hzd already exceeded that threshold.This measure is of great importance for
extreme events. There are two tail dependence coefficients (upper tail dependence and lower
tail dependence) which are defined as follows:

Definition 2.1 Let X; Y two continuous random variables with respective distribution func-
tions F' and G. The lower tail dependence coefficient \r, is defined by :

AL (X,Y) = ImP(X < F ' (a)|[y <G (a)) (12)

a—0t

and the upper tail dependence coefficient \y is defined by :

A (X,Y) = lim P (X > F () |V > G (a))

a—1—
These measurements can be defined in terms of a copula C.

Definition 2.2 (Tail dependence) Let X; Y be two continuous random variables of copula
C, then we have
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12
A (X Y) = tim S g A (X Y) = tim L2y

u—0+ u u—1- 1—wu

Remark 2.1

e When A €]0,1]; then C has a lower tail dependency.
e When A\, = 0; then C' has no lower tail dependency.

e When Ay €10,1]; then C' has an upper tail dependency.
e When \y = 0; then C' has no upper tail dependency

Many authors ([11], [12], [9], [19]) have used the Farlie-Gumbel-Morgenstern (FGM) copula
to define the dependency structure between the claim sizes and interclaim times. The FGM
copula is given by:

Co (u,v) =uv + cuv (1 —u) (1 —v);0 <wu,v < 1. (13)

It is not suitable for modelling dependencies on extreme values because \;, = Ay = 0.

2.1.2 Dependency model based on Spearman’s copula

In this article, the dependency structure of the random vector (X, V') of the amounts of claims
and the inter-occurrence times of the claims is described with a copula C(uy, uy). In particular,
we use the linear Spearman copula studied in [15] then in [14] and defined in [16] by :

Vael0,1],V (u,v) € 0,1, Cy (u,v) = (1 —a) C; (u,v) + aChy (u,v) (14)

where
Cr(u,v) =wv and Cy (u,v) = min(u,v).

The a parameter represents the degree of dependency.

The Spearman copula admits interesting properties in cases with extreme values. Indeed,
it suitable for modeling rare events in finance and insurance (earthquakes, hurricanes, floods,
etc.) because its upper tail dependence coefficient is equal to its degree of dependence, Ay = av.

The bivariate distribution function F of claim amounts and claim inter-occurrence times
with margins Fx and Fy can be written as F(x,t) = C (Fx(z), Fy(t)) (For the interested
reader, see [17]).

The Spearman copula is a convex combination of the independent copula C; and the comono-
tone copula C); (positive dependence between the components of the random vector). This
copula also has the ability to capture tail dependence in many situations such as earthquakes
and other rare events ([18], [20]).
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The Spearman copula is given by F'(z,t) = C, (Fx(x), Fv(t)), we obtain:

F(z,t) = Co(Fx(z),Fv(l))
= (1 —Q)C[ (Fx(x),Fv(t))—i—OéCM (Fx(I),Fv(t))
= (1—a)F(z,t) + aFy(x,t). (15)

The copula Cy;(u,v) on [0,1]°, has the set D = {(u,v) : u = v} as support. Furthermore,

0*C

5 8M (u,v) =0 on [0,1]*\ D and C) is the uniform distribution on D. When the dependent
udv

structure of (X, V) is described by the copula C);, then they are comonotones and there almost

certainly exists an increasing function [, such that X = [(V) (See [17]). The distribution

function of X then satisfies :

Fx(@)= Fy (I7'(@) ) = 1= = fte = 1= ™0 = 7l (g)e ),

First of all, we note by identification that

e P14 pt) =@ (1 + )\lfl(x))

then by a suitable deduction

Bt = N (z)
and last but not least
_ pt
[t = . 1
() =5 (16)
This gives us .
5= /0 e N @ g, (17)

From (16), we have [(t) = % . The joint distribution Fy(x,t) of the random vector (X, V)
is singular on the set D' = {(z,t) : Fx(z) = Fy(t)} = {(x,t);z =[(t)} as support. Similarly,

it is the distribution G(t) = Fa(I(t),t) =1 — e — Me ™ on D' = {(w,t) Lx = );} :

2.1.2 Dependency model based on Spearman’s copula

In this subsection, we analyse the solutions of the Lundberg-type equation associated with the
risk model (1) and we determine the Laplace transforms of the Gerber-Shiu functions. The
Laplace transform of a function f is denoted fx.

