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Possible Relationship between Sea Quarks Distribution

Functions and Valence Distribution Functions in Proton
Dr. Teruo Kurai¶*

AFFILIATIONS

¶Researcher, Tokyo

Abstract

We attempt to show a possible relationship between sea quarks distribution functions and valence quark distribution

functions in proton by considering Atlas experiment results, We obtain similar behavior of valence u quark and valence

d quark distribution functions by considering that sea quarks is unbound state and by assuming that its distribution

functions is described as a close state of our unbound pion distribution functions.

Keywords: distribution amplitude, distribution functions, sea quarks, valence quark

Correspondence: Dr. Teruo Kurai

1 Introduction

A
fter Gell-Mann succeeded to predict the existence of Ω− by estimating its mass by his eight-fold way model [1], people had believed that
baryons including nucleons are consisted by three quarks. However, New Muon Collaboration (NMC) [2], NA51 Collaboration [3] and E866

Collaboration [4] reported ̄𝑑−𝑢̄ asymmetry in proton. These results has stimulated people’s concern for the structure of proton. As results, H1
and Zeus (DESY) [5] and Atlas (CERN) [6] have reported sea quarks (quark-antiquark system) distribution functions, valence quark distribution
functions and gluon distribution functions in proton. These results show that proton has more profound structure than that composed by simple
three quarks. H1 and Zeus results are obtained by electron-proton collision, while Atlas results are obtained by proton-proton collision. Especially,
Atlas results show the following very interesting properties. Besides they found 𝑠 ̄𝑠 sea quarks distribution functions denoted as 𝑥 ̄𝑠, 𝑥 ̄𝑑 value at
𝑥 = 1 × 10−3 looks like equal to the peak value of 𝑥 ̄𝑑 and 𝑥𝑢̄ value at 𝑥 = 1 × 10−3 looks like one half of the peak value of 𝑥𝑢. In addition, 𝑥 ̄𝑑 value
at 𝑥 = 1 × 10−3 looks like equal to 𝑥 ̄𝑢 value at 𝑥 = 1 × 10−3. Note that Atlas group denote each sea quarks distribution functions as 𝑥𝑢, 𝑥𝑑 and 𝑥𝑠,
respectively, and also denote valence u quark and valence d quark distribution functions as 𝑥𝑢 and 𝑥𝑑, respectively [6]. These properties indicate that
it is possible or rather probable that there are some relationship between sea quarks distribution functions and valence quark distribution functions.
In Atlas experiment, there is no valence s quark distribution functions. We try to explain the possibility of existence of sea quark distribution
functions and valence u and d quark distribution functions. Pions are composed of 𝑢 ̄𝑑, 𝑢 ̄𝑢 and 𝑑 ̄𝑑 only. Thus, we use pion distribution functions as
basis. In this paper, we attempt to show behavior of 𝑢̄ and ̄𝑑 sea quarks distribution functions and that of valence u quark and valence d quark
distribution functions starting from our charged pion distribution amplitude and functions shown in ref. [7] and ref. [8], respectively. Even in
Lattice QCD calculation, recently, Francis et al. shows asymptotic limit of charged pion distribution function is close to 1, ie, (1 − 𝑥)𝛽, 𝛽 ≈ 1 [9].
This supports our asymptotic form of charged pion distribution functions.

2 Formulation

We proposed for description of baryons as composition of bound and unbound state of sea quarks [10]. By following those descriptions, proton
is described as composition of a charged pion 𝜋+(𝑢 ̄𝑑) and a neutral pion 𝜋0 (mix of 𝑢 ̄𝑢 and 𝑑 ̄𝑑 ((𝑢𝑢̄ − 𝑑 ̄𝑑)/√2))) besides s unbound sea quarks.
Important point is that 𝜋+ and 𝜋0 can take either bound state or unbound state repeatedly. For an example of numerical calculation, we showed
proton and neutron electromagnetic form factors using pion pair consideration [11]. Note that we used 𝜋+ wave function for 𝜋0 wave function in
proton case in that paper because we had not obtained 𝜋0 wave function yet at that paper’s publication date. In addition, we obtained a charged
pion distribution amplitude [7] and its distribution function [8]. Using those arguments, we attempt to explain the behavior of Atlas experiment
results [6].

Although we proposed that proton is composed as 𝜋+ and 𝜋0 besides s ̄𝑠 in ref. [10], in reality, the distribution functions of u ̄𝑑 , uu and d ̄𝑑
should be slightly different from those of 𝜋+ and 𝜋0 because there is no evidence that shows to exist exact 𝜋+ and 𝜋0 in proton. Thus, we use our
distribution amplitude and functions of charged pion as basic forms but we deviate slightly to describe the distribution amplitude and functions of
u ̄𝑑 , u ̄𝑢 and d ̄𝑑 in proton. Here, we use our approximate forms for distribution amplitude and functions of charged pion. Note that, as we mentioned
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in ref. [7], our approximate forms are sufficient to compare to other proposed distribution amplitude, thus, also to other proposed distribution
functions from the definition as shown in later. Our approximate form of distribution amplitude of charged pion is described as [7]

𝐹3(𝑥) =
1 − 𝑥
𝑥 (1 − 𝑒−𝜌

𝑥
1−𝑥 (𝑠𝑖𝑛 (𝜌 𝑥

1 − 𝑥 ) + 𝑐𝑜𝑠 (𝜌 𝑥
1 − 𝑥 ) )) (1)

where 𝜌 = ᵆ
√2|𝛼|

, |𝛼| = 𝑔2

16
, 𝑥 ∈ [0, 1]

Note that 𝐹3(𝑥) is actually |𝐹3(𝑥)| .
From Eq. (1), our approximate form of the charged pion distribution functions is described as [8]

𝑓3(𝑥) = const 𝑥|𝐹3(𝑥)|

= const (1 − 𝑥) (1 − 𝑒−𝜌
𝑥

1−𝑥 (sin (𝜌 𝑥
1 − 𝑥 ) + cos (𝜌 𝑥

1 − 𝑥 ))) (2)

We consider that sea quarks states correspond to unbound state. Here, we define unbound state as follows:
Definition:
Unbound state is a state corresponding to a distribution amplitude, that is, exponential 𝑒−𝜌

𝑥
1−𝑥 becomes negligibly small because the coupling

constant 𝑔2 is sufficiently small.
Thus, Eq. (1) gives our distribution amplitude of sea quarks ̄𝑑 that come from 𝜋+ as

𝐹𝑠𝑒𝑎 ̄𝑑
3 (𝑥) = 1 − 𝑥

𝑥 (3)

Thus, our distribution functions of ̄𝑑 become

𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥) = 𝑐𝑜𝑛𝑠𝑡𝑥𝐹𝑠𝑒𝑎 ̄𝑑

3 (𝑥) = 𝑐𝑜𝑛𝑠𝑡(1 − 𝑥) (4)

Notation of 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥)means sea quarks ̄𝑑 distribution functions come from 𝜋+ .

The behavior of 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥) in Eq. (4) shows a little bit larger than that of sea quarks distribution functions 𝑥𝑑 shown in Atlas experiment results

[6]. Therefore, we deviate distribution amplitude slightly from Eq. (1). For this point, we compare above sea quarks distribution functions to our
view point of sea quarks distribution functions due to gluon splitting in Appendix A.

To achieve this purpose, we return to the exact form of our distribution amplitude shown in Eq. (40) in ref. [7] as:

𝐹3(|𝑞|) = Γ (1 + 𝑖
𝜋) 𝑒

−𝑖 𝜋
4

1
√|𝛼|

∫
∞

0
𝑑𝑧𝑒𝑥𝑝 (−

|𝑞|
√2|𝛼|

𝑧(1 − 𝑖)) 𝑒
1
4
𝑧2 ( 12𝑧)

− 1
2 𝑊− 1

4
− 𝑖

𝜋
,− 1

4
( 12𝑧

2)

− Γ (1 − 𝑖
𝜋) 𝑒

−𝑖 𝜋
4

1
√|𝛼|

∫
∞

0
𝑑𝑧𝑒𝑥𝑝 (−

|𝑞|
√2|𝛼|

𝑧(1 + 𝑖)) 𝑒
1
4
𝑧2 ( 12𝑧)

1
2 𝑊− 1

4
+ 𝑖

𝜋
,− 1

4
( 12𝑧

2) (5)

To evaluate the integral in Eq. (5), we again divide the integral as ∫∞
0 𝑑𝑧 = ∫ᵆ

0 𝑑𝑧 + ∫∞
ᵆ 𝑑𝑧 and use the argument for large |q| case shown in ref.

[7]. Then, our distribution amplitude is represented by following equation.

𝐹3(|𝑞|) = Γ (1 + 𝑖
𝜋) 𝑒

−𝑖 𝜋
4

1
√|𝛼|

∫
ᵆ

0
𝑑𝑧𝑒𝑥𝑝 (−

|𝑞|
√2|𝛼|

𝑧(1 − 𝑖)) 𝑒
1
4
𝑧2 ( 12𝑧)

− 1
2 𝑊− 1

4
− 𝑖

𝜋
, 1
4
( 12𝑧

2)

− Γ (1 − 𝑖
𝜋) 𝑒

−𝑖 𝜋
4

1
√|𝛼|

∫
ᵆ

0
𝑑𝑧𝑒𝑥𝑝 (−

|𝑞|
√2|𝛼|

𝑧(1 + 𝑖)) 𝑒
1
4
𝑧2 ( 12𝑧)

− 1
2 𝑊 1

4
+ 𝑖

𝜋
,− 1

4
( 12𝑧

2) (6)

Recalling that we obtained our approximate form of pion distribution amplitude using only the first term of 𝑀𝜅,𝜇(𝑧) to evaluate the integral
in the case of large |𝑞| and also recalling that𝑊𝜅,𝜇(𝑧) is defined as𝑊𝜅,𝜇(𝑧) =

Γ(−2𝜇)
Γ( 12−𝜇−𝜅)

𝑀𝜅,𝜇(𝑧) +
Γ(2𝜇)

Γ( 12+𝜇−𝜅)
𝑀𝜅,−𝜇(𝑧) [12], a slight deviation can be

considered by adding the first term of 𝑀𝜅,−𝜇(𝑧) because actual form of 𝑊𝜅,𝜇(𝑧) in Eq. (6) is𝑊𝜅,𝜇 (
1
2
𝑧2).

The definition of 𝑀𝜅,𝜇(𝑧) is described as [12]

𝑀𝜅,𝜇(𝑧) = 𝑧𝜇+
1
2 𝑒−

𝑧
2 1𝐹1 (𝜇 − 𝜅, 2𝜇 + 1; 𝑧)

where 1𝐹1 is the confluent hypergeometric series defined as [12]

1𝐹1 (𝜂, 𝜁; 𝑧) =
∞
∑
𝑛=0

𝜂(𝜂 + 1)⋯ (𝜂 + 𝑛 − 1) 𝑧𝑛

𝜁(𝜁 + 1)⋯ (𝜁 + 𝑛 − 1)

= 1 +
∞
∑
𝑛=1

𝜂(𝜂 + 1)⋯ (𝜂 + 𝑛 − 1)
𝜁(𝜁 + 1)⋯ (𝜁 + 𝑛 − 1)

𝑧𝑛
𝑛!
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Thus, the first term of 𝑀𝜅,−𝜇 (
1
2
𝑧2) in the case of 𝜅 = − 1

4
∓ 𝑖

𝜋
and 𝜇 = − 1

4
becomes 1. Thus, Eq. (6) becomes

𝐹3(|𝑞|) = 𝑒−𝑖
𝜋
4 2

1
4

1
√|𝛼|

∫
ᵆ

0
𝑑𝑧 exp (−

|𝑞|
√2|𝛼|

𝑧(1 − 𝑖)) [Γ (12 ) +
Γ (1 + 𝑖

𝜋
)

Γ ( 1
2
+ 𝑖

𝜋
)
Γ (−12 ) (

1
2 )

3
4 𝑧]

− 𝑒−𝑖
𝜋
4 2

1
4

1
√|𝛼|

∫
ᵆ

0
𝑑𝑧 exp (−

|𝑞|
√2|𝛼|

𝑧(1 + 𝑖)) [Γ (12 ) +
Γ (1 − 𝑖

𝜋
)

Γ ( 1
2
− 𝑖

𝜋
)
Γ (−12 ) (

1
2 )

3
4 𝑧]

= 𝑒−𝑖
𝜋
4 2

1
4√𝜋[ 1

√|𝛼|
∫

ᵆ

0
𝑑𝑧 exp (−

|𝑞|
√2|𝛼|

𝑧(1 − 𝑖)) [1 − 2 cosh(1)
𝜋√sinh(1)

( 12 )
3
4 𝑧]

− 1
√|𝛼|

∫
ᵆ

0
𝑑𝑧 exp (−

|𝑞|
√2|𝛼|

𝑧(1 + 𝑖)) [1 − 2 cosh(1)
𝜋√sinh(1)

( 12 )
3
4 𝑧]] (7)

In Eq. (7), we use the facts that Γ (1 ± 𝑖
𝜋
) = [𝜋 (±1

𝜋
) / sinh (𝜋 (±1

𝜋
))]

1
2 = ( 1

sinh(1)
)
1
2 and Γ ( 1

2
± 𝑖

𝜋
) = 𝜋

cosh(𝜋( ±1𝜋 ))
= 𝜋

cosh(1)
, Γ ( 1

2
) =

√𝜋, Γ (− 1
2
) = −2√𝜋 (Γ (−𝑛 + 1

2
) = (−1)𝑛2𝑛

(2𝑛−1)!!
√𝜋[11]) as shown in ref. [7].

Integral of ∫ᵆ
0 𝑑𝑧 exp(−𝜇∓𝑧)𝑧 becomes

∫
ᵆ

0
𝑑𝑧𝑒−𝜇∓𝑧𝑧 = −𝑒

−𝜇∓ᵆ

𝜇∓
+ 1
𝜇2∓

[1 − 𝑒−𝜇∓ᵆ] (8)

where 𝜇∓ =
|𝑞|

√2|𝛼|
(1 ∓ 𝑖)

By following our definition of unbound state, sea quarks states (unbound state), are defined as follows.
Definition: √|𝛼| ∝ √𝑔2 is sufficiently small so that the exponential term becomes negligibly small in entire x domain.

Thus, this part gives √|𝛼|
|𝑞|2

⟶√|𝛼| (1−𝑥)
2

𝑥2
term.

Important point is that the first term of Eq. (8) is the same order of |𝑞| as the first terms of the first and the second terms of Eq. (7). However,
including terms that come from this integral breaks the constraint condition of our distribution amplitude, such as 𝐹3(|𝑞|)⟶ 𝑥 when 𝑥⟶ 0 as
shown in ref. [7] (We obtain this condition by using the integral representation of 𝑊𝜅,𝜇(𝑧)) when coupling constant 𝑔2 is not sufficiently small (√|𝛼|
is not smal) so that the exponential term remains. Breaking the constraint condition means that including only the first term of 𝑀𝜅,−𝜇 (

1
2
𝑧2) does

not describe the exact pion state. This is plausible because there is no evidence which shows to exist the exact pion in proton.
Recalling that our pion distribution amplitude and functions correspond to the charged pion 𝜋± , we also need those of neutral pion 𝜋0 for

further consideration. Looking at Eq. (7) and Eq. (8) in ref. [7] and recalling that we are considering the chiral limit case (massless quark case), our
equation for 𝜒0 , which corresponds to 𝜋0 , becomes

(𝑃20 − 𝑃2𝑖 )𝜒0 = 0 (9)

In rest frame, that is 𝑃1 = 0, 𝑃0 becomes equal to𝑊0 so that Eq. (8) becomes

𝑊 2
0 𝜒0 = 0 (10)

Thus, for the pion case, that is𝑊0 = 0 , 𝜒0 cannot be determined.
However, Dlamini et al. [13] shows, for the neutral pion 𝜋0, that t dependence (𝑡 = (𝑞 − 𝑞′)2, q is virtual photon momenta and 𝑞′ is 𝜋0

momenta) usually parametrized by Regge-like functions is no longer valid when (−𝑡) is larger than 1 GeV2 and that cross section is represented as
𝑑𝜎 = const𝑄−6 exp(−𝐵𝑡′) (𝑡′ = 𝑡𝑚𝑖𝑛 − 𝑡) when 𝑄2 = 5.49 and 8.31 GeV2 shown in Fig. 3 of ref. [13].

The results of Dlamini et al. means that when 𝑄2 is smaller than those values and 𝜋0 momenta is small, 𝜋0 behaves as Regge-like function
(cross section is described by omitting form of exponential term). In addition, Horn [14] shows, for the charged pion 𝜋±, that cross section is
represented as 𝑑𝜎 = const𝑄−6. Considering the results of Dlamini et al. together with the results of Horn leads to the fact that cross section of
𝜋0 becomes same description of that of 𝜋± when 𝑄2 or 𝜋0 momenta is small. Recalling that 𝑄2 of Atlas experiment is 𝑄2 = 1.9 GeV2 and 𝑄2 of
H1 and Zeus experiment is 𝑄2 = 10 GeV2 and that main range of the distribution functions of sea quarks is less than 𝑥 = 0.4, we can consider
that 𝜋0 (actually close state of 𝜋0) behaves as Regge-like function in both experiment cases. Therefore, we assume that the distribution amplitude
and functions of 𝜋0 in Atlas experiment case are represented as the similar forms that described by our charged pion distribution amplitude and
functions. From Eq. (7) and Eq. (8) and using our definition of sea quarks, distribution amplitude of sea quarks is described as:

|𝐹𝑠𝑒𝑎3 (𝑥)| = 𝑐𝑜𝑛𝑠𝑡 [ 1 − 𝑥
𝑥 − 2

3
4 cosh(1)

𝜋√sinh(1)
√|𝛼| (1 − 𝑥)2

𝑥2 ] (11)

Recalling that the distribution functions is proportional to X times the distribution amplitude. Thus, our sea quarks distribution functions
𝑓𝑠𝑒𝑎(𝑥) are described as

𝑓𝑠𝑒𝑎(𝑥) = 𝑐𝑜𝑛𝑠𝑡 [(1 − 𝑥) − 𝛽√|𝛼| (1 − 𝑥)2
𝑥 ] (12)
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where 𝛽 = 2
3
4 cosh(1)

𝜋√sinh(1)
Recalling that our definition of sea quarks is that the coupling constant 𝑔2 is sufficiently small so that the exponential term becomes negligibly

small for entire X domain, √|𝛼| is sufficiently small for entire x domain because |𝛼| is proportional to 𝑔2 as shown in Eq. (1). Here, we use the
following ansatz to satisfy this condition.