By T, = Z Vi, we denote the arrival time of the n-th claim with 75 = 0.
i=1

Let’s assume that Uy = u and V n € N, U,, the surplus immediately after the n-th claim
takes the form :
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U,=U(T,) = u+cT,+0B(T,) — > X;

i=1

= u+> [cV;+0B(Vi) - Xi].
i=1
This last equality can be written as in [12], that is:

Un Z (cVi — X) +aB<Z )

Z (cVi=Xi+0oB(Vi) ,

JIS]

JIS]

where £ means "equality in distribution".
Consequently, the equation (1) can take the following form:

0(30) =uk S et - X B (1),

i=1 i=1
We adopt the "martingale" approach to determine the ruin time of the force of interest ¢.
Since the claim amounts are distributed exponentially, we have a light-tailed distribution,
hence the adjustment coefficient noted s, also known as the Lundberg exponent.

To determine the number s such that the process {e*‘W"“U”, n=20,1, } is a martingale,
we :

- first use the Lundberg inequality given in [21], theorem 2.1 on page 63 which guarantees
that the probability of utlimate ruin satisfies the inequality s (u) < e™** with s > 0,

- then increase this probability of failure by introducing an exponential martingale from
theorem 2.1 of [22], page 322,

- finally deduce the adjustment coefficient s as in [7] with 6 — 0, which satisfies the following
equation in our case

London Journal of Research in Science: Natural and Formal

E e—s(cV—X—&-UB(V))} — 1. (]_8)
The equation (18) is called the Lundberg-type equation associated with the (1) risk model.
We shall see that it is essential for ruin measures.

We note that with (15), the equation (18) is written in the form (See [13]) :

(1—a)Jr + adu, (19)

where
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)‘262

Jr = 5 5
(5-1—8)2()\—1—5—0232—05)

(20)

2
with the real part of the number s denoted Re(s), positive and Re (252 + sc) < A+0.

What’s more
)\2 52

<_022532 (BN s+ (54N ﬁ>2

Jar = (21)

2
with the real part Re(s), positive and Re (2552 + (B —N) s) < (A+6)p.

Lemma 2.1

i. When § > 0 and 0 < o < 1, the generalised Lundberg equation (18) has exactly two
solutions noted py (9), p2 (0) with Re(p;) >0, Vj =1,2.

it. When § =0, the equation (18) has exactly one solution noted p1(0), with
Re (p1(0)) > 0 and a second solution ps(0) = 0.

Proof. We start with i and end with ii.

f% being the Laplace transform of an exponential distribution exponential with parameter 3,

we have f% (s) = (%)2 In addition, we have [ (t) = %t. While observing the lemma 3.1 in

[13], we obtain without difficulty

)\2 2 )\2 2
Jr = BQ 5 5 and Jy = b 5 (22)
(A+(5—sc—%s2> (s+5) (—502532—%()\—06)3—%5()\4—5))
with Re(s) >0, Re(sc+%282) < A+4¢ and Re ("2—232 - ()\—cﬁ)s) <BA+9).
In this case, the equation (18) can be written as
)\2 2 1— )\2 2
6(20‘3 -+ o S=1  (23)
(/\+5—Sc— %32) (s + B) (—%02552+ (A—cB) s+ (5)\+B5)>
with Re (s) > 0 and Re (%232 —(A=¢p) s) <BA+9).
When o = 0, the equation (23) coincides with equation (2.19) in 23] .
For o > 0, the equation (23) is equivalent to:
ha(s) = ha(s), (24)
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where

2 2

hi(s) = (B +s) <)\ + 68— %32 - cs) (—0;2552 —(eB=Ns+(6+N) B)

2

2 2
ho(s) = (1 — ) A*5? (—022552 —(eB=Ns+(6+ N 6) +ar2B% (B + s)? ()\ +§— %32 — cs) :

By applying Rouche’s theorem [24] to the closed contour C' as in [13], we have :

because X232 < 52 (A +6)°.

Finally, by posing

. )\262 (1 — a) /\25206

sllglo o2 9 2 2 T o2 n .9 2| = 0 (25)
(Atd—se—Fs2) (s+8)° (=582 +(A—ch)s+B(A+0)) _
=
on the contour C' where s # 0. E
Furthermore, for s = 0 , we can see that : =
[3+]
_ 232 2 52 s
(I—a)A 62  and : alf S0 (26) %
B+ s)? </\—|—5—J282—cs> <—02582—(Cﬂ—)\)8+(5+/\)6> :aZj
]
o]
2
Also, for s = 0 and 6 > 0, we have A
B
=
NFEZ(1-a) A A8\’ =
5 5 s = 7= | <1, (27) o
B2 (A +0) (B + o) B(A+0) ks
gy
S
E
S
=
=}
=
o]
)
as|
=
3
—

A2B% (1 — a) N N (2
()\ +d—sc— %282>2 (s +B)° (—%azﬁsz +AN=cB)s+ BN+ 5))2

q(s) =

Y

we have:

N3 (1 -a)
(A—I—(S— sc — %282)2 (s +5)°
A232 (1 - «) AN B2
<
T A+ 6? B(A+0)
< 1 (28)

q(s) < +

232
<—%O’2,382 +AN=cB)s+ BN+ 5))2

Since hy (s) has exactly two zeros inside the contour C, by application of Rouche’s theorem |,
ha (s) — hi (s) also has two zeros inside the C' contour noted p; (8), p2 (6) with Re (p;) > 0,
Vi =1,2.
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For § = 0, the conditions of Rouche’s theorem are not satisfied because

N’B%(1—a)

232

=1 (29)

+
()\ +0—sc— %252)2 (s +B)° (—502632 +(A=cB)s+ (BN + 55))2

for s = 0. The proof ii. can be obtained by using an extension of RouchA©’s theorem, called

Klimenok’s theorem in [25].

Remark 2.2 For ¢ > 0, the equation (18) has at least one positive real root denoted by py (0) .

hi(s) is a polynomial with exactly two positive zeros noted :

51 = 0_12 (a—\/z )\+5)02+c2> (30)
5 = U;Lﬂ(A—cﬁJr\/(/\—cﬂ)2+2(/\+5)5202>. (31)

It is immediately clear that s; < s».
Let’s calculate hy (0) and hs (s1) .

ha(0) = 2B (A +0)* < B*(A+6)" =

ha (0).

2 2 2
ho(s1)= (1~ a) X6 (—‘;ﬁsf — (B A)si+ (64N /3))2 + )25 (B + >(A +5-st- )

(
= (1—a) MBS}
> 0= hy(s).

2 2
1 —a) A3 [5 (—‘;sf — s 4+ 0+ A) + Asll

Since hy (0) — hy (0) < 0 and hs (s1) — by (s1) > 0, we deduce by the intermediate value
theorem that the equation (18) has a root p; (0) satisfying 0 < p; (§) < s1.

Assume root s1 < pg (0) < sy is real. We have

hg(Sl) = (]. — O./) )\4ﬁ4

S% >0= hl(Sl).

2 2 2 2
ho (55 = 61— ) A2 —%ﬁsg (B =N sa+ (5+N) 5) +ar?B? (B + 52)2(/\ +5— %s% _ 032>

2 2
aX?B% (B + s5)° ()\ +0— %33 — csg>
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We cannot conclude that p, is a real root.
. MAIN RESULTS
In this section, we present the main results of the article.