Ansatz:
Coupling constant 𝑔2 depends on momentum. The property of the coupling constant 𝑔2 is that 𝑔2 becomes smaller as momentum is larger and

also 𝑔2 becomes smaller when momentum is smaller.
The first part of property is not so peculiar but the second part is technical. However, the exponential term is multiplied by (sin 𝜌 𝑥

1−𝑥
+cos 𝜌 𝑥

1−𝑥
)

when calculating integral in Eq. (7) (refer to ref. [7]). Thus, the second term of Eq. (8) becomes const when x goes to 0 so that, for the distribution
functions, this term becomes const when x goes to 0. Therefore, in the case of using only the first part of property in the ansatz, the second term of
Eq. (8) goes to 0 when x goes to 0 even though 𝑔2 becomes constant when x goes to 0. Actually, we need only this property for the adding term
(deviation term). In addition, the first term of Eq. (8) becomes constant for the distribution functions when x goes to 0 because of multiplication of x.
Thus, the adding term changes only constant value when x goes to 0 because constant term in parenthesis of the integral in Eq. (7) becomes 0 when
x goes to 0. In Sec. 4, we check the magnitude of the exponential in the case of using ansatz. According to the argument in Sec.4, the exponential is
sufficiently small in most of all region of x except for the region that X is very close to 0 even though√|𝛼| is constant. The previous paragraphs
indicate that the behavior of sea quarks distribution functions would be different form, that is not uniquely decreasing, in the neighbor of x = 0 in
spite of starting from constant value at ⋅ if we use only the first part of property in the ansatz. Recalling that x domain of Atlas experiment results is
_ , it is possible that x domain of Atlas experiment results is outside of the region in which possible improper behavior occurs. Thus, it is meaningful
to remove this possible improper behavior simply, by adding the second part of property in the ansatz. Thus, we use the ansatz here.

Using this ansatz,√|𝛼| is represented as

√|𝛼| = 𝛾𝑥1+𝑝1(1 − 𝑥)𝑝2 (13)

where 𝛾 , 𝑝1 and 𝑝2 are positive constant.
The reason we use this representation is as follows.
Exponent of exponential is, − 𝑥

1−𝑥
ᵆ

√2|𝛼|
, thus, to satisfy the condition that this becomes −∞ when x goes to 0,√|𝛼|must be a function of 𝑥1+𝑝1

(𝑝1 is positive) and to satisfy the condition that√|𝛼| becomes smaller when x goes to 1,√|𝛼|must also be a function of (1 − 𝑥)𝑝2(𝑝2 is positive) and
this keeps the condition that exponent becomes −∞ when x goes to 1.

This representation satisfies the condition that the exponential term becomes negligibly small in the entire x domain because we later show
that the value of the constant 𝛾 is less than 4 and ̄𝑢 ( ̄𝑢 = ᵆ

√2
) value in 𝜌 for 𝜋+ case is larger than 10 because a pion (actually close state of pion) in

the proton must be considered as a state after evolution. We define valence quark distribution functions of proton (valence u quark and valence d
quark) as

𝑓𝑣𝑎𝑙(𝑥) = upper value − our defined sea quarks

where 𝑥 ∈ [0, 1],
the upper value = 0.4 (0 ≤ 𝑥 ≤ 𝑥 value of the first extrema of our sea quarks)
= our u or d quark distribution functions (one half of our pion distribution functions) of which the x value of peak is the same as the x value of

the first extrema of our sea quarks (𝑥 value of the first extrema of our sea quarks ≤ 𝑥 ≤ 1)
We consider that valence u quark distribution functions of proton are the sum of valence u quark distribution functions come from charged

pion 𝜋+ (close state of 𝜋+ )and that come from neutral pion 𝜋0 (close state of 𝜋0 ) and also consider that valence d quark distribution functions is
the same as valence u quark distribution functions come from neutral pion 𝜋0 (close state of 𝜋0 ).

Following our definition and consideration, we show how to obtain valence u and d quark distribution functions denoted as 𝑓𝑣𝑎𝑙ᵆ(𝑥) and
𝑓𝑣𝑎𝑙𝑑(𝑥) , respectively, as follows.

From Eq. (11) and Eq. (12), and recalling that upper vale is 0.4 at x=0 , our sea quarks distribution functions is described as

𝑓𝑠𝑒𝑎(𝑥) = 0.4 [(1 − 𝑥) − ̄𝛾𝑥𝑝1(1 − 𝑥)2+𝑝2] (14)

For 𝑝1 and 𝑝2, we set 𝑝1 = 0.55, 𝑝2 = 0.43 for all our sea quarks distribution functions, i.e., 𝑥 ̄𝑑 come from 𝜋+ denoted as 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥), 𝑥 ̄𝑑 come

from 𝜋0 denoted as 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥) and 𝑥 ̄𝑢 come from 𝜋0 denoted as 𝑓𝑠𝑒𝑎 ̄ᴂ

𝜋0 (𝑥). From now on, we call those as temporal sea quarks distribution functions.
First, we show the process to obtain valence u quark distribution functions come from 𝜋+. As we recall sea quarks 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥) come from 𝜋+. For
this case, we set ̄𝛾 = 2.57 in Eq. (14). The reason for choosing this ̄𝛾 value is as follows. We consider that temporal sea quarks distribution functions
𝑥 ̄𝑑 denoted as 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) is mean value of temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥) come from 𝜋+ and neutral pion 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥) come from 𝜋0

and also consider that temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥) come from 𝜋0 is same as temporal sea quarks distribution functions

𝑓𝑠𝑒𝑎 ̄ᴂ
𝜋0 (𝑥) come from 𝜋0. According to Atlas experiment results, the value of sea quarks distribution functions 𝑥 ̄𝑢 at 𝑥 = 0.1 is a little bit larger than
0. Thus, 𝑓𝑠𝑒𝑎 ̄ᴂ

𝜋0 (𝑥) = 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥) at 𝑥 = 0.1must be around 0.1. Then, recalling that 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) is the mean value of 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥) and 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥), 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥) at
𝑥 = 0.1must be around 0.13 because the value of sea quarks distribution functions 𝑥 ̄𝑑 at 𝑥 = 0.1 of Atlas experiment results is around 0.12 and 0.13.
To satisfy this condition, we choose ̄𝛾 = 2.57.
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Figure 1. Temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥).

Fig. 1 shows temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥).

Note that 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥) has two extrema but that important one is extrema of which x value is smaller one. In this case, x=0.32 .

Our pion distribution functions of which the x value of the peak point is x=0.32 can be obtained by taking ⋅ value as 𝜌 = 5 in Eq. (2). Fig. 2
shows our u quark distribution functions in the case of 𝜌 = 5 , that is one half of our pion distribution functions of which 𝜌 value is 𝜌 = 5 .

Figure 2. 𝑢(𝑑) quark distribution functions in the case of 𝜌 = 5.

Note that we adjust the constant of Eq. (2) so that peak value becomes 0.4. Using the adjustment of the constant means removing the
requirement of normalization condition that is necessary to obtain the distribution functions of pion as shown in ref. [8]. The fact that we need to
remove the requirement of normalization condition may also reflect the situation that u ̄𝑑 system in proton is not exact pion but only close state.
However, this adjustment is not so large as shown in the following paragraph.
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Actual peak value of pion distribution functions in the case of 𝜌 = 5 is 0.6217 and peak value of pion distribution functions in the case of 𝜌 = 3
is 0.7359 as shown in Fig. 1 of ref. [8]. Recalling that u quark distribution functions is obtained by multiplying 1

2
to pion distribution functions as

shown in ref. [8], actual peak value of u quark distribution functions in the case of 𝜌 = 5 is 0.31085.
Recalling that our definition of valence quark distribution functions, for this case, upper value is 0.4 when range of X is x ∈ [0, 0.32] , and

upper value corresponds to down slope of u quark distribution functions in the case of 𝜌 = 5 when range of x is ⋅ . Then, we obtain the following
figure for valence u quark distribution functions fvl( come from 𝜋+ .

Figure 3. Valence quark distribution functions 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥) come from 𝜋+.

Fig. 3 shows valence u quark distribution functions 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥) come from 𝜋+. Note that the shape of down slope becomes similar to that of
valence u quark distribution functions of Atlas experiment results. Comparing the shape of down slope of 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥) in Fig. 3 to that of u quark
distribution functions in the case of 𝜌 = 5 in Fig. 2, this point is very clear. Although we need to add up valence u quark distribution functions
𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) come from 𝜋0 to obtain our final valence u quark distribution functions 𝑓𝑣𝑎𝑙ᵆ(𝑥), the shape of down slope changes only slightly. Thus, over
all shape of 𝑓𝑣𝑎𝑙ᵆ(𝑥) becomes similar to that of Atlas experiment results using subtraction of the temporal sea quarks distribution functions in
entire 𝑥 domain. Therefore, the temporal sea quarks distribution functions must have some meaning which we have not figured out yet. Using the
same procedure, we show valence quark distribution functions 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) come from 𝜋0 in Fig. 4. 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) has peak at 𝑥 = 0.243.
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Figure 4. Valence quark distribution functions 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) come from 𝜋0.

Note that, in our consideration, valence 𝑑 quark distribution functions 𝑓𝑣𝑎𝑙𝑑(𝑥) is same as 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) as mentioned before. Thus, Fig. 4 shows
valence 𝑑 quark distribution functions 𝑓𝑣𝑎𝑙𝑑𝜋0 (𝑥).

To obtain 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥), we use temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄ᴂ
𝜋0 (𝑥) as shown in Fig. 5.

Figure 5. Temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄ᴂ
𝜋0 (𝑥).

Note again that, in our consideration, temporal sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥) is same as that of 𝑓𝑠𝑒𝑎 ̄ᴂ

𝜋0 (𝑥).
To obtain 𝑓𝑠𝑒𝑎 ∶ᵆ

𝜋0 (𝑥) ,we take ̄𝛾 as ̄𝛾 = 2.8 to satisfy the condition tht 𝑓𝑠𝑒𝑎 ∶ᵆ
𝜋0 (𝑥) at X = 0.1 must be around 0.1. This ̄𝛾 value gives that 𝑓𝑠𝑒𝑎 ∶ᵆ

𝜋0 (𝑥)
at x = 0.1 is 0.1156, actually little bit larger, and generates that the X value of the first extrema point is x = 0.243 . Thus, the X value of peak point of
𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) is x = 0.243We do not show the figure of u quark distribution functions of which the x value of peak point is x = 0.243 here, however,
corresponding u quark distribution functions is obtained by setting 𝜌 value as 𝜌 = 7.8 .
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Recalling that valence 𝑢 quark distribution functions in proton, 𝑓𝑣𝑎𝑙ᵆ(𝑥), are the sum of 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥) and 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥), we show 𝑓𝑣𝑎𝑙ᵆ(𝑥) in Fig. 6.

Figure 6. Valence u quark distribution functions 𝑓𝑣𝑎𝑙ᵆ(𝑥).

Note that the x value of peak point of 𝑓𝑣𝑎𝑙ᵆ(𝑥) is x = 0.258 This X value of peak point is a little bit larger than that of Atlas experiment results (x
is around 0.24).

For actual sea quarks distribution functions corresponding to 𝑥 ̄𝑢 and 𝑥 ̄𝑑 denoted as 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) and 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥), we simply use the shape of down
slope of 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) when 𝑥 is larger than the 𝑥 value of the first extrema of 𝑓𝑠𝑒𝑎 ̄ᴂ

𝜋0 (𝑥) (𝑥 = 0.243) for 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥), and use the shape of down slope of
𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) for 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋0 (𝑥) and 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥) for 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥) when 𝑥 is larger than each 𝑥 value that represents the first extrema point (𝑥 = 0.243 for 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋0 (𝑥) and
𝑥 = 0.32 for 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥)), respectively. Then, Fig. 7 and Fig. 8 show our actual sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) and 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥), respectively.
Note that 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) is the mean value of 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋0 (𝑥) and 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋+ (𝑥).

Figure 7. Sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥).
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Figure 8. Sea quarks distribution functions 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥).

Because 𝛾 in Eq. (13) is represented as 𝛾 = ̂𝛾/𝛽 , 𝛾 = 3.373 for 𝜋+ and 𝛾 = 3.675 for 𝜋0 . Thus, we can use the form of √|𝛼| as
√|𝛼| = 4𝑥1.55(1 − 𝑥)0.43 for checking the magnitude of the exponential term. For the 𝜋+ case, form of exponent becomes − ᵆ

4𝑥0.55(1−𝑥)1.43
where

̄𝑢 = 𝑢/√2 when considering sea quark distribution functions.
Because 𝜌 = 5 for 𝜋+ distribution functions case, that is, 10 times larger than 𝜌 = 0.5 corresponding to initial scale (rest frame) distribution

functions as shown in ref. [8]. That the ⋅ value is 10 times larger means the ̄𝑢 value in 𝜌 is 10 times larger. Thus, for sea quarks distribution of 𝜋+

we can take ̄𝑢 as ̄𝑢 = 10 when we take ̄𝑢 = 1 for initial scale (rest frame) and for example 𝑥 = 1/2. In this case, the exponential almost becomes
maximum of about exp(−10) = 4.54 × 10−5 . Actually, even in rest frame (initial scale), proton has sea quarks state. The reason is as follows.
The initial scale (rest frame) distribution functions corresponds to the distribution functions before evolution. The distribution functions before
evolution must be non-zero, otherwise, sea quarks distribution functions become zero by considering evolution equation, for an example, DGLAP
evolution equation [15]. Because we consider that sea quarks state is unbound state, the exponential must be sufficiently small even in rest frame
because of our definition of unbound state so that the 𝑢̄ value for initial scale (rest frame) is not 1 but much larger value. For the 𝜋0 case, 𝜋0

distribution functions corresponds to the distribution functions in the case of 𝜌 = 7.8 , that is, 15.6 times larger. Thus, we can confirm that the
magnitude of exponential term, of which exponent is − ᵆ

4𝑥0.55(1−𝑥)1.43
,is negligibly small in entire x domain for both cases.
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3 Results

We obtain valence 𝑢 quark distribution functions and valence 𝑑 quark distribution functions as follows.

Figure 9. Comparison of valence 𝑢 distribution functions 𝑓𝑣𝑎𝑙ᵆ(𝑥) and valence 𝑑 distribution functions 𝑓𝑣𝑎𝑙𝑑(𝑥); upper panel is 𝑓𝑣𝑎𝑙ᵆ(𝑥) of which the 𝑥 value of the
peak is 𝑥 = 0.258 and lower panel is 𝑓𝑣𝑎𝑙𝑑(𝑥) of which the 𝑥 value of the peak is 𝑥 = 0.243

We also obtain sea quarks distribution functions as follows.
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Figure 10. Comparison of sea quarks distribution functions of 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) and 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥); upper panel is 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥), and lower panel is 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥)
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Figure 11. Comparison of valence 𝑢 distribution functions 𝑓𝑣𝑎𝑙ᵆ(𝑥) and valence 𝑑 distribution functions 𝑓𝑣𝑎𝑙𝑑(𝑥) in logarithmic vertical axis (horizontal axis is
linear); upper panel is 𝑓𝑣𝑎𝑙ᵆ(𝑥), lower panel is 𝑓𝑣𝑎𝑙𝑑(𝑥)
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Comparing 𝑓𝑣𝑎𝑙ᵆ(𝑥) and 𝑓𝑣𝑎𝑙𝑑(𝑥), described in Fig. 9 to Fig. 11, to those of Atlas experiment results, over all shape are similar for both cases
and Fig. 11 shows that even value itself is close up to 𝑥 = 0.6 for 𝑓𝑣𝑎𝑙ᵆ(𝑥) and up to 𝑥 = 0.7 for 𝑓𝑣𝑎𝑙𝑑(𝑥), respectively.

Figure 12. Comparison of sea quarks distribution functions of 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) and 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) in logarithmic vertical axis (horizontal axis is linear); upper panel is 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥),
and lower panel is 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥)

Comparing 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) to that of Atlas experiment results, over all shape is similar and even value itself is close if we compare it to upper limit
of that of Atlas experiment results. Comparing 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) to that of Atlas experiment results, 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) is similar only up to the 𝑥 value of the first
extrema point. In the range of larger than the 𝑥 value of the first extrema point, Atlas experiment results decrease much faster than 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥).
However, recalling that we adopt the shape of down slope of valence quark distribution functions corresponding to that in the range larger than the
𝑥 value of the first extrema point, we can compare 𝑓𝑠𝑒𝑎 ̄𝑑(𝑥) and 𝑓𝑠𝑒𝑎 ̄ᴂ(𝑥) to those of Atlas results only up to the 𝑥 value of the first extrema.

4 Conclusion and Discussion
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We obtain similar behaviors of valence u quark and valence d quark distribution functions to those of Atlas experiment results using the close states
described by starting from our charged pion distribution functionswith evolution and together with using the ansatz. Actually, this ansatz is technical,
however, in reality, systems of 𝑢 ̄𝑢 and 𝑑 ̄𝑑 are not exact 𝜋+ or 𝜋0 but only close states of these. We think that this ansatz reflects this situation.In
addition, this ansatz generates two extrema in each temporal sea quarks states. In addition, x value of the first extrema 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋0 (𝑥) (𝑥 = 0.243) is very
close to x value of peak of valence 𝑑 quark of Atlas experiment results (𝑥 is around 0.2) and for valence u quark distribution functions, x value
of the first extrema of 𝑓𝑠𝑒𝑎 ̄ᴂ

𝜋0 (𝑥) (same as 𝑓𝑠𝑒𝑎 ̄𝑑
𝜋0 (𝑥)) (𝑥 = 0.243) and 𝑥 value of the first extrema of 𝑓𝑠𝑒𝑎 ̄𝑑

𝜋+ (𝑥) (𝑥 = 0.32) which are same x values of
peak points of 𝑓𝑣𝑎𝑙ᵆ𝜋0 (𝑥) and 𝑓𝑣𝑎𝑙ᵆ𝜋+ (𝑥), respectively, and 𝑥 value of peak point of sum of these, i.e., 𝑓𝑣𝑎𝑙ᵆ(𝑥) (𝑥 = 0.258) is also very close to valence u
quark distribution functions of Atlas experiment results (𝑥 is around 0.24).Thus, this ansatz is meaningful. However, as mentioned in Sec. 2, we
have not figured out its real meaning yet. Using the shape of down slope of valence u quark or that of 𝑑 quark distribution functions to obtain
sea quarks distribution functions is really technical because we do not know how to estimate this part. Except for this process, we think that our
process is reasonable. As a final comment, we consider behavior of 𝑢 ̄𝑑, 𝑢𝑢̄ and 𝑑 ̄𝑑 inside proton as following way. Exact pions decay very quickly so
that inside proton pions must be unbound state, however, when x is very small that corresponds to very surface of proton ( r is large), by absorbing
gluons, quark and antiquark pair becomes bound state so that confinement potential reappears. Thus, free quarks or antiquarks cannot be observed
from proton.