3.1 Calculation of the ultimate probability of ruin due to claims
In this subsection, we determine the infinite-horizon probability of ruin when it is due to claims

Theorem 3.1 The ultimate probability of ruin due to a claim P, (u) is given

2Xa 2)b

— . L0U . bu . >
Yo (v) B (a?0? — abo?) o S (b20? — abo?) e uz20
where 1
a=—5- (20 +\/02p2 + 802\ + 4c% — 4co? [ + 025) <0
o
and

1 1 1
b=—— (c — —\/0462 + 802\ + 4c? — 4co? [ + 2025) < 0.

o2 2

To prove the theorem (3.1), we introduce some useful basic results and consider the lemmas
(3.1), (3.2) and (3.3),.

Let W, = —ct —o(t) be an auxiliary function, a Brownian motion starting at 0 with —c drift
and o2 as variance. We denote W (t) = supg,, W(s) the supremum of W(¢) in the interval
[0,#] and 7, = inf {t > 0 : W (t) = u}, the first time of reaching the value u > 0. By Borrodin
and Salminen’s formula [26], we can obtain for 6 > 0,

London Journal of Research in Science: Natural and Formal

E [6_57—"} =e (32)
where
c 20
1= at et

For § > 0, we define the following potential measure:

P(u,dr,dy) =E [e_‘sVI (W(V) <u,W(V)edy, X € dx)} ;o u,x >0, y<u. (33)

We denote by e,, an exponential random variable of rate g. We can therefore first calculate the
following measure:
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U, (u,dy) = Pr (W(eq) <u,W(e,) € dy,) . ou,>0, u>y.
which can be obtained by the lemma of [27], well known in applied probability.

Finally, we denote by : D := % () and D? := d%Q (), the differentiation operators and Z

the identity operator with the differentiation operator A defined as follows :

2 A+0
A)y=p*1 Lp AT (34)
o o
Furthermore, it is easy to notice that :
AD) = (D+mI)(D—nI). (35)

Lemma 3.1 Foru > 0, the Gerber-Shiu function ¢,,(u) satisfies the following integro-differential

equation
2(1—a)A? 2000
A (D) ¢u(u) = —maw,l (u) — 7(%,2 (u), (36)
with initial conditions of :
$u(0) = 0, (37)

#u(0) = =236,(0) - 28—t (0) - 20380, (0). (38)

Proof. We are inspired by the proof of lemma 3.2 in [13]. We have:

bult) = E|e B [o(u= W = X)Lz, ey, 0,y | (V3 X))

+E {e—WE {w(u =W X =+ W)l o, <) | (V1 Xl)” , (39)

which gives :

(1 —a)mmA? (/ 2 (u—s) - > -
. _ uU—s d + / n(u—s) / nNiu—mn2s ” d )
Ow(u) o 5)2 i) \a e w1 (s)ds Ow ( ; e w1 (s)ds
e (e 5 ds = [T )
u—s d —n1(u—s) niu—mn2s d )
0r ) im+m) U e owa2(s)ds+ | e w2 ( ; e w2 (8)ds

(40)

By setting w = 0 in the relation (40), we obtain the initial condition ¢,,(0) = 0.
With the help of Leibniz’s rule for derivation under the integral sign (see [28]) a first time, let’s
derive the relation (40) with respect to u.
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/ _ (]' B O[) 771772)\2 o 2 (u—s)
W) = Gt (2 0

— 771/0 e‘"l(u_s)aml (s)ds + 171/0 e Mg, 1 (s) ds)

aABmne ( /°° _
+ =8 o (s)ds
()\ I 5) (771 + ?72> P " 72( )

- Th/o e g, 5 (s)ds +771/0 e Mgy, 0 (8) dS) - (41)

Fixing u = 0 in the relation (41), we have :

/ A =a)mmp? = e (6) ds
S0 = s ) ([ e o () ds)

(X +§)M(7717?2+ ) U ) (/Ooo ¢ oua () ds)

1 N e A h
— (04)771772/ 6_7]280'1071 (S) ds + aﬁnﬂh/ €_n280w,2 (S) ds
0 0

2(1—a)\2 oo 20A3 o
- (()\+5))02 /0 e oy, (s)ds + gzﬁ /0 e 0w (s)ds. (42)

Using Leibniz’s rule for derivation under the integral sign a second time, let’s derive the relation
(41) with respect to u, we have :

" 1—a A2 0
1 2 uw

+ 77%/0 eim(U75)aw,1 (S) ds — 7710w,1 (U) - 77%/0 eimuimsaw,l (S> dS)

aABning ( 2/00 2 (u—s)
e Owo (8)ds — neoya (U
()\+ 5) (771 + 772) U w ,2( ) T2 ,2( )

+ 17%/0 e_’“(“_s)awyg (s)ds —moywa (u) — 77%/0 e Mg, 5 (s) ds) . (43)
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By setting v = 0 in the relation (43), we obtain :

1 _ (1 _ a) 771772)‘2 2 _ .2 > e 25 5 s)ds — o
0 = s (=) [ o () ds =t m) 0w 0))

A 0o
~ +a5)ﬁ(77771177j_ ) <(17§ — 77%) /u e 00 () ds — Maowa (W) — (M + M) Owo (0))
- ?;ni(g?_ O @%@2 w1 (0)
oz)\2n1<nj :?25)_2 m) /OO e "0y (s)ds — (maw,z (0)
0
AN (=) o 2(1 —a) \2
= Togae o) = e )

defra (o 2a)\f3
-— /0 e 0,0 (s)ds — 2 ws (0) . (44)

o
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From the relations (42) and (44), we have

010 = - 25600 - 200 0 - 225 ),

Now let’s demonstrate the relation (36) .
Considering the differentiation, identity and the relations (40) and (41),
determine [ (u) = (D — n2d) by (u).

o

(1 — o) mn)® ( e ues)
_ 1(u—s w d
D50 () e o () ds + (m+ ) [

aABmng < Y i(u—s)
o 1(u—s " d
()\ n 6) (771 + nZ) (771 + 7]2>‘/0 € Ow,2 (S> S

+ (m +n2) /0 e Mgy, 5 (8) ds) : (45)

With the help of Leibniz’s rule for derivation under the integral sign a third time, let’s derive
[(u) with respect to to wu.

l(u) e MRG0 (s) ds)

(0) — (1 — @) mmpA° ue—m(u—s)a_ $)ds — o (u
') = s (e [ w1 (8)ds = (m -+ 1) 9 (1)

— (m + 772)771/0 e Mgy, (s) ds)

alf “ o
(A+9) (777]1177‘7‘ 72) ((771 +12) /0 e )0w72 (s)ds — (m + 12) Owa (w)

— ) [ e (s) ds)). (46)

Considering the differentiation and identity operators and the relations (45) and (46),
let’s find out z (u) = (D 4+ mI)l (u).

(1 — ) mma\? _ Aafmng

A= Ty e gy e )
2(1—a)\? 2008
T Hor e (0= =5 wa (W), 0

Hence the result (36).

Lemma 3.2 The Gerber-Shiu function ¢,,(u) has the following Laplace transforms ¢ (s)
defined by :

1 (0) — 202y () — 20045 ()

o2

* w (A+0)o2
Pu (8) = N2 . (48)
s2 4 Zs — L0+ 2((/\1+5)27)\2 fx (5) + 223207 (s)
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Proof. In a similar way as the proof of the lemma 3.3 in [13], we get

o 2(1—a)A? o 2(1—a) N,
/0 e mawl (u) du Waw’l (s)
2(1—a)?

= TN (fx (s) &y, (s) + wi (s))

and

2008 (e (5) 6% () + w3 (5))

/00 _w2aAf ()
e 0o () =
0 o2 2 o

(49)

(50)

By exploiting the relations (84) and (50) and then extracting ¢ (s), we arrive at the result:

—« 2 * *
¢, (0) = g wi (s) — 2232w; (s)

a2 o . .
24 X 2200 4 2&3?2 Fi (s) + 22381 (s)

o2

Py (8) =

(51)

For the force of interest 6 = 0 and the penalty function w(x,y) = 1 with the Laplace
transform of the Gerber-Shiu function, ¢, (s) then characterizes the ultimate probability of

ruin i, (s).