Actually, gluon distribution functions becomes decreasing when x is smaller than 0.003. we think this behavior is reflection of above mentioned
mechanism.

5 Appendix A

According to standard QCD, sea quarks appears by gluon splitting. In this case, quarks is described as 𝑞 ̄𝑞 state that corresponds to exactly coupling
constant 𝑔2 = 0 case of our definition of [7]. In our case, these are obtained from following two parts.

One is from our solution 𝜒3(𝑟) (𝜎1 component) [7] which gives to Eq. (1) and Eq. (2). The other one comes from vacuum expectation value
𝑆(𝑟) = 1

2𝜋
𝑃𝑟 1

𝑟
(𝑖𝜎3 component)[7]. To obtain wave function, we use NJR’s Word Identity, especially, in our case, as shown in Appendix A in ref. [16].

This gives this part represents 𝜒0(𝑟) (Unit component). For distribution amplitude, we use one dimensional Fourier transform that becomes

𝑞∫
∞

0
𝑑𝑟𝐽 1

2
(𝑞𝑟) = 𝑞 (∫

ᵆ

0
𝑑𝑟𝐽 1

2
(𝑞𝑟) +∫

∞

ᵆ
𝑑𝑟𝐽 1

2
(𝑞𝑟))

Again we consider only First term integral because of considering large 𝑞 case [7]. Then the first term integral becomes [17]

𝑞∫
ᵆ

0
𝑑𝑟𝐽 1

2
(𝑞𝑟) = −12𝑞𝑢𝐽 12

(𝑞𝑢) + 𝑆−1,− 1
2
(𝑞𝑢) − 𝑞𝑢𝐽− 1

2
(𝑞𝑢)𝑆0, 1

2
(𝑞𝑢) + 1

where 𝑆𝜇,𝜈(𝑧) denotes Lommel function defined as [18]

𝑆𝜇,𝜈(𝑧) =
1𝐹2 (1;

1
2
(𝜇 − 𝜈 + 3), 1

2
(𝜇 + 𝜈 + 3); 1

4
𝑧2)

(𝜇 + 1)2 − 𝜈2
𝑧𝜇+1

+ 2𝜇−1𝜋2 csc(𝜋𝜈)

Γ ( 1
2
(−𝜇 − 𝜈 + 1)) Γ ( 1

2
(−𝜇 + 𝜈 + 1))

(𝐽−𝜈(𝑧) sec (
1
2𝜋(𝜇 + 𝜈))

−𝐽𝜈(𝑧) sec (
1
2𝜋(𝜇 − 𝜈)))

Recalling that domain of above 𝑞 is [0,∞], 𝑞 becomes 𝑥
1−𝑥

, 𝑥 ∈ [0, 1]. In addition, these terms are for distribution amplitude so that this part of

distribution functions is obtained by multiplication of 𝑥. In our case, 𝜇 = 0, 𝜈 = 1
2
explicit description of this term becomes for small 𝑥

𝑓sea2gluon(𝑥) ≈ 𝑥 (1 + 𝑎√
1 − 𝑥
𝑥 − 𝑏)

where 𝑎 = 1
Γ( 5

4
)Γ( 3

4
)

𝜋2

2√ᵆ
, 𝑏 = 4 + 1

Γ( 1
4
)Γ( 3

4
)
𝜋2

√2
.

Recalling that, chiral limit case,𝑚𝜋 → 0 and that Renner relation such as 𝑀
𝑚𝜋

→ ̄𝜌 constant, we can consider √2
𝑓𝜋

̄𝜌 as parameter [𝐶]. Therefore,
we can choose this parameter to cancel out −𝑥 term of Eq. (2) obtained by considering 𝜒3(𝑟). In addition, we can also use 𝑢 as parameter. Thus, for
small 𝑥 case, sea quarks distribution functions by gluon splitting up to 𝑥 = 0.07 is described as

𝑓seagluon(𝑥) = 2 (1 − ̄𝑎√𝑥(1 − 𝑥) + 𝑏𝑥)

(0.001 ≤ 𝑥 ≤ 0.07)
For 0.07 ≤ 𝑥 ≤ 1, we use the shape of down slope of sum of valence 𝑢 and valence 𝑑 quark distribution functions. We choose the shape of

down slope to satisfy the condition both curves are smoothly connected at 𝑥 = 0.07.
This gives following figure for sea quarks distribution functions splitting by gluons (Fig. 1).
This is similar to gluon distribution functions of Atlas experiment except range 𝑥 = [0.001, 0.003]. This is understood by considering that

distribution functions of 𝑞 ̄𝑞 corresponds to that of gluons because we can consider that just after splitting momentum keeps that of just before
splitting.
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Figure 13. Gluon distribution functions of 𝑥 ̄𝑔

From this consideration, we think sea quarks described in Atlas experiment are not generated by gluon splitting. We cannot really clarify the
boundary of coupling constant 𝑔2 value, however, definitely not exactly zero. This also gives why we use our ansatz besides our argument in Sec. 2.
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Abstract

E. Beltrami introduced in 1892 the Beltrami operator acting on six stress functions in order to parametrize the Cauchy

stress equations of elasticity theory in space, similarly to the single Airy stress function for plane elasticity, but this number

has been then reduced to three by J.C. Maxwell and G. Morera. In 1915, A. Einstein introduced the Einstein operator
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dimension of the group from 10 to 11 or 15 by using respectively the Poincar´e group of space-time, the Weyl group

by adding 1 dilatation or the conformal group by adding 4 highly nonlinear elations along a way initiated by H. Weyl in

1918 for unifying electromagnetism with gravitation. Explicit motivating examples illustrate this paper at a student level,
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1 INTRODUCTION

When M. Janet introduced in 1920 the first finite length differential sequence as a footnote of his paper [1], he surely did not know about
the possibility to use such a sequence in elasticity theory along the way introduced by the brothers E. and F. Cosserat in 1909 [2]. Being

a visiting student of D. C. Spencer (1912-2001) at Princeton University in 1970, I discovered that he was not even knowing the mathematical
foundations of general relativity (GR) studied by his close friend J. A. Wheeler (1911-2008) who was offering 1000 dollars at that time to anybody
finding a potential for Einstein equations in vacuum. This possibility is known to exist for Maxwell equations in electromagnetism (EM), usually
defined by 𝑑𝐴 = 𝐹 while introducing the exterior derivative. I discovered in 1995 the negative solution of this challenge by using (formal) adjoint
operators in a systematic way (See ideXlab on the net !), contrary to the general belief of the GR community. As a byproduct, such a result can only
be found in books of control theory [3, 4]. In 1980, I met Janet who was still alive and he told me about the work of E. Vessiot and the resulting
“affair” concerning the Differential Galois Theory [5, 6].

In 2015, a few meetings have been organized by the “ Institut Henri Poincaré ” (IHP) in Paris during three months about “ Mathematical
General relativity ” . In particular, a Celebration of the 100th Anniversary was held on 16-20 November, largely dedicated to gravitational waves
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(GW) and followed by two days in honor of A. Lichnerowicz on 19 + 20 December. As Lichnerowicz had been my main advisor during more than
20 years and died in 1998, I decided to participate to all these events. The atmosphere was very unpleasant because everybody knew that most
sponsors should stop funding. One invited talk ” Are Black Holes Real ” given by S. Klainermann was so badly accepted that I could only answer
to my neighbour, a young foreign student, that I was listening to it for the first time. The idea was to distinguish between three kinds of “Reality”,
namely “Virtual reality, Physical reality and Mathematical reality”, the latter allowing to write a paper without any mathematical mistake but no
comment was done on the mathematical assumptions used at the beginning [7, 8]. Less than 6 months later, LIGO announced to have detected
GW produced by a couple of merging binary black holes (!) and this event, highly spread in newspapers, has been followed by the diffusion of
pictures of black holes [9]. Since that time, I started to have doubts and, being specialist of control theory, I decided to use my knowledge for
studying the origin of GW. In 2017, I discovered why GWcannot exist because Einstein, copying Beltrami, both ignoring that the Einstein operator,
linearization of the Einstein tensor over theMmetric, was surprisingly self-adjoint[10, 11]. I started to have doubts, not about the proper detection
but mainly about the defining equations. Then, I started to have serious doubts when LIGO did stop for 3 years and I don’t speak about the lack
of any result for KAGRA after spending 250 millions of dollars. It is at this moment that I decided to care about black holes while taking into
account a few recent papers I wrote about the comparison of the M,S and K metrics [12, 13] but also as a way to disagree with the approach used
by L. Andersson and collaborators met while lecturing at the Albert Einstein Institute (AEI) of Potsdam (October 23-27, 2017) [14].

In the Special Relativity paper of Einstein (1905), only a footnote provides a reference to the conformal group of space-time, namely the group
of transformations preserving the Minkowski metric 𝜔 up to a function factor, but there is no proof that the conformal factor should be equal to 1.
Over a manifold of dimension 𝑛 ≥ 3 , this group has 𝑛 translations, 𝑛(𝑛 − 1)/2 rotations, 1 dilatation and 𝑛 non-linear elations introduced by E .
Cartan in 1922, with a total number of 𝑁 = (𝑛 + 1)(𝑛 + 2)/2 parameters that is 𝑁 = 15 when 𝑛 = 4 [15, 16]. However, it is also the number of the
Cauchy stress equations (1823), the Cosserat couple-stress equations (1909), the only Clausius virial equation (1870), theMaxwell (1873) andWeyl
(1918) equations which are among the most famous partial differential equations that can be found today in any textbook dealing with elasticity
theory, continuum mechanics, thermodynamics or electromagnetism. The purpose of this paper is to prove that the form of these equations only
depends on the structure of the conformal group for an arbitrary 𝑛 ≥ 1 because they are described as a whole by the (formal) adjoint of the first
Spencer operator existing in the Spencer differential sequence. Such a group theoretical implication is obtained by applying totally new differential
geometric methods in field theory. In particular, when 𝑛 = 4 , the main idea is to enlarge the group from 10 up to 11 or 15 parameters by using the
Weyl or conformal group instead of the Poincaré group of space-time.

Contrary to the Einstein equations, these equations can be all parametrized by the adjoint of the second Spencer operator through 𝑁 =
𝑛(𝑛−1)/2 potentials. These results bring the need to revisit the mathematical foundations of both General Relativity (GR) and Gauge Theory (GT)
according to a clever but rarely quoted paper of H. Poincaré (1901) [17]. They strengthen the comments we alreadymade about the dual confusions
made by Einstein (1915) while following Beltrami (1892), both using the same operator when 𝑛 = 3 and 𝑛 = 4 but ignoring it is self-adjoint in the
framework of differential double duality. They also question the origin and existence of black holes.

With some more preliminary details provided in [18], we have successively:
When 𝑛 = 2 in plane elasticity with Riemann operatorΩ → 𝑑22Ω11+𝑑11Ω22−2𝑑12Ω12, G.B. Airy found in 1863 the possibility to parametrize

the 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) operator 𝜎 →

𝑑1𝜎11 + 𝑑2𝜎12 = 0
𝑑1𝜎21 + 𝑑2𝜎22 = 0

1
↗ ↘

2
𝐷
⟶ 3

𝐷1⟶ 1

2
𝑎𝑑(𝐷)
⟵ 3

𝑎𝑑(𝐷1)⟵ 1

with 𝜎12 = 𝜎21 by a single stress function 𝜙 wearing his name through the 𝐴𝑖𝑟𝑦 = 𝑎𝑑(𝑅𝑖𝑒𝑚𝑎𝑛𝑛) operator 𝜙 → (𝑑22𝜙,−𝑑12𝜙, 𝑑11𝜙) as follows:

2
𝐷
⟶ 3

𝐷1⟶ 1 ⟶ 0

0 ⟵ 2
𝑎𝑑(𝐷)
⟵ 3

𝑎𝑑(𝐷1)⟵ 1

Multiplying the Riemann operator on the left by 𝜙 and “integrating by parts”, we obtain:

𝜙(𝑑22Ω11) = (𝑑22𝜙)Ω11 + 𝑑2(𝜙𝑑2Ω11 − (𝑑2𝜙)Ω11)

As for the fact that the Cauchy operator is the adjoint of the Killing operator, this result can be found in any textbook of elasticity.
When 𝑛 = 3 in space elasticity, E. Beltrami found in 1892 the possibility to parametrize the 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) operator by means of six

stress functions 𝜙𝑖𝑗 = 𝜙𝑗𝑖 wearing his name through the self-adjoint 𝐵𝑒𝑙𝑡𝑟𝑎𝑚𝑖 = 𝑎𝑑(𝑅𝑖𝑒𝑚𝑎𝑛𝑛) operator as follows:

3
Killing
−−−−→

1
6

Riemann
−−−−−→

2
6

Bianchi
−−−−→

1
3 → 0

0 ← 3
Cauchy
←−−−−

1
6

Beltrami
←−−−−−

2
6

Lanczos
←−−−−−

1
3

As can be checked, the alternate sumof dimensions in each sequence, called Euler-Poincaré characteristic, does vanish indeed. More generally,
studying the Lanczos problems in 2001 for a dimension 𝑛 ≥ 3 , I discovered that the 𝐵𝑒𝑙𝑡𝑟𝑎𝑚𝑖 = 𝑎𝑑(𝑅𝑖𝑒𝑚𝑎𝑛𝑛) operator can be parametrized by the
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𝐿𝑎𝑛𝑐𝑧𝑜𝑠 = 𝑎𝑑(𝐵𝑖𝑎𝑛𝑐ℎ𝑖) operator in the geometrical and physical adjoint sequences made by operators acting on tensors, giving order of operators
and number of components as follows:

The geometrical and adjoint physical long exact differential sequences of operators acting on tensors, giving order of operators and number
of components as follows:

𝑛
Killing
−−−−→

1
𝑛(𝑛+1)

2
Riemann
−−−−−−→

2
𝑛2(𝑛2−1)

12
Bianchi
−−−−−→

1
𝑛2(𝑛2−1)(𝑛−2)

24 → 0

0 ← 𝑛
Cauchy
←−−−−−

1
𝑛(𝑛+1)

2
Beltrami
←−−−−−

2
𝑛2(𝑛2−1)

12
Lanczos
←−−−−−

1
𝑛2(𝑛2−1)(𝑛−2)

24

When 𝑛 = 4 in space-time, Einstein, probably knowing the work of Beltrami because the comparison needs no comment ([18], Proposition
4.1, p 28), made a terrible confusion in 1915 between the 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) operator and the div operator induced from the Bianchi operator
because both have been using the same Einstein operator but ignoring that such an operator is self-adjoint in the framework of differential double
duality when 𝑛 ≥ 3 (See [10] for more details).

Looking at [10] in order to understand the origin of GWor at section 4, the second order linearized Ricci operator 𝑆2𝑇∗ → 𝑆2𝑇∗ ∶ (Ω𝑖𝑗) → (𝑅𝑖𝑗)
with 4 terms is defined by the formula:

2𝑅𝑖𝑗 = 𝜔𝑟𝑠(𝑑𝑟𝑠Ω𝑖𝑗 + 𝑑𝑖𝑗Ω𝑟𝑠 − 𝑑𝑟𝑖Ω𝑠𝑗 − 𝑑𝑠𝑗Ω𝑟𝑖) = 2𝑅𝑗𝑖

Let us now introduce the linear map 𝐶 ∶ 𝑆2𝑇∗ → 𝑆2𝑇∗ ∶ Ω𝑖𝑗 → Ω̄𝑖𝑗 = Ω𝑖𝑗 −
1
2
𝜔𝑖𝑗𝜔𝑟𝑠Ω𝑟𝑠 where Ω is a perturbation of the Minkowski metric

𝜔 , invertible if and only if 𝑛 ≥ 3 . It is well known that the Einstein operator is defined by the same map 𝐶 ∶ 𝑅𝑖𝑗 → 𝑅𝑖𝑗 −
1
2
𝜔𝑖𝑗𝜔𝑟𝑠𝑅𝑟𝑠 = 𝐸𝑖𝑗

not depending on any conformal factor. Comparing to [10] or to any other textbook, the GW are defined by the (strange!) composite operator
𝒳 ∶ Ω̄

𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛
−−−−−−→ 𝐸 in such a way that 𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 ∶ 𝒳 ∘ 𝐶. Taking the respective adjoint operators, remembering that 𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 = 𝑎𝑑(𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛) and

that we have 𝑎𝑑(𝑃 ∘ 𝑄) = 𝑎𝑑(𝑄) ∘ 𝑎𝑑(𝑃) whenever 𝑃,𝑄 are two operators, we obtain:

𝐸𝑖𝑛𝑠𝑡𝑒𝑖𝑛 = 𝑎𝑑(𝐶) ∘ 𝑎𝑑(𝒳) = 𝐶 ∘ 𝑎𝑑(𝒳) = 𝐶 ∘ 𝑅𝑖𝑐𝑐𝑖

⇒ 𝑎𝑑(𝒳) = 𝑅𝑖𝑐𝑐𝑖 ⇒ 𝒳 = 𝑎𝑑(𝑅𝑖𝑐𝑐𝑖)

Introducing the test functions 𝜆𝑖𝑗 = 𝜆𝑗𝑖 and setting as usual Π = 𝜔𝑖𝑗𝑑𝑖𝑗 , we get:

𝑑𝑖𝑗(𝜔𝑖𝑗𝜆𝑟𝑠 + 𝜔𝑟𝑠𝜆𝑖𝑗 − 𝜔𝑠𝑗𝜆𝑟𝑖 − 𝜔𝑟𝑖𝜆𝑠𝑗) = 𝜎𝑟𝑠 ⇒ 𝑑𝑟(𝜎𝑟𝑠) = 0

which is exactly the generalized version of the Beltrami parametrization described in the preceding diagram with 10 instead of 20 stress
functions when 𝑛 = 4 .

However, the above results are showing out the close links existing between group theory and differential sequences. For this reason, we briefly
recall the historical framework leading to these new results and the reason for which we have not been able to quote many external references.
This paper is also written as a smile to the famous English writer Lewis Carroll who used these words in the novel he wrote in 1871, six years after
” Alice in Wonderland”.

The concept of ” group”, introduced in mathematics for the first time by E. Galois (1830), slowly passed from algebra to geometry with the
work of S. Lie on Lie groups (1880) and Lie pseudogroups (1890) of transformations. The concept of a finite length differential sequence, now
called Janet sequence, has been described for the first time as a footnote by M. Janet (1920). Then, the work of D. C. Spencer (1970) has been the
first attempt to use the formal theory of systems of partial differential equations in order to study the formal theory of Lie pseudogroups [20, 21].