Lemma 3.3 The Laplace transform of the ultimate probability of claims ruin due to claims

or (s) is given by :
2)
lp;u (0) - 2(s+5)

2 4 202X 208 7
$°+ 025 T 52 + o2(s+p)

Y (s) =

where

2(1—a)A

, L 2a\3 [o° s
P, (0) = ()\4'5)02/0 e’ Uw,l(s)d8+0_2/0 e oy (s)ds,

oua (W) = [ fx @) dulu—a)de +wi (W),
i) = [Twlnr ) fx (@),
ouaw) = [ (@) on (u=a)de+ s (w),

wy (u) = /:oh(x)w(um—u)da:,

_BG+Nez
X

h(x) = e :
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(52)

(53)

(54)

(55)

(56)
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nmo o= C+\/2()\—|—(5)+02 (59)

o2 o? ot
—c 2004+ X)) 2
S S ACE S (60)

Proof. From the formula (48),

lpw ( ) 2(51+)?;272 w; (S) QQAﬂwQ (8)

Yo (8) = . . : (61)
s+ s — 200 S i (9) + 23 (s)
we have :
B, 5 ,
= ad W)=
wi(w) = [T —u) fx@de= [ fx @) de= [ et =,
B 00 00 00 1
wy (u) = / w(u,x —u)h(x)de = / h(x)de = / e 3y = Be’ﬁ“.
It is obvious that
1 1
wi (s) = and wy (s) =
1() S_'_B 2() /B(S—f‘ﬁ)
The expression (48) then becomes
o 2(1=a)X® 240
W (s) = ¥ O) ~ Sosererm — e
w 2¢c 22 2(1—a)BA2 2a)\8
82+ 555 = 2 T 0q0)e2(s1p) T 2(45)
2)
_ Vo, (0) — 2(s18) (62)
= % . _ 2x DY
52 —}— =S P —+ 72(s+8)
From the equation (42), we obtain
2(1—a)A? o _ 2000 > _
/ — n25 128
Va0 = "1 5o /O ¢ () ds /0 e ™50, 5 (s) ds. (63)

We construct the proof of the theorem (3.1).

Proof:
The Laplace transform of the ultimate probability of ruin due to claims ¥ (s) has the expression:
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l/JL, (0) _2(1=a))  2a) l/)l (O) _ 2

P (s) = o2(s+B8)  o*(s+h) w a2(s+p)
wl8) = 2 22 | 2(1—a)BX 2003 2 4 2c. _ 2\ 208
St Es—mt ants tams ¥ T8 T ot

By multiplying the numerator and denominator of ¥ (s) by o2 (s + ) then ¥} (s) takes the

form :
iy, (0) s0® — 22 + ¢}, (0) 0
s (025 + (Bo? +2¢) s+ (2¢6 — 2)))’

Yo, (s) =

Assume that d(s) = o%s® + (80?4 2¢) s + (2¢8 — 2\) = 0. We can then deduce that

d(s)=0%(s—a)(s—D). &
E

=

Thus we have ' (0) 2 4yl (0) 8 %
7,0 O S — =% + O —

Z

The simple element decomposition of ¥ (s) is g
.§

A B C =

w(s) =~ 65) =

="+ 2+ & @)

S

g

The relation (65) is equivalent to 5
=

=

A+B 2+ (—Aa— Ab— Bb — Aab S

gy (s) = A EEC) sy CAa s Cojs A 66) =
s(a—s)(b—s) é

=

3

Using relations (65) and (66), we deduce the following system by identification

A+B+C=0
—Aa — Ab— Bb— Ca = i, (0)
Aab:—%‘ +y! (0)p

We find
1 /
A = s (20w, (0)0%)
1 / /
B = 202 — abo? <_2>‘ + 1, (0) ac® + ¥, (0) 025)
1
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By inversion of the Laplace transform, we have
Yo (u) = A+ B-e™+C-e™ u>0.

As lim 1, (u) = 0, we deduce that A = 0 and therefore

U—r 00
, _2)
lpd (0) - 0_26
2\
B = ———F——
B (ac? — bo?)
2\
C = ———.
B (ba? — ac?)
Finally, by inverting the transform, we obtain
2\ . 2\
Yo (v) = B (ac? — bo?) o B (bo? — ac?)

Example 1:

. ebu

By setting the parameters ¢ = 0,5;\ = 0,3;8 = 1;0 = 1.5 ; and using using MATLAB, we

present the curves associated with the probabilities due to claims.

0.2 . . |

0.15 ¢

Yy (U)

0.05

Figure 1: Ruin probability due to claims
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3.2 Calculation of the ultimate probability of ruin due to oscillations

In this last subsection, we give the probability of ruin at infinite horizon when this is due to
oscillations.

Theorem 3.2 The ultimate probability of ruin due to a claim Wy (u) is given

a+pf b+p
— . pau . u >
Yy (u) SR o ;u=>0
where 1
a=—— (20+ \/0452 + 802\ + 4c? — 4co?S + 025) <0
202
and 1 1 1
B 2
b= = (c— 5\/0452 + 802\ + 4c¢? — 4co? B + 5 B) <0

To prove the theorem (3.2) , we use the lemmas (3.4), (3.5) and (3.6).

Lemma 3.4 Foru > 0, the Gerber-Shiu function ¢4(u) satisfies the following integro-differential
equation

2
AD)aulw) = =25 0 ) - 2 0aa ), (67)
with initial conditions of :
¢a(0) = 1, (68)
2(1 —a) N2 o 20\( [
0 = i e 2 [T (ds (09

a(0) = ——=d,(0) + (70)

Proof. By conditioning and using the fact that ruin does or does not occur due to oscillation
before the first claim, we have :

e VIR

Gulu) = E Balt = Wi = X)Ly, ey, <y | 0 50|

+E [6757“1{m<vl}]

— /ttoo /y?i_oo /xu—y o [W (t) <u,W(t) e dy]

-0 —0
X¢q(u —y —x)dF (z,t) + E [e"ml{TKVl}} : (71)

Recall that the variable V; independent of the process {WW;} follows an Erlang distribution (2)
of parameter .
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From the relation (32), we have :

E [676T“1{Tu<vl}} = E {E {6757“1{7u<vl} | Wt”
) {6—(5-&-)\)%}
e M. (72)

From (72), the equation (71) can be rewritten as follows :
t=00 u Uu— -
Pa(u) = / / / ' oot [W (t) <u,W(t) € dy} X ¢g(u—y — x)dF (x,t) + e ™",
t=0 =—o0 Jxr=0

The rest of the proof follows exactly the same reasoning as in the lemme 3.1.

Lemma 3.5 Laplace transform ¢%(s) defined by :

—5— ¢ (0) — %
ba (s) = - . - : (73)
s + %3 — 2(2?) + 2((/\1+SL’\22 fx(s)+ Laé‘ﬁh* (s)

Proof. Using the proof of the lemma 3.5 in [13], we have

[ e e e = 2= ) = T @ e

and

[T 2 0w = 20 (5)0ats). (75)

o o?
By exploiting the relationships (74) and (75) and then extracting ¢} (s), we arrive at the result

—s— ¢ (0) — %

s2 4 Zos — 200 4 TGS i () + 2200 ()

¢a(s) =

For the force of interest 6 = 0 and the penalty function w(z,y) = 1 and with the Laplace
transform of the Gerber-Shiu function, ¢4 (s) then characterizes the ultimate probability of ruin

d(S).