However, the linear and nonlinear Spencer sequences for Lie pseudogroups, though never used in physics, largely supersede the ” Cartan
structure equations ” (1905) and are quite different from the ” Vessiot structure equations ” (1903), introduced for the same purpose but still not
known today because they have never been acknowledged by E. Cartan and successors [5, 6]. This diagram explains why it has never been possible
to connect Gauge Theory (GT) using Maurer-Cartan (MC) equations with torsion + curvature with GR using (Riemann curvature alone:

𝐶𝐴𝑅𝑇𝐴𝑁 ⟶ 𝑆𝑃𝐸𝑁𝐶𝐸𝑅 𝐺𝑇
↗

𝐿𝐼𝐸 ↕ 𝐶𝑎𝑢𝑐ℎ𝑦, 𝐶𝑜𝑠𝑠𝑒𝑟𝑎𝑡,𝑀𝑎𝑥𝑤𝑒𝑙𝑙 ↕
↘

𝑉𝐸𝑆𝑆𝐼𝑂𝑇 ⟶ 𝐽𝐴𝑁𝐸𝑇 𝐺𝑅

Example 1.1: In order to explain the difference existing between a Lie group and a Lie pseudogroup of transformations, let us consider the Lie
group of projective transformations of the real line and differentiate three times the local action law as follows with 𝑎, 𝑏, 𝑐, 𝑑 = 𝑐𝑠𝑡 with 𝑑 ≠ 0 :

𝑦 = 𝑎𝑥 + 𝑏
𝑐𝑥 + 𝑑

⇒ 𝑦𝑥 =
𝑎𝑑 − 𝑏𝑐
(𝑐𝑥 + 𝑑)2

⇒ 𝑦𝑥𝑥 = −2 (𝑎𝑑 − 𝑏𝑐)𝑐
(𝑐𝑥 + 𝑑)3

⇒ 𝑦𝑥𝑥𝑥 = 6 (𝑎𝑑 − 𝑏𝑐)𝑐2

(𝑐𝑥 + 𝑑)4
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and get the single Schwarzian third order nonlinear OD equation (𝑦𝑥𝑥𝑥/𝑦𝑥) − (3/2)(𝑦𝑥𝑥/𝑦𝑥)2 = 0 . Setting then 𝑦 = 𝑥+ 𝑡𝜉 + ... and linearizing
at the identity 𝑦 = 𝑥 when 𝑡0 we obtain the infinitesimal Lie equation 𝜉𝑥𝑥𝑥 = 0 ⇔ 𝜕𝑥𝑥𝑥𝜉 = 0

0 → Θ
𝑗3→ 3

𝑑1→ 3 → 0
↓ ∥

0 → 1
𝑗3→ 4

𝑑1→ 3 → 0
∥ ↓ ↓

0 → Θ → 1
𝐷
→ 1 ⟶ 0

with a basis of solutions {𝜃𝜏} = {𝜕𝑥, 𝑥𝜕𝑥,
1
2
𝑥2𝜕𝑥} generating the space of solutions Θ ⊂ 𝑇 over the constants with [Θ,Θ] ⊂ Θ . We have the three

abelian subgroups 𝑦 = 𝑎𝑥, 𝑦 = 𝑥+𝑏, 1
𝑦
= 1

𝑥
+𝑐 𝑛 = 1with no rotation but𝑁 = 3 . However, the next examples will prove that no group theoretical

technique may be applied when solutions cannot be known.
Example 1.2: With 𝑚 = 𝑛 = 2, 𝑞 = 1 and 𝜔 = (𝛼 ∈ 𝑇∗, 𝛽 ∈ ∧2𝑇∗, ), let us consider the Lie operator 𝒟 ∶ 𝑇 → Ω ∶ 𝜉 → ℒ(𝜉)𝜔 = (𝐴 =

ℒ(𝜉)𝛼, 𝐵 = ℒ(𝜉)𝛽) and the first order involutive system:
The only Vessiot structure equation is 𝑑𝛼 = 𝑐𝛽 where now 𝑑 is the exterior derivative and the only Vessiot structure constant is 𝑐 = 𝑐𝑠𝑡 [5]. We

let the reader check that this system is formally integrable (FI), that is no new PD equation can be obtained by differentiating these three equations
in any way, if and only if this condition is satisfied. We have the differential sequence:

0 → Θ → 𝜉
𝒟
−→ 𝜂

𝒟1−−→ 𝜁 → 0

with 𝜂 = (𝐴1, 𝐴2, 𝐵) and 𝜁 ∈ ∧2𝑇∗ and we may look for the adjoint differential sequence. Multiplying (𝐴1, 𝐴2, 𝐵) respectively by (𝜇1, 𝜇2, 𝜇3)
and integrating by parts, we obtain the adjoint operator 𝑎𝑑(𝒟) in the form:

−𝛼1(𝜕1𝜇1 + 𝜕2𝜇2) − 𝛽(𝜕1𝜇3 − 𝑐𝜇2) = 𝜈1, −𝛼2(𝜕1𝜇1 + 𝜕2𝜇2) − 𝛽(𝜕2𝜇3 + 𝑐𝜇1) = 𝜈2

Then, multiplying 𝜁 = ̇𝜕1𝐴2 − ̇𝜕2𝐴1 − 𝑐𝐵 by 𝜆 , we obtain 𝑎𝑑(𝒟1) as:

𝜕2𝜆 = 𝜇1, −𝜕1𝜆 = 𝜇2, −𝑐𝜆 = 𝜇3

and obtain the adjoint differential sequence: 𝜈 ← 𝜇 ← 𝜆.
in which 𝑎𝑑(𝒟)may not generate the compatibility conditions (CC) of 𝑎𝑑(𝒟1)
We have therefore to consider the two cases [4]:
• 𝑐 = 0 : With 𝛼 = 𝑑𝑥1, 𝛽 = 𝑑𝑥1 ∧ 𝑑𝑥2 , we have 𝑑𝛼 = 0 and 𝑎𝑑(𝒟1) is not injective with kernel 𝜆 = 𝑐𝑠𝑡 but 𝑎𝑑(𝒟) is surjective. The Lie

pseudogroup Γ is made by transfomations 𝑦1 = 𝑥1 + 𝑎, 𝑦2 = 𝑥2 + 𝑓(𝑥1) with 𝑎 = 𝑐𝑠𝑡 and 𝑓(𝑥1) arbitrary.
• 𝑐 ≠ 0 : Like Vessiot himself, we may choose 𝛼 = 𝑥2𝑑𝑥1, 𝛽 ∶ 𝑑𝑥1 ∧ 𝑑𝑥2 and obtain 𝑑𝛼 + 𝛽 = 0 , that is 𝑐 = −1 . We check that 𝑎𝑑(𝒟1) is now

injective but that 𝑎𝑑(𝒟) is still surjective. The Lie pseudogroup Γ is made by transformations 𝑦I = 𝑓(𝑥I), 𝑦′2 = 𝑥2/(𝜕𝑓/𝜕𝑥1) with 𝑓 invertible.
We have thus discovered that the properties of the adjoint sequence largely depend on the Vessiot structure constant 𝑐 . Finally, if 𝛼 =

𝑥2𝑑𝑥1 − 𝑥1𝑑𝑥2 , no explicit solution may be provided.
Example 1.3: (Contact transformations) With 𝑚 = 𝑛 = 3, 𝑞 = 1 and ground differential field 𝐾 = ℚ(𝑥) , we may introduce the 1-form

𝛼 = 𝑑𝑥1−𝑥3𝑑𝑥2 ∈ 𝑇∗ and consider the system of infinitesimal Lie equations defined by ℒ(𝜉)(𝛼) = 𝜌(𝑥)𝛼 after eliminating the factor 𝜌 . However,
we notice that 𝛼 is not invariant by the contact Lie pseudogroup and cannot be considered as an invariant associated geometric object. In fact, it is
known that the corresponding geometric object is a 1-form density 𝜔 leading to the system of infinitesimal Lie equations in Medolaghi form:

Ω𝑖 ≡ (ℒ(𝜉)𝜔)𝑖 ≡ 𝜔𝑟𝜕𝑖𝜉𝑟 −
1
2
𝜔𝑖𝜕𝑟𝜉𝑟 + 𝜉𝑟𝜕𝑟𝜔𝑖 = 0

and to the only Vessiot structure equation [6]:

𝜔1(𝜕2𝜔3 − 𝜕3𝜔2) + 𝜔2(𝜕3𝜔1 − 𝜕1𝜔3) + 𝜔3(𝜕1𝜔2 − 𝜕2𝜔1) = 𝑐

with the only structure constant 𝑐 . We point out the fact that only the condition of constant Riemannian curvature is known today to be
similar and we have explained why such a situation has been produced deliberately by the successors of Cartan. In the present contact situation,
we may choose 𝜔 = (1, −𝑥3, 0) and get 𝑐 = 1 but we may also choose 𝜔 = (1, 0, 0) and get 𝑐 = 0 , these two choices both bringing an involutive

system. Our problem will be now to construct the differential sequences: 𝜉
𝒟
−→ Ω

𝒟1−−→ 𝜁 and its adjoint sequence: 𝜈
𝑎𝑑(𝒟)
←−−−− 𝜇

𝑎𝑑(𝒟1)←−−−−− 𝜆
Linearizing the only Vessiot structure equation, we get the corresponding CC system𝒟1Ω = 0

𝜔1(𝜕2Ω3 − 𝜕3Ω2) + 𝜔2(𝜕3Ω1 − 𝜕1Ω3) + 𝜔3(𝜕1Ω2 − 𝜕2Ω1)
+(𝜕2𝜔3 − 𝜕3𝜔2)Ω1 + (𝜕3𝜔1 − 𝜕1𝜔3)Ω2 + (𝜕1𝜔2 − 𝜕2𝜔3)Ω3 = 0

Multiplying on the left by a test function 𝜆 and integrating by parts, we get the operator 𝑎𝑑(𝒟1) in the form:

{
Ω1 → 𝜔3𝜕2𝜆 − 𝜔2𝜕3𝜆 + 2(𝜕2𝜔3 − 𝜕3𝜔2)𝜆 = 𝜇1

Ω2 → 𝜔1𝜕3𝜆 − 𝜔3𝜕1𝜆 + 2(𝜕3𝜔1 − 𝜕1𝜔3)𝜆 = 𝜇2

Ω3 → 𝜔2𝜕1𝜆 − 𝜔1𝜕2𝜆 + 2(𝜕1𝜔2 − 𝜕2𝜔1)𝜆 = 𝜇3
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We obtain therefore the crucial formula 2𝑐𝜆 = 𝜔𝑖𝜇𝑖 showing how the previous sequences are essentially depending on the Vessiot structure
constant 𝑐 .

• Indeed, if 𝑐 ≠ 0 , then 𝜇 = 0 ⇒ 𝜆 = 0 and the operator 𝑎𝑑(𝒟1) is injective. This is the case when 𝜔 = (1, −𝑥3, 0) ⇒ 𝑐 = 1 ⇒ 𝜆 = 0 .
• On the contrary, if 𝑐 = 0 , then the operator 𝑎𝑑(𝒟1)may not be injective as can be seen by choosing 𝜔 = (1, 0, 0) . Indeed, in this case we get

a kernel defined by 𝜕3𝜆 = 0, 𝜕2𝜆 = 0 .
Finally, unimodular contact transformations are preserving the 1-form 𝛼 = 𝑑𝑥1 − 𝑥3𝑑𝑥2 , thus also the 2-form 𝛽 = 𝑑𝛼 = 𝑑𝑥2 ∧ 𝑑𝑥3 and even

the 3-form 𝛼 ∧ 𝛽 = 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 . The Vessiot structure equations for the geometric object 𝜔 = (𝛼, 𝛽) are now 𝑑𝛼 = 𝑐′𝛽, 𝑑𝛽 = 𝑐′′𝛼 ∧ 𝛽 with
0 = 𝑑2𝛼 = 𝑐′𝑑𝛽 = 𝑐′𝑐”𝛼 ∧ 𝛽 and the only Jacobi condition 𝑐′𝑐′′ = 0 because 𝛼 ∧ 𝛽 ≠ 0 [6].

Remark 1.4: When𝜔 is a non-degeneratemetric, that is 𝑑𝑒𝑡(𝜔) ≠ 0 , it is well known since the work of L.P. Eisenhart on Riemannian geometry
in 1926 that the first order Killing linear system defined by the 𝑛(𝑛+1)/2 PD equationsΩ𝑖𝑗 ≡ 𝜔𝑟𝑗(𝑥)𝜕𝑖𝜉𝑟 +𝜔𝑖𝑟(𝑥)𝜕𝑗𝜉𝑟 + 𝜉𝑟𝜕𝑟𝜔𝑖𝑗(𝑥) = 0 for a vector
field 𝜉 = 𝜉𝑟𝜕𝑟 , is formally integrable (FI), that is no new first order PD equation can be obtained iff themetric has a constant Riemannian curvature.
We have proved in many books [20, 21] and papers that this is the only example of Vessiot equations known today and have explained in [4] that
the reason for such a poor situation is related to a very unpleasant “Mathematical Affair” having to do with the differential Galois theory and
involving the best frenchmathematicians of the beginning of the last century, namely H. Poincaré, E. Picard and G. Darboux (Original letters have
been given directly to me by Janet because of the personal dedication of my first 1978 GB book and can be found in the library of ENS in Paris
while a photocopy can be found in my 1988 GB book [6].

Meanwhile, mixing differential geometry with homological algebra, M. Kashiwara (1970) has created ” differential homological algebra”,
in order to study differential modules by means of double duality and the corresponding extension modules (See [21] for references and Zbl
1079.93001). By chance, unexpected arguments have been introduced by the brothers E. and F. Cosserat (1909) in order to revisit elasticity and
by H. Weyl (1918) in order to revisit electromagnetism through a unique differential sequence only depending on the structure of the conformal
group. However, while the Cosserat brothers were only using (translations + rotations), Weyl has only been dealing with (dilatation + elations) as
we shall explain [22, 23].

After recalling the negative answer we already provided in 1995 [19], the main purpose of this paper is to use new techniques of group theory
in order to revisit the mathematical foundations of general relativity (GR) and gauge theory (GT) that are leading to gravitational waves. We point
out the fact that all the diagrams presented can be obtained by means of computer algebra while using recent packages developed by my former
PhD student A. Quadrat and his collaborators [24].

The solution of this striking but difficult problem has been announced, as we already said, is a series of lectures given at the Albert Einstein
Institute (AEI, Potsdam, October, 23-27, 2017) “General Relativity and Gauge Theory: Beyond the Mirror” (hal-01632085, 09/11/2017). We shall
prove in the next section that the study of the Killing operator done in [14] by means of purely technical relativistic tools has in fact nothing to do
with GR and can be solved only counting with fingers. We also invite the reader to look at the more applied presentation (arXiv: 2302.06585) [25].
In this second approach, we advise the reader to have a special look at the photo-elastic beam experiment showing the link that may exist between
high level mathematical mathematical tools and their phenomenological approach also done by J.C. Maxwell himself. We finally say that a rough
sketch of the Spencer operator for systems with constant coefficients has been provided by F.S. Macaulay in 1916 through ” Inverse Systems” in
[26].

Before going ahead, let us prove that there may be only two types of differential sequences, the Janet sequence introduced by M. Janet in 1920
and the totally different Spencer sequence introduced by D. C. Spencer in 1970 though both only depend on the Spencer operator [27, 28]. Though
the mathematical and physical communities still believe that a differential sequence must always be constructed ” step by step”, that is, starting
with 𝒟𝜉 = 𝜂 with generating CC 𝒟1𝜂 = 0 , one may start anew with 𝒟1𝜂 = 𝜁 with generating CC 𝒟2𝜁 = 0 and so on. However, as we shall see,
the Poincaré (also called de Rham out of France !) sequence for the exterior derivative may be defined “as a whole”, a fact that led people to believe
that the central operator for constructing differential sequences is the exterior derivative, a wrong way indeed (See [29] p 185 + 391 ).

For this, if 𝐸 is a vector bundle over the base 𝑋 , we introduce the 𝑞 jet bundle 𝐽𝑞(𝐸) with sections 𝜉𝑞 ∶ (𝑥) → (𝜉𝑘(𝑥), 𝜉𝑘𝑖 (𝑥), 𝜉
𝑘
𝑖𝑗(𝑥),…)

transforming like the sections 𝑗𝑞(𝜉) ∶ (𝑥) → (𝜉𝑘(𝑥), 𝜕𝑖𝜉𝑘(𝑥), 𝜕𝑖𝑗𝜉𝑘𝑖𝑗(𝑥),…) . The Spencer operator 𝑑 ∶ 𝐽𝑞+1(𝑇) → 𝑇∗ ⊗ 𝐽𝑞(𝑇) allows to compare
these sections by considering the differences (𝜕𝑖𝜉𝑘(𝑥) − 𝜉𝑘𝑖 (𝑥), 𝜕𝑖𝜉

𝑘
𝑗 (𝑥) − 𝜉𝑘𝑖𝑗(𝑥), ...) and so on. For any system 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) , differentiating once all

the given OD or PD equations, we obtain the first prolongation 𝑅𝑞+1 ⊂ 𝐽𝑞+1(𝐸) equations and the Spencer operator can be extended to an operator:

𝑑 ∶ ∧𝑠𝑇∗ ⊗𝑅𝑞+1 → ∧𝑠+1𝑇∗ ⊗𝑅𝑞 ∶ (𝜉𝑘𝜇,𝐼(𝑥) 𝑑𝑥𝐼) → ((𝜕𝑖𝜉𝑘𝜇,𝐼(𝑥) − 𝜉𝑘𝜇+1𝑖,𝐼(𝑥)) 𝑑𝑥
𝑖 ∧ 𝑑𝑥𝐼)

We use multi-indices 𝜇 = (𝜇1, ..., 𝜇𝑛) with 𝜇 + 1𝑖 = (𝜇1, ..., 𝜇𝑖 + 1, ..., 𝜇𝑛) and ∣ 𝜇 ∣= 𝜇1 +… + 𝜇𝑛 both with standard multi-index notation for
exterior forms and one can check that 𝑑 ∘ 𝑑 = 0 . The Spencer operator and the exterior derivative are thus interlaced by the above formula.
The restriction of 𝑑 to the terms of upper order defining the symbols 𝑔𝑞+𝑟 = 𝑅𝑞+𝑟 ∩ 𝑆𝑞+𝑟𝑇∗ ⊗ 𝐸 ⊂ 𝐽𝑞+𝑟(𝐸) is ” minus” the Spencer map
𝛿 ∶ ∧𝑠𝑇∗⊗𝑔𝑞+1 → ∧𝑠+1𝑇∗⊗𝑔𝑞with 𝛿∘𝛿 = 0 through the formula 𝜉𝑘𝜇,𝐼𝑑𝑥𝐼 → 𝜉𝑘𝜇+1𝑖,𝐼𝑑𝑥

𝑖∧𝑑𝑥𝐼 because 𝜉𝑘𝜇+1𝑖+1𝑗𝑑𝑥
𝑖∧𝑑𝑥𝑗 = 0when ∣ 𝜇 ∣= 𝑞, ∣ 𝜈 ∣= 𝑞+1

The system 𝑅𝑞 is said to be involutive if its symbol 𝑔𝑞 is involutive, that is if all the 𝛿 sequences are exact, and the projection 𝜋
𝑞+1
𝑞 ∶ 𝑅𝑞+1 → 𝑅𝑞 is

an epimorphism. For any system 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) , we may define 𝑅
(𝑠)
𝑞+𝑟 ⊂ 𝑅𝑞+𝑟 ⊂ 𝐽𝑞+𝑟(𝐸) by differentiating 𝑟 + 𝑠 times and keeping only the equations

of order 𝑞 + 𝑟. When 𝑅𝑞 is involutive, we may define the Janet bundles 𝐹𝑟, for 𝑟 = 0, 1,… , 𝑛, by the short exact sequences [20, 29]:

0 → ∧𝑟𝑇∗ ⊗𝑅𝑞 + 𝛿(∧𝑟−1𝑇∗ ⊗ 𝑆𝑞+1𝑇∗ ⊗ 𝐸) → ∧𝑟𝑇∗ × 𝐽𝑞(𝐸) → 𝐹𝑟 → 0

We may pick up a section of 𝐹𝑟 , lift it up to a section of ∧𝑟𝑇∗ ⊗ 𝐽𝑞(𝐸) that we may lift up to a section of ∧𝑟𝑇∗ ⊗ 𝐽𝑞+1(𝐸) and apply 𝑑 in order
to get a section of ∧𝑟+1𝑇∗⊗ 𝐽𝑞(𝐸) that we may project onto a section of 𝐹𝑟+1 in order to construct an operator𝒟𝑟+1 ∶ 𝐹𝑟 → 𝐹𝑟+1 generating the CC
of 𝒟𝑟 in the canonical linear Janet sequence:
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0⟶ Θ⟶𝐸
𝒟
−→ 𝐹0

𝒟1−−→ 𝐹1
𝒟2−−→ ⋯

𝒟𝑛−−→ 𝐹𝑛 ⟶0

If we have two involutive systems 𝑅𝑞 ⊂ 𝑅̂𝑞 ⊂ 𝐽𝑞(𝐸) , the Janet sequence for 𝑅𝑞 projects onto the Janet sequence for 𝑅̂𝑞 and we may define
inductively canonical epimorphisms 𝐹𝑟 → ̂𝐹𝑟 → 0 for 𝑟 = 0, 1, ..., 𝑛 by comparing the previous sequences for 𝑅𝑞 and 𝑅̂𝑞 .

A similar procedure can also be obtained if we define the Spencer bundles 𝐶𝑟 for 𝑟 = 0, 1, ..., 𝑛 by the short exact sequences [20, 29]:

0 → 𝛿(∧𝑟−1𝑇∗ ⊗ 𝑔𝑞+1) → ∧𝑟𝑇∗ ⊗𝑅𝑞 → 𝐶𝑟 → 0

We may pick up a section of 𝐶𝑟 , lift it to a section of ∧𝑟𝑇∗ ⊗ 𝑅𝑞 , lift it up to a section of ∧𝑟𝑇∗ ⊗ 𝑅𝑞+1 and apply 𝑑 in order to construct a
section of ∧𝑟+1 ⊗ 𝑅𝑞 that we may project to 𝐶𝑟+1 in order to construct an operator 𝐷𝑟+1 ∶ 𝐶𝑟 → 𝐶𝑟+1 generating the CC of 𝐷𝑟 in the canonical
linear Spencer sequence which is another completely different resolution of the set Θ of (formal) solutions of 𝑅𝑞 .

0⟶ Θ
𝑗𝑞
−→ 𝐶0

𝐷1−−→ 𝐶1
𝐷2−−→ 𝐶2

𝐷3−−→ ⋯
𝐷𝑛−−→ 𝐶𝑛 ⟶0

It can be proved that the Spencer sequence for 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) is the Janet sequence for 𝑅𝑞+1 ⊂ 𝐽1(𝑅𝑞) [22]. However, if we have two systems as
above, the Spencer sequence for 𝑅𝑞 is now contained

into the Spencer sequence for 𝑅̂𝑞 and we may construct inductively canonical monomorphisms 0 → 𝐶𝑟 → ̂𝐶𝑟 for 𝑟 = 0, 1, ..., 𝑛 by comparing
the previous sequences for 𝑅𝑞 and 𝑅̂𝑞 .

Defining 𝐹0 and Φ = Φ0 by the short exact sequence 0 → 𝑅𝑞 → 𝐽𝑞(𝐸)
Φ
⟶𝐹0 ⟶0 , all the previous results can be combined in the following

essential commutative and exact diagram:

0 0 0
↓ ↓ ↓

∧𝑟−1𝑇∗ ⊗ 𝑔𝑞+1
𝛿
−→ ∧𝑟𝑇∗ ⊗𝑅𝑞 ⟶ 𝐶𝑟 ⟶ 0

↓ ↓ ↓

∧𝑟−1𝑇∗ ⊗ 𝑆𝑞+1𝑇∗ ⊗ 𝐸
𝛿
−→ ∧𝑟𝑇∗ ⊗ 𝐽𝑞(𝐸) ⟶ 𝐶𝑟(𝐸) ⟶ 0

↓ ↓ Φ0 ↓ Φ𝑟

∧𝑟−1𝑇∗ ⊗ ℎ1
𝛿
−→ ∧𝑟𝑇∗ ⊗ 𝐹0 ⟶ 𝐹𝑟 ⟶ 0

↓ ↓ ↓
0 0 0

in which ℎ1 ⊂ 𝑇∗ ⊗ 𝐹0 is defined as the image of 𝜎1(Φ) in the exact symbol sequence:

0⟶ 𝑔𝑞+1 ⟶𝑆𝑞+1𝑇∗ ⊗ 𝐸
𝜍1(Φ)⟶ 𝑇∗ ⊗ 𝐹0

It follows that the Janet bundles can be defined ” as a whole” by the short exact sequences:
Considering the first order Killing system ℒ(𝜉)𝜔 = 0 , adding its first prolongation ℒ(𝜉)𝛾 = 0 while using 𝜉2 instead of 𝑗2(𝜉) , we obtain a

second order system 𝑅2 ⊂ 𝐽2(𝑇) . When 𝑛 = 2 and 𝜔 is the Euclidean or Minkowskian metric, we have a Lie group of isometries with the 3
infinitesimal generators {𝜕1, 𝜕2, 𝑥1𝜕2 − 𝑥2𝜕1} . If we now consider the Weyl group defined by ℒ(𝜉)𝜔 = 2𝐴𝜔 and ℒ(𝜉)𝛾 = 0 , we have to add the
only dilatation 𝑥1𝜕1 + 𝑥2𝜕2 . As for the conformal system 𝑅̂2 ⊂ 𝐽2(𝑇) defined by (ℒ(𝜉)𝛾)𝑘𝑖𝑗 = 𝛿𝑘𝑖 𝐴𝑗 + 𝛿𝑘𝑗 𝐴𝑖 − 𝜔𝑖𝑗𝜔𝑘𝑟𝐴𝑟 according to [18], we
have to add the two elations 𝜃1 = 1

2
((𝑥1)2 + (𝑥2)2)𝜕1 + 𝑥1𝑥2𝜕2 and 𝜃2 =

1
2
((𝑥1)2 + (𝑥2)2)𝜕2 + 𝑥1𝑥2𝜕1 . As we have 𝑔3 = 0, ̃𝑔3 = 0, ̂𝑔3 = 0 , we

have the strict inclusions 𝑅3 ⊂ 𝑅̃3 ⊂ 𝑅̂3 ⊂ 𝐽3(𝑇) of involutive systems with respective dimensions 3 < 4 < 6 < 20 . Collecting these results,
we get the following commutative fundamental diagram 𝐼 where the upper down arrows are monomorphisms while the lower down arrows are
epimorphisms Φ0, Φ1, Φ2 obtained by induction [20, 29]:
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0 0 0
↓ ↓ ↓

0 ⟶ Θ̂
𝑗3⟶ 6

𝐷1⟶ 12
𝐷2⟶ 6 ⟶ 0

↓ ↓ ↓

0 ⟶ Θ
𝑗3⟶ 3

𝐷1⟶ 6
𝐷2⟶ 3 ⟶ 0 𝑆𝑝𝑒𝑛𝑐𝑒𝑟

↓ ↓ ↓

0 ⟶ 2
𝑗3⟶ 20

𝐷1⟶ 30
𝐷2⟶ 12 ⟶ 0 ℎ𝑦𝑏𝑟𝑖𝑑

∥ ↓ Φ0 ↓ Φ1 ↓ Φ2

0 ⟶ Θ ⟶ 2
𝐷
⟶ 17

𝐷1⟶ 24
𝐷2⟶ 9 ⟶ 0 𝐽𝑎𝑛𝑒𝑡

↓ ↓ ↓

0 ⟶ Θ̂ ⟶ 2
𝐷̂
⟶ 14

𝐷̂1⟶ 18
𝐷̂2⟶ 6 ⟶ 0

↓ ↓ ↓
0 0 0

It follows that “Spencer and Janet play at see-saw”, the dimension of each Janet bundle being decreased by the same amount as the dimension of
the corresponding Spencer bundle is increased. The Poincaré sequence for the exterior derivative 𝑑 is∧0𝑇∗ 𝑑

⟶∧1𝑇∗ 𝑑
⟶∧2𝑇∗ ⟶0 but it is only

at the end of the paper that we shall understand the link with Maxwell equations when 𝑛 = 4 . In Special relativity, though surprising it may look
like, the above example with 𝑛 = 2 fits with Lorentz transformations if one is using the ” hyperbolic” notations 𝑠(ℎ(𝜙), 𝑐ℎ(𝜙), 𝑡ℎ(𝜙) = 𝑠ℎ(𝜙)/𝑐ℎ(𝜙)
with 𝑥1 = 𝑥, 𝑥2 = 𝑐𝑡 and 𝑑𝑠2 = (𝑑𝑥1)2 − (𝑑𝑥2)2 . Indeed, setting 𝑡ℎ(𝜙) = 𝑢/𝑐 and 𝑡ℎ(𝜓) = 𝑣 among dimensionless quantities, the Lorentz
transformation is now described by the formulas: ̄𝑥1 = 𝑐ℎ(𝜙)𝑥1−𝑠ℎ(𝜙)𝑥2, ̄𝑥2 = −𝑠ℎ(𝜙)𝑥1+𝑐ℎ(𝜙)𝑥2 . We obtain thus for the composition of speeds
𝑡ℎ(𝜙+𝜓) = ((𝑢/𝑐)+ (𝑣/𝑐))/(1+ (𝑢/𝑐)(𝑣/𝑐))without the need of any ” gedanken experiment” on light signals. A similar result can be obtained with
the ordinary ” tangent” for the composition of rotations when using the Euclidean metric (𝑑𝑠)2 = (𝑑𝑥1)2 + (𝑑𝑥2)2 for the plane (𝑥1, 𝑥2) .

2 MOTIVATING EXAMPLES

In all the following examples we shall study linear systems of ordinary differential (OD) or partial differential (PD) equations with 𝑚 dependent
variables, 𝑛 independent variables, order 𝑞 , Lie groups of dimension 𝑝 , Lie groups of transformations of a manifold 𝑋 with tangent bundle 𝑇 ,
cotangent bundle𝑇∗ , made by a Lie group𝐺 acting on𝑋 with a graph𝑋×𝐺 → 𝑋×𝑋 ∶ (𝑥, 𝑎) → (𝑥, 𝑦 = 𝑓(𝑥, 𝑎)) or Lie pseudogroupswith𝑚 = 𝑛 and
geometric objects (𝜔, 𝛾, 𝜌,…)with perturbations (Ω, Γ, 𝑅,…) . Vector bundles over 𝑋 will be denoted by (𝐸, 𝐹,…) and their sections will be denoted
by (𝜉, 𝜂, 𝜁,… ) . Symmetric covariant tensors will be denoted by 𝑆𝑞𝑇∗ while 𝑟 -formswill be sections of ∧𝑟𝑇∗ . Whenever needed, we shall introduce
the adjoint vector bundle 𝑎𝑑(𝐸) = ∧𝑛𝑇∗ ⊗ 𝐸∗ in which 𝐸∗ is obtained from 𝐸 by inverting the local transition maps, exactly like 𝑇∗ is obtained
from 𝑇 . The jet bundle of 𝐸 will be denoted by 𝐽𝑞(𝐸) as usual with an 𝑞 injective operator 𝑗𝑞 ∶ 𝐸 → 𝐽𝑞(𝐸) ∶ 𝜉 → 𝑗𝑞(𝜉) = (𝜉, 𝜕𝑖𝜉, 𝜕𝑖𝑗𝜉, ...) . Finally,
if 𝐾 is differential field with derivations 𝜕𝑖 and 𝑑𝑖 are commuting formal derivations with 𝑑𝑖 ∣ 𝐾 = 𝜕𝑖 , we shall introduce the non-commutative
ring 𝐷 = 𝐾[𝑑1, ..., 𝑑𝑛] of linear differential operators with coefficients in 𝐾 and we have 𝑑𝑖𝑎 = 𝑎𝑑𝑖 + 𝜕𝑖𝑎 in the operator sense.

Example 2.1: With𝑚 = 1, 𝑛 = 2, 𝑞 = 2 , let us consider the second order system 𝑅2 ⊂ 𝐽2(𝐸) written 𝑑22𝜉 − 𝑏𝑥2𝑑1𝜉 = 𝜂2 , 𝑑12𝜉 − 𝑎𝑑11𝜉 = 𝜂1 or
𝒟𝜉 = 𝜂 with two constant parameter (𝑎, 𝑏) and ground differential field 𝐾 = ℚ(𝑎, 𝑏)(𝑥) . Three different situations may exist:

• If 𝑎 = 0, 𝑏 = 0 , the reader will check at once the existence of the single first order CC 𝑑2𝜂1 − 𝑑1𝜂2 = 0 as an operator 𝒟1𝜂 = 0 but the
second order operator 𝑎𝑑(𝒟) does not generate the CC of 𝑎𝑑(𝒟1) which are generated by a single first order CC.

• If 𝑎 = 1, 𝑏 = 0 , the reader will check at once the existence of the single second order CC 𝑑22𝜂1 − (𝑑12 −𝑑11)𝜂2 = 0 and that 𝑎𝑑(𝒟) does now
generate the CC of 𝑎𝑑(𝒟1) .

• It remains to study the case 𝑎 = 1, 𝑏 = 1 that will bring surprises. Indeed, differentiating once, we obtain the third order system 𝑅3 ⊂ 𝐽3(𝐸)
with corresponding Janet tabular:

𝑑222𝜉 − 𝑥2𝑑12𝜉 − 𝑑1𝜉 = 𝑑2𝜂2

𝑑122𝜉 − 𝑥2𝑑11𝜉 = 𝑑1𝜂2

𝑑112𝜉 − 𝑥2𝑑11𝜉 = 𝑑1𝜂2 − 𝑑2𝜂1

𝑑111𝜉 − 𝑥2𝑑11𝜉 = 𝑑1𝜂2 − 𝑑2𝜂1 − 𝑑1𝜂1

𝑑22𝜉 − 𝑥2𝑑1𝜉 = 𝜂2

𝑑12𝜉 − 𝑑11𝜉 = 𝜂1

Though the symbol 𝑔3 = 0 defined by 𝜉222 = 0, 𝜉122 = 0, 𝜉112 = 0, 𝜉111 = 0) is trivially involutive, this system is not even formally integrable
(FI). Indeed, trying all the usual crossed derivatives, we verac 𝑅(2)2 ⊂ 𝑅(1)2 = 𝑅2 ⊂ 𝐽2(𝐸) with respective dimension 3 < 4 = 4 < 6 . After a few
tricky substitutions and eliminations, we obtain the totally new second order PD equation:

𝐴 ≡ 𝑑11𝜉 = 𝑑22𝜂1 − 𝑑12𝜂2 + 𝑑11𝜂2 − 𝑥2𝑑1𝜂1 ∈ 𝑗2(𝜂)
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The hard step is to look for generating CC in the form of an operator 𝒟1𝜂 = 𝜁 . We obtain the commutative and exact diagram with
𝑑𝑖𝑚(𝑅3) = 4, 𝑑𝑖𝑚(𝑅4) = 3 :

0 0
↓ ↓

0 ⟶ 𝑆4𝑇∗ ⊗ 𝐸 ⟶ 𝑆2𝑇∗ ⊗ 𝐹0 → ℎ2 → 0
↓ ↓ ↓ ↓

0 ⟶ 𝑅4 ⟶ 𝐽4(𝐸) ⟶ 𝐽2(𝐹0) → 𝑄2 → 0
↓ ↓ ↓ ↓

0 → 𝑅3 → 𝐽3(𝐸) → 𝐽1(𝐹0) → 𝑄1 → 0
↓ ↓ ↓
0 0 0

and the long exact connecting sequence: 0 ⟶ 𝑅4 ⟶ 𝑅3 ⟶ ℎ2 ⟶ 𝑄2 ⟶ 𝑄1 ⟶ 0. It follows that 𝑄1 ≃ 𝑄2 = 0 because 𝑑𝑖𝑚(ℎ2) = 1 and
there cannot exist any first or second order CC. We may start afresh with the new system 𝑅′2 = 𝑅(2)2 ⊂ 𝑅2 ⊂ 𝐽2(𝐸) which is involutive with symbol
𝑔′2 = 0 .