Lemma 3.6 The Laplace transform of the ultimate probability of ruin due to oscillations i (s)

s given by :
0= "
where
L (0) = 2((/\1‘:;)(7)\22 /Ooo e %041 (s)ds + 2(;)2\5 /Ooo e o449 (s)ds — 1, (77)
oa1(u) = /0 " fx (@) dulu — z)de, (78)
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oaz (1) = /0 b (@) bu (u — ) da, (79)

= h@)=e ", (80)
B c+\/2(/\—|—5) e
771 - 0_2 0_2 0_47 (81)
—c 20+ 2
2 = 52 \/ o2 Py (82)
Proof. We have
I6] 1
Y (s) = and h*(s) =
fi (9= )= E
=
The expression (73) then becomes E
s = —s =y (0) % E
d - 2 2\ 2(1—a)X2 [ 208 1 —
S+ 575 = 2 T rne? (@) T o (@) g
s Y (0) - % Z
2c 2 ™ i,
- L e g
o]
Z
From the equation (69), we get %
=
, 2(1—a) N\ = 2008 > . fj
WO = /0 €04 () ds + /0 e 5045 (5) ds — 1. :
&
We construct the proof of the theorem (3.2). %
c
Proof: %
The Laplace transform of the ultimate probability of ruin due to claims ¢ (s) has the expres- ';
sion: =
g
05 (5) = s+ ¥ (0) + 3 sty + 3% :
d - c 2(1—a)) 20\ o 2c, 22 208
s* + %8 - 127% + ( o2 ) (sfﬁ) + iQﬁ (siﬁ) 8%+ 029 o? 02(s+p)

By multiplying the numerator and denominator of ¥ (s) by o2 (s + 3) then 7 (s) takes the
form :

Wi (s) = o?s* + (2c+ ¥, (0) o q;;(f)) s+ (¥, (0) Bo* + 205). (3)

Thus we have

S+ (%4 (0) +8) s+ ¥ (0) 8+ 25

Vi (s) = s(s—a)(s—0b) -

The simple element decomposition of ] (s) is

Quantifying Ruin Metrics in a Diffusion-Driven Erlang (2) Risk Model with Dependency Modeled using the Spearman Copula

(© 2024 Great Britain Journals Press Volume 24 | Issue 4 | Compilation 1.0




London Journal of Research in Science: Natural and Formal

22

Using relations (65) and (66), we deduce the following system by identification

F+D+FE=1

—aD —bD — bE — Fa = 25 + y/,(0) + 3

abD =} (0) 5 + 22

We find
1 , )
D = abo? (206""/)11(0)0 5)
1 , /
E = m(a202—|—206+2ac+¢d(0)a02+¢d(0)025+a026)
1 2 2 9 , ) )
F o= oy (V0% 4208+ 2be + ¥, (0) bo® + ¥, (0) 05 + b 5)

As lim 4 (u) =0, we deduce that A =0 and therefore

U—00
—2c
¥ (0) = o7
a+f3
EF =
a—2b
b+ f
F =
b—a
Finally, by inverting the transform, we obtain
_a+pB L b+
Y (u) = a—2b ot b—a

Example 2:

. ebu'

By setting the parameters ¢ = 0,5;\ = 0,3;8 = 1;0 = 1.5 ; and using using MATLAB, we
present the curves associated with the probabilities due to oscillations.
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Figure 2: Ruin probability due to oscillations

Remark

In figures 1 and 2 illustrating the ruin probabilities caused by claims and by oscillations of the
risk model , we notice that the ruin probabilities (caused by claims and by oscillations) both
decrease as the initial capital increases.

V. CONCLUSION

In this paper, we have determined the transforms of the insurer’s loss probabilities and
the ruin probabilities in a risk model with dependence perturbed by Brownian motion.
To do this, we modelled the dependency structure between claim amounts and
inter-claim times using the Spearman copula. The integral-differential equations and the
Laplace transforms of the Gerber Shiu functions and the probabilities of ruin have been
deduced by assuming that the losses are Erlang (2). In addition, some explicit
expressions are obtained and numerical examples for the ruin probabilities for
individual claim sizes with exponential distributions. This study can be made more
practical by analysing dependency in a framework where policyholders are placed in two
groups based on a threshold. This will be the subject of our next article.
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