𝑑22𝜉 − 𝑥2𝑑1𝜉 = 𝜂2

𝑑12𝜉 = 𝐴 + 𝜂1

𝑑11𝜉 = 𝐴

1 2
1 •
1 •

We obtain therefore at once the Fundamental Diagram 𝐼 for 𝑅′2 :

0 0 0
↓ ↓ ↓

0 → Θ
𝑗2→ 3

𝑑1→ 6
𝑑2→ 3 → 0

↓ ↓ ∥

0 → 1
𝑗2→ 6

𝑑1→ 8
𝑑2→ 3 → 0

∥ ↓ ↓ ↓

0 → Θ → 1
𝐷
→ 3

𝐷1→ 2 → 0
↓ ↓
0 0

It finally remains to find out the generating CC for the initial second order operator𝒟𝜉 = 𝜂 which is neither FI nor involutive. Checking the
two dots separately we have the two third order (!) CC:

𝐵1 ≡ 𝑑1𝐴 − 𝑥2𝐴 − 𝑑1𝜂2 + 𝑑2𝜂1 + 𝑑1𝜂1 = 0, 𝐵2 ≡ 𝑑2𝐴 − 𝑥2𝐴 − 𝑑1𝜂2 + 𝑑2𝜂1 = 0

𝑑2𝐴 − 𝑑1𝐴 − 𝑑1𝜂1 ≡ 𝑑222𝜂1 − 𝑑122𝜂2 − 𝑑122𝜂1 + 2𝑑112𝜂2

− 𝑑111𝜂2 − 𝑥2𝑑12𝜂1 − 𝑥2𝑑11𝜂1 = 0
(1)

Exactly like in [13], we now provide the link existing between these two third order CC and the Spencer operator. Indeed, using 𝑅3 we obtain
at once:

𝑑1𝜉11 − 𝜉111 = 𝑑1𝐴 − 𝑥2𝐴 − 𝑑1𝜂2 + 𝑑2𝜂1 + 𝑑1𝜂2 = 𝐵1
𝑑2𝜉11 − 𝜉112 = 𝑑2𝐴 − 𝑥2𝐴 − 𝑑1𝜂2 + 𝑑2𝜂1 = 𝐵2

a result that we shall obtain after one more prolongation by the long exact sequence:

0 → 𝑅5 → 𝐽5(𝐸) → 𝐽3(𝐹0) → 𝑄3 → 0 0 → 3 → 21 → 20 → 2 → 0

POMMARET

24 LJRS JOURNALS PRESS



We may thus define 𝐹1 = 𝑄3 with 𝑑𝑖𝑚(𝐹1) = 2 and define similarly 𝐹2 with 𝑑𝑖𝑚(𝐹2) = 1 by the long exact sequence:

0 → 𝑅6 → 𝐽6(𝐸) → 𝐽4(𝐹0) → 𝐽1(𝐹1) → 𝐹2 → 0

0 → 3 → 28 → 30 → 6 → 1 → 0

We have indeed 𝑑1𝐵2 − 𝑑2𝐵1 = 0 and the exact differential sequence which is not a Janet sequence:

0⟶ Θ → 1
𝐷
⟶
2

2
𝐷1⟶
3

2
𝐷2⟶
1

1⟶ 0

More generally, we have the long exact sequences ∀𝑟 ≥ 0 .

0 → 3 → 𝐽𝑟+6(𝐸) → 𝐽𝑟+4(𝐹0) → 𝐽𝑟+1(𝐹1) → 𝐽𝑟(𝐹2) → 0 (2)

Using finally the basis {𝜃𝜏(𝑥) ∣ 1 ≤ 𝜏 ≤ 3} = {1, 𝑥2, 𝑥1 + 1
6
(𝑥2)3} for the vector space 𝜈 over the constants, the Spencer sequence of the

Fundamental Diagram 𝐼 is the tensor product by 𝜈 of the Poincaré sequence ∧0𝑇∗ 𝑑
−→ ∧1𝑇∗ 𝑑

−→ ∧2𝑇∗ ⟶0 for the exterior derivative when 𝑛 = 2 .
We shall discover later on that the sitution of the present example with two parameters (𝑎, 𝑏) and three different cases is exactly similar to the one
that will be provided by the M, S and K metrics with 2 parameters (𝑚, 𝑎) and has thus nothing to do with any GR framework.

Example 2.2: With again 𝑚 = 1, 𝑛 = 2, 𝑞 = 2, 𝐾 = ℚ(𝑥2) , the system 𝑅2 ⊂ 𝐽2(𝐸) defined by 𝑑22𝜉 − 𝑥2𝑑1𝜉 = 0, 𝑑12𝜉 − 𝜉 = 0 has the only
solution 𝜉 = 0 because 𝑅(3)2 = 0 with 𝑟 = 0, 𝑠 = 3 and only the central hybrid sequence for 𝑗2 is left:

0⟶ 1
𝑗2−→ 6

𝐷1−−→ 8
𝐷2−−→ 3 −−−−→ 0

Example 2.3: (Macaulay) With 𝑚 = 1, 𝑛 = 3, 𝑞 = 2 and 𝑃,𝑄, 𝑅 ∈ 𝐷 = ℚ[𝑑1, 𝑑2, 𝑑3] , let us consider the linear homogeneous second order
system of PD equations 𝑅2 ⊂ 𝐽2(𝐸) defined by:

𝑃𝜉 ≡ 𝑑33𝜉 = 0, 𝑄𝜉 ≡ 𝑑23𝜉 − 𝑑11𝜉 = 0, 𝑅𝜉 ≡ 𝑑22𝜉 = 0

but the reader may treat as well the system (𝑑33𝜉−𝑑11𝜉 = 0, 𝑑23𝜉 = 0, 𝑑22𝜉−𝑑11𝜉 = 0) . Of course, this system is FI because it is homogeneous
but we let the reader check through the Janet tabular that 𝑔2 is not involutive though the coordinate system is surely 𝛿 -regular because be have
full class 3 and full class 2. All the third order jets vanish but 𝑦123−𝑦111 = 0 leading to 𝑑𝑖𝑚(𝑔3) = 1 ⇒ 𝑑𝑖𝑚(𝑅3) = 8 . Finally 𝑔4 = 0 ⇒ 𝑑𝑖𝑚(𝑅4) = 8
and we could believe that we do not need any PP procedure as 𝑅4 is an ivolutive system because 𝑔4 = 0 is trivially involutive and 𝑅2 is finite type
like the Killing system. It is important to notice that the knowledge of the first second order operator does not provide any way to obtain the third
without passing through the second, contrary to the situation existing in the Janet sequence. Such a procedure is rather “experimental” and must
be coherent with a theorem saying that the order of generating CC is one plus the number of prolongations needed to reach a 2-acyclic symbol,
that is 𝑔3 must be 2-acyclic [20]. Equivalently the 𝛿 -sequence:

0 → ⋀2𝑇∗ ⊗ 𝑔3
𝛿
→⋀3𝑇∗ ⊗ 𝑔2 → 0

must be exact. We let the reader prove that the corresponding 3 × 3matrix has maximum rank. We recall the dimensions of the following jet
bundles:

𝑞 → 0 1 2 3 4 5 6 7
𝑆𝑞𝑇∗ → 1 3 6 10 15 21 28 36
𝐽𝑞(𝐸) → 1 4 10 20 35 56 84 120

and the commutative and exact diagram allowing to construct the Spencer bundles 𝐶𝑟 ⊂ 𝐶𝑟(𝐸) and the Janet bundles 𝐹𝑟 for 𝑟 = 0, 1, ..., 𝑛 with
𝐹0 = 𝐽𝑞(𝐸)/𝑅𝑞 , showing that we have indeed with 𝑞 = 4 :

𝐶𝑟 = ∧𝑟𝑇∗ ⊗𝑅𝑞

𝐶𝑟(𝐸) = ∧𝑟𝑇∗ ⊗ 𝐽𝑞(𝐸)/𝛿(∧𝑟−1𝑇∗ ⊗ 𝑆𝑞+1𝑇∗ ⊗ 𝐸

𝐹𝑟 = ∧𝑟𝑇∗ ⊗ 𝐽𝑞(𝐸)/(∧𝑟𝑇∗ ⊗𝑅𝑞 + 𝛿(∧𝑟−1𝑇∗ ⊗ 𝑆𝑞+1𝑇⊗𝐸))

When 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) is involutive, that is formally integrable (FI) with an involutive symbol 𝑔𝑞 , then these three differential sequences are
formally exact on the jet level and, in the Spencer sequence:

0⟶ Θ
𝑗𝑞
⟶𝐶0

𝐷1⟶𝐶1
𝐷2⟶…

𝐷𝑛⟶𝐶𝑛 ⟶0

the first order involutive operators 𝐷1, 𝐷2, ..., 𝐷𝑛 are induced by the Spencer operator 𝑑 ∶ 𝑅𝑞+1 → 𝑇∗ ⊗ 𝑅𝑞 already considered that can be
extended to 𝑑 ∶ ∧𝑟𝑇∗ ⊗𝑅𝑞+1 → ∧𝑟+1 ⊗𝑅𝑞 . A similar condition is also valid for the Janet sequence:

0⟶ Θ⟶𝐸
𝒟
⟶𝐹0

𝒟1⟶𝐹1
𝒟2⟶…

𝒟𝑛⟶𝐹𝑛 ⟶0
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which can be thus constructed “as a whole” from the previous extension of the Spencer operator (See [29], p 185 and 391 for diagrams missing
in [14, 15] !). However, this result is still not known and not even acknowledged today in mathematicl physics, particularly in general relativity
which is never using the Spencer 𝛿 -cohomology in order to define the Riemann or Bianchi operators. The study of the present Macaulay example
will be sufficient in order to justify our comment. First of all, as 𝑔2 is not 2-acyclic and the coeficients are constant, the second order CC are
𝑄𝑤 − 𝑅𝑣 = 0, 𝑅𝑢 − 𝑃𝑤 = 0, 𝑃𝑣 − 𝑄𝑢 = 0 and the simplest resolution is thus:

0⟶ Θ⟶ 1
𝒟
⟶
2

3
𝒟1⟶
2

3
𝒟2⟶
2

1⟶ 0

Secondly, as the first prolongation of 𝑅2 becoming involutive is 𝑅4 because 𝑔4 = 0 , an idea could be to start with the system 𝑅3 ⊂ 𝐽3(𝐸) but
we have proved in ([32], Example 3.14, p 119 to 126) that the simplest formally exact sequence that could be formally exact is quite far from being
a Janet sequence as it is:

0⟶ Θ⟶ 1⟶
3

12⟶
1

21⟶
2

46⟶
1

72⟶
1

48⟶
1

12⟶ 0

Indeed, the Euler-Poincaré characteristic is 1 − 12 + 21 − 46 + 72 − 48 + 12 = 0 but we notice that the orders of the successive operators may
vary up and down.

It remains to work out the Janet and Spencer sequences in the fundamental diagram I :

0 0 0 0
↓ ↓ ↓ ↓

0 → Θ
𝑗4⟶ 8

𝑑1⟶ 24
𝑑2⟶ 24

𝑑3⟶ 8 → 0
↓ ↓ ↓ ↓

0 → 1
𝑗4⟶ 35

𝑑1⟶ 84
𝑑2⟶ 70

𝑑3⟶ 20 → 0
∥ ↓ Φ0 ↓ Φ1 ↓ Φ2 ↓ Φ3

0 → Θ → 1
𝐷
⟶ 27

𝐷1⟶ 60
𝐷2⟶ 46

𝐷3⟶ 12 → 0
↓ ↓ ↓ ↓
0 0 0 0

As there is no group background, it is nevertheless not evident that the above Spencer sequence is isomorphic to the tensor product of the
Poincaré sequence for the exterior derivative by a vector space 𝜈 of dimension 8. For this, we notice that each solution is a linear combination of
polynomials of degree 3 at most in ℚ[𝑥1, 𝑥2, 𝑥3] . After tricky substitutions, we just need to choose the basis:

𝜃𝜏 ∣ 1 ≤ 𝜏 ≤ 8 = {1, 𝑥1, 𝑥2, 𝑥3, 𝑥1𝑥2, 𝑥1𝑥3, 12 (𝑥
1)2 + 𝑥2𝑥3, 16 (𝑥

1)3 + 𝑥1𝑥2𝑥3}

All the operators are of order 1 but 𝑗4 and𝒟 which are of order 4.
Example 2.4:(Contact transformations revisited) Whith 𝑚 = 3, 𝑛 = 3 , let 𝛼 = 𝑑𝑥1 − 𝑥3𝑑𝑥2 ∈ 𝑇∗ be the so-called contact 1-form. The Lie

pseudogroup of contact transformations Γ = {𝑦 = 𝑓(𝑥) ∣ 𝑑𝑦1 − 𝑦3𝑑𝑦2 = 𝑎(𝑥)(𝑑𝑥1 − 𝑥3𝑑𝑥2)} preserves 𝛼 up to a factor 𝑎(𝑥) . Eliminating this
factor among the three infinitesimal Lie equations, we obtain two PD equations but this system is neither involutive nor even FI. The system of
infinitesimal Lie equations defining the infinitesimal contact transformations Θ ⊂ 𝑇 is obtained by eliminating the factor 𝜌(𝑥) in the equations
ℒ(𝜉)𝛼 = 𝜌𝛼 where ℒ is the standard Lie derivative [26]. This system is thus only generated by 𝜂I and 𝜂2 below but is not involutive and one has
to introduce 𝜂3 in order to obtain the following involutive system 𝑅1 ⊂ 𝐽1(𝑇) with two equations of class 3 and one equation of class 2, a result
leading to

𝑑𝑖𝑚(𝑔1) = 6 , 𝑑𝑖𝑚(𝑔2) = 10 and 𝑑𝑖𝑚(𝑔3) = 15 .

𝑑3𝜉3 + 𝑑2𝜉2 + 2𝑥3𝑑1𝜉2 − 𝑑1𝜉1 = 𝜂3

𝑑3𝜉1 − 𝑥3𝑑3𝜉2 = 𝜂2
|
|
|
|
|

1 2 3
1 2 3
1 2 •

|
|
|
|
|

𝑑2𝜉1 − 𝑥3𝑑2𝜉2 + 𝑥3𝑑1𝜉1 − (𝑥3)2𝑑1𝜉2 − 𝜉3 = 𝜂1

We have one first order CC:

𝑑3𝜂1 − 𝑑2𝜂2 − 𝑥3𝑑1𝜂2 + 𝜂3 = 𝜁

showing the origin of 𝜂3 and finally get the Janet sequence:

|| 0 → Θ → 3
𝒟
−→ 3

𝒟1−−→ 1 → 0 ||
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Let us now consider the new pseudogroup {Γ′ ⊂ Γ ∣ 𝑑𝑦1−𝑦3𝑑𝑦2 = 𝑑𝑥1−𝑥3𝑑𝑥1} preserving the contact form 𝛼 , thus also 𝛽 = 𝑑𝛼 = 𝑑𝑥2 ∧𝑑𝑥3

and 𝛾 = 𝛼 ∧ 𝛽 = 𝑑𝑥1 ∧ 𝑑𝑥2 ∧ 𝑑𝑥3 which is the so-called volume form. The corresponding infinitesimal Lie equations are successively:

𝑑1𝜉1 − 𝑥3𝑑1𝜉20, 𝑑2𝜉1 − 𝑥3𝑑2𝜉2 − 𝜉3 = 0, 𝑑3𝜉1 − 𝑥3𝑑3𝜉2 = 0

𝑑1𝜉2 = 0, 𝑑1𝜉3 = 0, 𝑑2𝜉2 + 𝑑3𝜉3 = 0

𝑑1𝜉1 + 𝑑2𝜉2 + 𝑑3𝜉3 = 0

Doing the permutation (123)(312) , we obtain the first order system 𝑅′1 ⊂ 𝐽1(𝑇) :

𝑑3𝜉3 = 0
𝑑3𝜉2 = 0
𝑑3𝜉1 = 0

𝑑2𝜉3 + 𝑑1𝜉2 = 0
𝑑2𝜉1 − 𝑥2𝑑2𝜉2 = 0

𝑑1𝜉1 − 𝑥2𝑑1𝜉2 − 𝜉3 = 0

|
|
|
|
|
|
|
|

1 2 3
1 2 3
1 2 3
1 2 •
1 • •

|
|
|
|
|
|
|
|

and we have the strict inclusions 𝑅′1 ⊂ 𝑅1 ⊂ 𝐽1(𝑇) with 6 < 9 < 12 . We have the new Janet sequence with 3 − 6 + 4 − 1 = 0 :

0 → Θ′ → 3
𝒟′

→ 6
𝒟′
1→ 4

𝒟′
2→ 1 → 0

Contrary to other examples, in the present situation it is easy to work out the Janet sequences but much more difficult to work out the
corresponding Spencer sequences. In fact, we obtain the following Fundamental diagram 𝐼 in which the central hybrid sequence, which is at the
same time a Janet sequence for 𝑗1𝑖 and a Spencer sequence for 𝐽2(𝑇) ⊂ 𝐽1(𝐽1(𝑇)) , is the same for Θ′ ⊂ Θ and all the operators involved are first
order:

0 0 0 0
↓ ↓ ↓ ↓

0 ⟶ Θ′ 𝑗1⟶ 6
𝑑1⟶ 14

𝑑2⟶ 11
𝑑3⟶ 3 ⟶ 0

↓ ↓ ↓ ∥

0 ⟶ 3
𝑗1⟶ 12

𝑑1⟶ 18
𝑑2⟶ 12

𝑑3⟶ 3 → 0
∥ ↓ ↓ ↓ ↓

0 ⟶ Θ′ ⟶ 3
𝐷′

⟶ 6
𝐷′
1⟶ 4

𝐷′
2⟶ 1 → 0

↓ ↓ ↓
0 0 0

In actual practice, when 𝑔𝑞 is involutive, its knowledge allows to determines the Hilbert function 𝑑𝑖𝑚(𝑔𝑞+𝑟) and finally 𝑑𝑖𝑚(𝑅𝑞+𝑟) . Then
𝑑𝑖𝑚(𝐶𝑟)may be computed by induction on 𝑟 . In this example with 𝑞 = 1 , one has the commutative and exact diagramwith 𝑑𝑖𝑚(𝐶0) = 𝑑𝑖𝑚(𝑅1) =
9 ⇒

𝑑𝑖𝑚(𝐶1) = 17 ⇒ 𝑑𝑖𝑚(𝐶2) = 12 and so on:

0 → 𝑅𝑞+2 → 𝐽2(𝑅𝑞) → 𝐽1(𝐶1) → 𝐶2 → 0
↓ ↓ ↓ ↓

0 → 𝑅𝑞+1 → 𝐽1(𝑅𝑞) → 𝐶1 → 0

Unhappily, Spencer and collaborators, being unaware on one side of the computer algebraworks of Janet andGröbner or of thework of Vessiot
on geometric objects, were unable to compute explicit examples. In particular, anybody can check that the examples presented in the introduction
of [27] have no relation at all with the remaining of the book.

It is thus sometimes easier to exhibit the Janet sequences than the Spencer sequences. By chance the situation will be opposite when we shall
deal with general relativity and black holes.

Example 2.5: (Bose conjecture) Last but not least, the following example is themost difficult of this paper as it is exhibiting amixture of second
and third order CC [4]. With𝑚 = 𝑛 = 3 , the trivial differential field 𝐾 = ℚ and the ring 𝐷 = 𝐾[𝑑1, 𝑑2, 𝑑3] of differential operators, let us consider
the 𝐷module𝑀 defined by the second order operator:

𝒟 ∶ (𝜉1, 𝜉2, 𝜉3) → (𝜉333 − 𝜉11 = 𝜂1, 𝜉323 − 𝜉21 − 𝜉3 = 𝜂2)
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A first question is to determine its torsion submodule 𝑡(𝑀) or, equivalently, to knowwhether𝒟 can be parametrized by a certain operator𝒟−1
through a certain number of arbitrary potential functions 𝜙 . Using double duality, we may construct the adjoint operator 𝑎𝑑(𝒟) by multiplying
these equations respectively by (𝜆1, 𝜆2) , adding and integrating by parts in order to get successively:

𝑎𝑑(𝒟) ∶ (𝜆1, 𝜆2) → (𝑑1𝜆1 = 𝜇1, 𝑑1𝜆2 = 𝜇2, 𝑑33𝜆1 + 𝑑23𝜆2 − 𝜆2 = 𝜇3)
𝑎𝑑(𝒟−1) ∶ (𝜇1, 𝜇2, 𝜇3) → 𝑑33𝜇1 + 𝑑23𝜇2 − 𝑑1𝜇3 − 𝜇2 = 𝜈

𝒟−1 ∶ 𝜙 → (𝑑33𝜙 = 𝜉1, 𝑑23𝜙 − 𝜙 = 𝜉2, 𝑑1𝜙 = 𝜉3)

There is a new second order CC for𝒟−1 , namely 𝜂3 ≡ 𝑑33𝜉2 − (𝑑23 − 1)𝜉1 = 0 and we check at once that 𝑑1𝜂3 = 0 , that is 𝑡(𝑀) is generated
by 𝜂3 because we have:

(𝑑23 − 1)𝜂1 − 𝑑33𝜂2 = (𝜉2133 + 𝜉333 − 𝜉1123) − (𝜉333 − 𝜉11) = 𝜉2133 − 𝜉1123 + 𝜉11 = 𝑑1𝜂3

It follows that𝑀′ = 𝑀/𝑡(𝑀) ≃ 𝐷 is a free, thus torsion-free and even projective module defined by𝒟′ which is parametrized by the injective
operator𝒟−1 :

𝒟′ ∶ (𝜉1, 𝜉2, 𝜉3)(𝜉333 − 𝜉11 = 𝜂1, 𝜉323 − 𝜉21 − 𝜉3 = 𝜂2, 𝜉233 − 𝜉123 + 𝜉1 = 𝜂3)

Indeed, we have an isomorphism𝑀 ≃ 𝑡(𝑀) ⊕𝑀′ because the following splitting :

𝑑33𝜙 = 𝜉1, 𝑑23𝜙 − 𝜙 = 𝜉2 ⇒ 𝑑3𝜙 = 𝑑2 𝜉1 − 𝑑3𝜉2 ⇒ 𝜙 = 𝑑22𝜉1 − 𝑑23𝜉2 − 𝜉2

It is not at all evident that𝑀′ can be defined by only two differentially independent PD equations, the first one for (𝜉1, 𝜉2) while the second is
providing 𝜉3 :

𝜉233 − 𝜉123 + 𝜉1 = 0, 𝜉2123 − 𝜉1122 + 𝜉21 + 𝜉3 = 0

a result showing that the CC operator 𝒟′′ of the parametrizing operator 𝒟−1 may be generated by one second order CC and one third order
CC, a striking result providing the short exact sequence:

0⟶ 1
𝒟−1−−−→ 3

𝒟′′

−−→ 2⟶ 0

Now, we may consider the new system:

𝜉333 − 𝜉11 = 𝜂1

𝜉233 − 𝜉123 + 𝜉1 = 𝜂3

𝜉323 − 𝜉21 − 𝜉3 = 𝜂2

𝜉213 − 𝜉112 + 𝜉33 = 𝑑2𝜂1 − 𝑑3𝜂2

|
|
|
|
|
|

1 2 3
1 2 3
1 2 •
1 × •

|
|
|
|
|
|

The lack of involutivity provides 𝑑22𝜂1 − 𝑑23𝜂2 − 𝜂2 = 𝜉2123 − 𝜉1122 + 𝜉21 + 𝜉3 .
Conversely,tiv 𝜉213 − 𝜉112 + 𝜉33 = 0 and thus 𝜉2133 − 𝜉1123 + 𝜉333 = 0 However, we have 𝑑1𝜂3 = 𝜉2133 − 𝜉1123 + 𝜉11 = 0 d 𝜂1 = 𝜉333 − 𝜉11 = 0 . Similarly,

we obtain 𝜉2123 − 𝜉1122 + 𝜉323 = 0 and obtain by subtraction 𝜂2 = 𝜉323 − 𝜉21 − 𝜉3 = 0 .
Remark 2.6: Coming back to the previous motivating examples depending on parameters, we notice that the order of the generating CC

may highly depend on the parameters. Such a situation, having nothing to do with physics, is nevertheless quite similar to that of the first order
Killing system 𝑅1 ⊂ 𝐽1(𝑇) allowing to define the first order Killing operator 𝒟 ∶ 𝑇 → 𝑆2𝑇∗ ∶ 𝜉 → ℒ(𝜉)𝜔 = Ω through the Lie derivative of a
non-degenerate metric 𝜔 , for example in the case of theM, S, Kmetrics where a prolongation 𝑅(𝑠)𝑞+𝑟 = 𝜋𝑞+𝑟+𝑠𝑞+𝑟 (𝑅𝑞+𝑟+𝑠) ⊂ 𝑅𝑞+𝑟must be done. Using
the Lie algebra ⃗𝒢 with dimension 10 for𝑀 , 4 for 𝑆 and 2 for 𝐾 instead of 𝑛 , the Spencer sequence is always isomorphic to the tensor product of
the Poincaré sequence for the exterior derivative by a Lie algebra that may have a very small dimension as we shall see. Accordingly, we claim:

THE IMPORTANT OBJECT IS NOT THE METRIC BUT ITS GROUP OF INVARIANCE
In particular, the FACT that third order generating CC for the Killing operator may exist has no physical meaning as nobody is knowing a way

to select a best candidate among the possible explicit solutions of Einstein equations in vacuum, a mathematical result questioning the origin and
existence of black holes as we shall see !. We also notice the fact that the PP procedure is highly depending on the various parameters involved,
namely the only parameter 𝑚 for the S metric which is reduced to the M metric when 𝑚 = 0 while the K metric depends on the two parameters
(𝑚, 𝑎) and is reduced to the S metric when 𝑎 = 0 . We study now this comment.

3 DIFFERENTIAL TOOLS

3.1 From Group Theory to Differential Sequences
Let 𝐺 be a Lie group with coordinates (𝑎𝜌) = (𝑎1, ..., 𝑎𝑝) acting on a manifold 𝑋 with a local action map 𝑦 = 𝑓(𝑥, 𝑎) . According to the second
fundamental theorem of Lie, if 𝜃1, ..., 𝜃𝑝 are the infinitesimal generators of the effective action of a lie group 𝐺 on 𝑋 , then [𝜃𝜌, 𝜃𝜍] = 𝑐𝜏𝜌𝜍𝜃𝜏 where
the 𝑐 = (𝑐𝜏𝜌𝜍 = −𝑐𝜏𝜍𝜌) are the structure constants of a Lie algebra of vector felds which can be identified with 𝒢 = 𝑇𝑒(𝐺) the tangent space to 𝒢 at
the identity 𝑒 ∈ 𝐺 by using the action.

More generally, if 𝑋 is a manifold and 𝐺 is a lie group (not acting necessarily on 𝑋 ), let us consider gauging maps 𝑎 ∶ 𝑋 → 𝐺 ∶ (𝑥) → (𝑎(𝑥)) .
If 𝑥+𝑑𝑥 is a point of 𝑋 close to 𝑥 , then the tangent mapping 𝑇(𝑎) ∶ 𝑇 = 𝑇(𝑋) → 𝑇(𝐺) ∶ 𝑑𝑥 → 𝑑𝑎 = (𝜕𝑎/𝜕𝑥)𝑑𝑥will provide a point 𝑎+𝑑𝑎 close to
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𝑎 on𝐺 . Wemay bring 𝑎 back to 𝑒 on𝐺 by acting on 𝑎with 𝑎−1 on the left, that is 𝑏 → 𝑎−1𝑏, ∀𝑏 ∈ 𝐺 . We get therefore a 1-form 𝑎−1𝑑𝑎 = 𝐴 ∈ 𝑇∗⊗𝒢
and the curvature 2-form 𝐹 = (𝜕𝑖𝐴𝜏𝑗(𝑥) − 𝜕𝑗𝐴𝜏𝑖 (𝑥) − 𝑐𝜏𝜌𝜍𝐴

𝜌
𝑖 (𝑥)𝐴

𝜍
𝑗 (𝑥) = 𝐹𝜏𝑖𝑗(𝑥)) ∈ ∧2𝑇∗ ⊗ 𝒢 in the nonlinear gauge sequence:

𝑋 × 𝐺 ⟶ 𝑇∗ ⊗𝐺 ⟶ ∧2𝑇∗ ⊗𝐺
𝑎 ⟶ 𝑎−1𝑑𝑎 = 𝐴 ⟶ 𝑑𝐴− [𝐴, 𝐴] = 𝐹

In 1956, at the birth of gauge theory (GT), the above notations were coming from the EM potential 𝐴 and EM field 𝑑𝐴 = 𝐹 of relativistic
Maxwell theory. Accordingly, 𝐺 = 𝑈(1) (unit circle in the complex plane)⟶ dim(𝒢) = 1 was the only possibility to get a 1-form 𝐴 and a 2-form
𝐹 with vanishing structure constants 𝑐 = 0 .

Choosing now 𝑎 “close” to 𝑒 , that is 𝑎(𝑥) = 𝑒 + 𝑡𝜆(𝑥) + ... and linearizing as usual, we obtain the linear operator 𝑑 ∶ ∧0𝑇∗⊗𝒢 → ∧1𝑇∗⊗𝒢 ∶
(𝜆𝜏(𝑥)) → (𝜕𝑖𝜆𝜏(𝑥)) and the linear gauge sequence:

∧0𝑇∗ ⊗ 𝒢
𝑑
⟶∧1𝑇∗ ⊗ 𝒢

𝑑
⟶∧2𝑇∗ ⊗ 𝒢

𝑑
⟶ …

𝑑
⟶∧𝑛𝑇∗ ⊗ 𝒢 ⟶ 0

which is the tensor product by 𝒢 of the Poincaré sequence for the exterior derivative.
Considering now a Lagrangian on 𝑇∗ ⊗ 𝒢 , that is an action𝑊 = ∫𝑤(𝐴)𝑑𝑥 where 𝑑𝑥 = 𝑑𝑥1∧...∧𝑑𝑥𝑛 , we may vary it. With 𝐴 = 𝑎−1𝑑𝑎 we

may introduce 𝜆 = 𝑎−1𝛿𝑎 ∈ 𝒢 = ∧∪𝑇∗⊗𝒢 and get 𝛿𝐴𝜏𝑖 = 𝜕𝑖𝜆𝜏−𝑐𝜏𝜌𝜍𝐴
𝜌
𝑖 𝜆𝜍 ([20], p 180-185). Setting 𝜕𝑤/𝜕𝐴 = 𝒜 = (𝒜𝑖

𝜏) ∈ ∧𝑛−1𝑇∗⊗𝒢∗ , we obtain
the Poincaré equations 𝜕𝑖𝒜𝑖

𝜏 + 𝑐𝜍𝜌𝜏𝒜
𝜌
𝑖 𝒜𝑖

𝜍 = 0 as the adjoint of the previous operator (up to sign). Setting now (𝛿𝑎)𝑎−1 = 𝜇 ∈ 𝒢 ,we get the adjoint
representation 𝜆 = 𝑎−1((𝛿𝑎)𝑎−1)𝑎 = 𝐴𝑑(𝑎)𝜇 while, introducing 𝐵 such that 𝐵𝜇 = 𝐴𝜆 , we get the divergence-like equations 𝜕𝑖𝐵𝑖𝜍 = 0 .

In a different setting, if 𝐺 acts on 𝑋 , let {𝜃𝜏 ∣ 1 ≤ 𝜏 ≤ 𝑝 = 𝑑𝑖𝑚(𝐺)} be a basis of infinitesimal generators of the action. If 𝜇 = (𝜇1, ..., 𝜇𝑛) is a
multi-index of length | 𝜇 | = 𝜇1+…+𝜇𝑛 and 𝜇+1𝑖 = (𝜇1, .., 𝜇𝑖−1, 𝜇𝑖+1, 𝜇𝑖+1, ..., 𝜇𝑛) , we may introduce the Lie algebroid 𝑅𝑞 ⊂ 𝐽𝑞(𝑇)with sections
defined by 𝜉𝑘𝜇(𝑥) = 𝜆𝜏(𝑥)𝜕𝜇𝜃𝑘𝜏 (𝑥) for an arbitrary section 𝜆 ∈ ∧0𝑇∗⊗𝒢 and the trivially involutive operator 𝑗𝑞 ∶ 𝑇 → 𝐽𝑞(𝑇) ∶ 𝜃 → (𝜕𝜇𝜃, 0 ≤ |𝜇| ≤ 𝑞)
of order 𝑞 . We finally obtain the Spencer operator 𝑑 ∶ 𝑅𝑞+1 → 𝑇∗ ⊗𝑅𝑞 through the chain rule for derivatives [17]:

(𝑑𝜉𝑞+1)𝑘𝜇,𝑖(𝑥) = 𝜕𝑖𝜉𝑘𝜇(𝑥) − 𝜉𝑘𝜇+1𝑖(𝑥) = 𝜕𝑖𝜆𝜏(𝑥)𝜕𝜇𝜃𝑘𝜏 (𝑥)

When 𝑞 is large enough to have an isomorphism 𝑅𝑞+1 ≃ 𝑅𝑞 ≃ Λ0𝑇∗⊗𝒢 and the following linear Spencer sequence in which the operators 𝐷𝑟
are induced by 𝑑 as above:

0⟶ Θ
𝑗𝑞
−→ 𝑅𝑞

𝐷1−−→ 𝑇∗ ⊗𝑅𝑞
𝐷2−−→ ∧2𝑇∗ ⊗𝑅𝑞

𝐷3−−→ ...
𝐷𝑛−−→ ∧𝑛𝑇∗ ⊗𝑅𝑞 ⟶0

is isomorphic to the linear gauge sequence but with a completely different meaning because 𝐺 is now acting on 𝑋 and Θ ⊂ 𝑇 is such that
[Θ,Θ] ⊂ Θ . Surprisingly, these results have NEVER been used in the study of the M, S and K metrics [13].

It is not evident, as we already saw, that the projective transformation 𝑦 = (𝑎𝑥 + 𝑏)/(𝑐𝑥 + 𝑑) of the real line with (𝑎, 𝑏, 𝑐, 𝑑) constants is the
generic solution of the third order OD equation (𝑦𝑥𝑥𝑥/𝑦𝑥) − (3/2)(𝑦𝑥𝑥/𝑦𝑥)2 = 0 and has three infinitesimal generators (𝜕𝑥, 𝑥𝜕𝑥,

1
2
𝑥2𝜕𝑥) providing

the generic solution of the linearized OD equation 𝜉𝑥𝑥𝑥 = 0 . The situation of contact transformations met in Section 2 and of Lie pseudogroups
in general needs new differential geometric tools as follows, not known by physicists because they necessarily involve the Spencer operator [20].

3.2 LIE ALGEBROIDS
If 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) is a system of order 𝑞 on 𝐸 , then 𝑅𝑞+𝑟 = 𝜌𝑟(𝑅𝑞) = 𝐽𝑟(𝑅𝑞) ∩ 𝐽𝑞+𝑟(𝐸) ⊂ 𝐽𝑟(𝐽𝑞(𝐸)) is called the 𝑟 -prolongation of 𝑅𝑞 and is thus
the system obtained after differentiating r times. In actual practice, if the system is defined by PDE Φ𝜏 ≡ 𝑎𝜏𝜇𝑘 (𝑥)𝜉𝑘𝜇 = 0 the first prolongation
is defined by adddng the PDE 𝑑𝑖Φ𝜏 ≡ 𝑎𝜏𝜇𝑘 (𝑥)𝜉𝑘𝜇+1𝑖 + 𝜕𝑖𝑎

𝜏𝜇
𝑘 (𝑥)𝜉𝑘𝜇 = 0 .A Ccordingly, 𝜉𝑞 ∈ 𝑅𝑞 ⇔ 𝑎𝜏𝜇𝑘 (𝑥)𝜉𝑘𝜇(𝑥) = 0 and 𝜉𝑞+1 ∈ 𝑅𝑞+1 ⇔

𝑎𝜏𝜇𝑘 (𝑥)𝜉𝑘𝜇+1𝑖(𝑥) + 𝜕𝑖𝑎
𝜏𝜇
𝑘 (𝑥)𝜉𝑘𝜇(𝑥) = 0 as identitties on 𝑋 or at least over an open subset 𝑈 ⊂ 𝑋 . We finally obtain:

𝜕𝑖Φ𝜏 − 𝑑𝑖Φ𝜏 ≡ 𝑎𝜏𝜇𝑘 (𝑥)(𝜕𝑖𝜉𝑘𝜇(𝑥) − 𝜉𝑘𝜇+1𝑖(𝑥)) = 0 ⇒ 𝑑𝜉𝑞+1 ∈ 𝑇∗ ⊗𝑅𝑞

and the Spencer operator restricts to 𝑑 ∶ 𝑅𝑞+1 → 𝑇∗ ⊗𝑅𝑞 .
Definition 3.B.1: We set 𝑅(𝑠)𝑞+𝑟 = 𝜋𝑞+𝑟+𝑠𝑞+𝑟 (𝑅𝑞+𝑟+𝑠) and this system is called the 𝑠-prolonged system of order 𝑞 + 𝑟. For Example, if we consider

the second order Killing system 𝑅1 ⊂ 𝐽1(𝑇) defined by 𝑥2𝜉11 + 𝜉2 = 0, 𝜉12 = 0 then 𝑅(1)1 ⊂ 𝑅1 is defined by adding 𝜉11 + 𝜉22 = 0 , even though both
systems have the same ” solutions”.

Definition 3.B.2: The symbol of 𝑅𝑞 is the family 𝑔𝑞 = 𝑅𝑞 ∩ 𝑆𝑞𝑇∗⊗𝐸 of vector spaces over 𝑋 . The symbol 𝑔𝑞+𝑟 of ℛ𝑞+𝑟 only depends on 𝑔𝑞 by
a direct prolongation procedure. We may define the vector bundle 𝐹0 overℛ𝑞 by the short exact sequence 0 → 𝑅𝑞 → 𝐽𝑞(𝐸) → 𝐹0 → 0 and we have
the exact induced sequence 0 → 𝑔𝑞 → 𝑆𝑞𝑇∗ ⊗ 𝐸 → 𝐹0 .

When ∣ 𝜇 ∣= 𝑞 , we obtain:

𝑔𝑞 = {𝑣𝑘𝜇 ∈ 𝑆𝑞𝑇∗ ⊗ 𝐸 ∣ 𝑎𝜏𝜇𝑘 (𝑥)𝑣𝑘𝜇 = 0}, ∣ 𝜇 ∣= 𝑞

⇒ 𝑔𝑞+𝑟 = 𝜌𝑟(𝑔𝑞) = {𝑣𝑘𝜇+𝜈 ∈ 𝑆𝑞+𝑟𝑇∗ ⊗ 𝐸 ∣ 𝑎𝜏𝜇𝑘 (𝑥)𝑣𝑘𝜇+𝜈 = 0},

∣ 𝜇 ∣= 𝑞, ∣ 𝜈 ∣= 𝑟

In general, neither 𝑔𝑞 nor 𝑔𝑞+𝑟 are vector bundles over 𝑋 as can be seen in the simple example 𝑥𝑦𝑥 − 𝑦 = 0 ⇒ 𝑥𝑦𝑥𝑥 = 0 .
On ∧𝑠𝑇∗ wemay introduce the usual bases {𝑑𝑥𝐼 = 𝑑𝑥𝑖1 ∧ ... ∧ 𝑑𝑥𝑖𝑠}where we have set 𝐼 = (𝑖1 < … < 𝑖𝑠) . In a purely algebraic setting, one has:
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Proposition 3.B.3: There exists a map 𝛿 ∶ ∧𝑠𝑇∗⊗ 𝑆𝑞+1𝑇∗⊗𝐸 → ∧𝑠+1𝑇∗⊗ 𝑆𝑞𝑇∗⊗𝐸 which restricts to 𝛿 ∶ ∧𝑠𝑇∗⊗ 𝑔𝑞+1 → ∧𝑠+1𝑇∗⊗ 𝑔𝑞 and
𝛿2 = 𝛿 ∘ 𝛿 = 0 .

Proof: Let us introduce the map: 𝜔 = {𝜔𝑘𝜇 = 𝑣𝑘𝜇,𝐼𝑑𝑥𝐼} (𝛿𝜔)𝑘𝜇 = 𝑑𝑥𝑖 ∧𝜔𝑘𝜇+1𝑖 (𝛿
2𝜔)𝑘𝜇 = 𝑑𝑥𝑖 ∧𝑑𝑥𝑗 ∧𝜔𝑘𝜇+1𝑖+1𝑗 = 0 𝑎𝜏𝜇𝑘 (𝛿𝜔)𝑘𝜇 = 𝑑𝑥𝑖 ∧ (𝑎𝜏𝜇𝑘 𝜔𝑘𝜇+1𝑖) = 0

The kernel of each 𝛿 in the first case is equal to the image of the preceding 𝛿 but this may no longer be true in the restricted case and we set:
Definition 3.B.4: Let 𝐵𝑠𝑞+𝑟(𝑔𝑞) ⊆ 𝑍𝑠𝑞+𝑟(𝑔𝑞) and 𝐻𝑠

𝑞+𝑟(𝑔𝑞) = 𝑍𝑠𝑞+𝑟(𝑔𝑞)/𝐵𝑠𝑞+𝑟(𝑔𝑞) with 𝐻𝑠(𝑔𝑞) = 𝐻𝑠
𝑞(𝑔𝑞) be the coboundary space 𝑖𝑚(𝛿) , cocycle

space 𝑘𝑒𝑟(𝛿) and cohomology space at ∧𝑠𝑇∗ ⊗ 𝑔𝑞+𝑟 of the restricted 𝑔𝑞 is said to be s-acyclic if 𝐻1
𝑞+𝑟 = … = 𝐻𝑠

𝑞+𝑟 = 0, ∀𝑟 ≥ 0. The symbol 𝑔𝑞 is
said to be of finite type if 𝑔𝑞+𝑟 = 0 for 𝑟 large enough. In particular, if 𝑔𝑞 is involutive and finite type, then 𝑔𝑞 = 0 . Finally, 𝑆𝑞𝑇∗ ⊗𝐸 is involutive
for any 𝑞 ≥ 0 if we set 𝑆0𝑇∗ ⊗ 𝐸 = 𝐸 .

A first point is provided by the following useful but technical results. Aswe do notwant to provide details about groupoids, we shall introduce a
” copy” 𝑌 (target) of 𝑋 (source) and define simply a Lie pseudogroup Γ ⊆ 𝑎𝑢𝑡(𝑋) as a group of transformations solutions of a (in general nonlinear)
system ℛ𝑞 , such that, whenever 𝑦 = 𝑓(𝑥), 𝑧 = 𝑔(𝑦) ∈ Γ can be composed, then 𝑧 = 𝑔 ∘ 𝑓(𝑥) ∈ Γ , 𝑥 = 𝑓−1(𝑦) ∈ Γ and 𝑦 = 𝑖𝑑(𝑥) = 𝑥 ∈ Γ .
Setting 𝑦 = 𝑥 + 𝑡𝜉(𝑥) + ... and passing to the limit when 𝑡 → 0 , we may linearize the later system and obtain a (linear) system 𝑅𝑞 ⊂ 𝐽𝑞(𝑇) such
that [Θ,Θ] ⊂ Θ . We may use the Frobenius theorem in order to find a generating fundamental set of differential invariants {Φ𝜏(𝑦𝑞)} up to order 𝑞
which are such that Φ𝜏( ̄𝑦𝑞) = Φ𝜏(𝑦𝑞) whenever ̄𝑦 = 𝑔(𝑦) ∈ Γ . We obtain the Lie form Φ𝜏(𝑦𝑞) = Φ𝜏(𝑖𝑑𝑞(𝑥)) = Φ𝜏(𝑗𝑞(𝑖𝑑)(𝑥)) = 𝜔𝜏(𝑥) of ℛ𝑞 .

Of course, in actual practice one must use sections of 𝑅𝑞 instead of solutions and we now prove why the use of the Spencer operator becomes
crucial for such a purpose. Indeed, we may define:

{𝑗𝑞+1(𝜉), 𝑗𝑞+1(𝜂)} = 𝑗𝑞([𝜉, 𝜂]), ∀𝜉, 𝜂 ∈ 𝑇 (𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑏𝑟𝑎𝑐𝑘𝑒𝑡)

We may obtain by bilinearity a bracket on 𝐽𝑞(𝑇) extending the bracket on 𝑇 .

[𝜉𝑞, 𝜂𝑞] = {𝜉𝑞+1, 𝜂𝑞+1} + 𝑖(𝜉)𝑑𝜂𝑞+1 − 𝑖(𝜂)𝑑𝜉𝑞+1, ∀𝜉𝑞, 𝜂𝑞 ∈ 𝐽𝑞(𝑇) (𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑏𝑟𝑎𝑐𝑘𝑒𝑡)

which does not depend on the respective lifts 𝜉𝑞+1 and 𝜂𝑞+1 of 𝜉𝑞 and 𝜂𝑞 in 𝐽𝑞+1(𝑇) . This bracket on sections satisfies the Jacobi identity:

[[𝜉𝑞, 𝜂𝑞], 𝜁𝑞] + [[𝜂𝑞, 𝜁𝑞], 𝜉𝑞] + [[𝜁𝑞, 𝜉𝑞], 𝜂𝑞] = 0, ∀𝜉𝑞, 𝜂𝑞, 𝜁𝑞 ∈ 𝐽𝑞(𝑇) (𝐽𝑎𝑐𝑜𝑏𝑠).

and we set [20]:
Definition 3.B.5: We say that a vector subbundle 𝑅𝑞 ⊂ 𝐽𝑞(𝑇) is a system of infinitesimal Lie equations or a Lie algebroid if [𝑅𝑞, 𝑅𝑞] ⊂ 𝑅𝑞 , that

is to say [𝜉𝑞, 𝜂𝑞] ∈ 𝑅𝑞, ∀𝜉𝑞, 𝜂𝑞 ∈ 𝑅𝑞 . Such a definition can be tested by means of computer algebra. We shall also say that 𝑅𝑞 is transitive if we

have the short exact sequence 0 → 𝑅0𝑞 → 𝑅𝑞
𝜋𝑞0→ 𝑇 → 0 .

Theorem 3.B.6: The bracket is compatible with prolongations:

[𝑅𝑞, 𝑅𝑞] ⊂ 𝑅𝑞 ⇒ [𝑅𝑞+𝑟, 𝑅𝑞+𝑟] ⊂ 𝑅𝑞+𝑟, ∀𝑟 ≥ 0

Proof: When 𝑟 = 1 , we have 𝜌1(𝑅𝑞) = 𝑅𝑞+1 = {𝜉𝑞+1 ∈ 𝐽𝑞+1(𝑇) ∣ 𝜉𝑞 ∈ 𝑅𝑞, 𝑑𝜉𝑞+1 ∈ 𝑇∗ ⊗ 𝑅𝑞} and we just need to use the following formulas
showing how 𝑑 acts on the various brackets if we set 𝐿(𝜉1)𝜁 = [𝜉, 𝜁] + 𝑖(𝜁)𝑑𝜉1 (See [22] and [26] or [32] for more details):

𝑖(𝜁)𝑑{𝜉𝑞+1, 𝜂𝑞+1} = {𝑖(𝜁)𝑑𝜉𝑞+1, 𝜂𝑞} + {𝜉𝑞, 𝑖(𝜁)𝑑𝜂𝑞+1}, ∀𝜁 ∈ 𝑇

𝑖(𝜁)𝑑[𝜉𝑞+1, 𝜂𝑞+1] = [𝑖(𝜁)𝑑𝜉𝑞+1, 𝜂𝑞] + [𝜉𝑞, 𝑖(𝜁)𝑑𝜂𝑞+1]

+ 𝑖(𝐿(𝜂1)𝜁)𝑑𝜉𝑞+1 − 𝑖(𝐿(𝜉1)𝜁)𝑑𝜂𝑞+1

The right member of the second formula is a section of 𝑅𝑞 whenever 𝜉𝑞+1, 𝜂𝑞+1 ∈ 𝑅𝑞+1 . The first formula may be used when 𝑅𝑞 is formally
integrable.

Corollary 3.B.7: The bracket is compatible with the PP procedure:

[𝑅𝑞, 𝑅𝑞] ⊂ 𝑅𝑞 ⇒ [𝑅(𝑠)𝑞+𝑟, 𝑅
(𝑠)
𝑞+𝑟] ⊂ 𝑅(𝑠)𝑞+𝑟, ∀𝑟, 𝑠 ≥ 0

Example 3.B.8: When 𝑛 = 1 , one has the unusual successive formulas:

[𝜉, 𝜂] = 𝜉𝜕𝑥𝜂 − 𝜂𝜕𝑥𝜉

([𝜉1, 𝜂1])𝑥 = 𝜉𝜕𝑥𝜂𝑥 − 𝜂𝜕𝑥𝜉𝑥

([𝜉2, 𝜂2])𝑥𝑥 = 𝜉𝑥𝜂𝑥𝑥 − 𝜂𝑥𝜉𝑥𝑥 + 𝜉𝜕𝑥𝜂𝑥𝑥 − 𝜂𝜕𝑥𝜉𝑥𝑥

([𝜉3, 𝜂3])𝑥𝑥𝑥 = 2𝜉𝑥𝜂𝑥𝑥𝑥 − 2𝜂𝑥𝜉𝑥𝑥𝑥 + 𝜉𝜕𝑥𝜂𝑥𝑥𝑥 − 𝜂𝜕𝑥𝜉𝑥𝑥𝑥

They can be used for linear ( 𝜉𝑥 = 0 ), affine ( 𝜉𝑥𝑥 = 0 ) or projective 𝜉𝑥𝑥𝑥 = 0 )transformations.
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Example 3.B.9: With 𝑛 = 𝑚 = 2 and 𝑞 = 1 , let us consider the Lie pseudogroup Γ ⊂ 𝑎𝑢𝑡(𝑋) of finite transformations 𝑦 = 𝑓(𝑥) such that
𝑦2𝑑𝑦1 = 𝑥2𝑑𝑥1 = 𝛼 . Setting 𝑦 = 𝑥 + 𝑡𝜉(𝑥) + ... and linearizing, we get the Lie operator𝒟𝜉 = ℒ(𝜉)𝛼 where ℒ is the Lie derivative and the system
𝑅1 ⊂ 𝐽1(𝑇) of linear infinitesimal Lie equations already met in Definition 3.B.1. Let us choose the two sections 𝜉1, 𝜂1 ∈ 𝐽1(𝑇) :

𝜉1 = {𝜉1 = 0, 𝜉2 = −𝑥2, 𝜉11 = 1, 𝜉12 = 0, 𝜉21 = 0, 𝜉22 = 0} ∈ 𝑅1
𝜂1 = {𝜂1 = 𝑥2, 𝜂2 = 0, 𝜂11 = 0, 𝜂12 = −𝑥2, 𝜂21 = 0, 𝜂22 = 1} ∈ 𝑅1

The reader may check that [𝜉1, 𝜂1] ∈ 𝑅1 . However, we have the strict inclusion 𝑅
(1)
1 ⊂ 𝑅1 defined by the additional equation 𝜉11 + 𝜉22 = 0 and

thus 𝜉1, 𝜂1 ∉ 𝑅(1)1 though we have [𝑅(1)1 , 𝑅(1)1 ] ⊂ 𝑅(1)1 , a result not evident and lacking in [14] because 𝜉1 and 𝜂1 have nothing to do with solutions.

3.3 JANET VERSUS SPENCER
When 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) is an involutive system on 𝐸 , there is a Fundamental Diagram 𝐼 with exact columns, where each operator is induced by the
extension 𝑑 ∶ ∧𝑟𝑇∗⊗𝐽𝑞+1(𝐸) ∧𝑟+1 𝑇∗⊗𝐽𝑞(𝐸) ∶ 𝛼⊗ 𝜉𝑞+1 → 𝑑𝛼⊗𝜉𝑞 + (−1)𝑟𝛼∧ 𝑑𝜉𝑞+1 of the Spencer operator 𝑑 ∶ 𝐽𝑞+1(𝐸) → 𝑇∗⊗𝐽𝑞(𝐸) ∶ 𝜉𝑞+1 →
𝑗1(𝜉𝑞) − 𝜉𝑞+1 . The upper sequence is the Spencer sequence while the lower sequence is the Janet sequence and the sum 𝑑𝑖𝑚(𝐶𝑟) + 𝑑𝑖𝑚(𝐹𝑟) =
𝑑𝑖𝑚(𝐶𝑟(𝐸)) does not depend on the system while the epimorphisms Φ𝑟 are induced inductively by Φ = Φ0 [20, 29]:

0 0 0
↓ ↓ ↓

0 → Θ
𝑗𝑞
⟶ 𝐶0

𝑑1⟶ 𝐶1
𝑑2⟶...

𝑑𝑛→ 𝐶𝑛 → 0
↓ ↓ ↓

0 → 𝐸
𝑗𝑞
⟶ 𝐶0(𝐸)

𝑑1⟶ 𝐶1(𝐸)
𝑑2⟶...

𝑑𝑛⟶ 𝐶𝑛(𝐸) → 0
∥ ↓ Φ0 ↓ Φ1 ↓ Φ𝑛

0 → Θ → 𝐸
𝐷
⟶ 𝐹0

𝐷1⟶ 𝐹1
𝐷2⟶...

𝐷𝑛⟶ 𝐹𝑛 → 0
↓ ↓ ↓
0 0 0

For later computations, the sequence 𝐽𝑞+1(𝐸)
𝑑
⟶𝑇∗ ⊗ 𝐽𝑞(𝐸)

𝑑
⟶∧2𝑇∗ ⊗ 𝐽𝑞−1(𝐸) can be described by the images 𝜕𝑖𝜉𝑘𝜇 − 𝜉𝑘𝜇+1𝑖 = 𝑋𝑘

𝜇,𝑖 leading
to the identities:

𝜕𝑖𝑋𝑘
𝜇,𝑗 − 𝜕𝑗𝑋𝑘

𝜇,𝑖 + 𝑋𝑘
𝜇+1𝑗,𝑖 − 𝑋𝑘

𝜇+1𝑖,𝑗 = 0

We also recall that the linear Spencer sequence for a Lie group of transformations𝐺×𝑋 → 𝑋 , which essentially depends on the action because
infinitesimal generators are needed, is locally isomorphic to the linear gauge sequence which does not depend on the action any longer as it is the
tensor product of the Poincaré sequence by the Lie algebra 𝒢 of 𝐺 .

The main idea will be to introduce and compare the three Lie groups of transformations: The Poincaré group of transformations with 10
parameters leading to the Killing system 𝑅2 :

Ω𝑖𝑗 ≡ (𝐿(𝜉1)𝜔)𝑖𝑗 ≡ 𝜔𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝜔𝑖𝑟(𝑥)𝜉𝑟𝑗 + 𝜉𝑟𝜕𝑟𝜔𝑖𝑗(𝑥) = 0

Γ𝑘𝑖𝑗 ≡ (𝐿(𝜉2)𝛾)𝑘𝑖𝑗 ≡ 𝜉𝑘𝑖𝑗 + 𝛾𝑘𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝛾𝑘𝑖𝑟(𝑥)𝜉𝑟𝑗 − 𝛾𝑟𝑖𝑗(𝑥)𝜉𝑘𝑟 + 𝜉𝑟𝜕𝑟𝛾𝑘𝑖𝑗(𝑥) = 0

TheWeyl group of transformations with 11 parameters leading to the Weyl system 𝑅̃2 .

Ω𝑖𝑗 ≡ 𝜔𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝜔𝑖𝑟(𝑥)𝜉𝑟𝑗 + 𝜉𝑟𝜕𝑟𝜔𝑖𝑗(𝑥) = 2Λ(𝑥)𝜔𝑖𝑗(𝑥)

Γ𝑘𝑖𝑗 ≡𝜉
𝑘
𝑖𝑗 + 𝛾𝑘𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝛾𝑘𝑖𝑟(𝑥)𝜉𝑟𝑗 − 𝛾𝑟𝑖𝑗(𝑥)𝜉𝑘𝑟 + 𝜉𝑟𝜕𝑟𝛾𝑘𝑖𝑗(𝑥)

=0

The conformal group of transformations with 15 parameters (4 translations + 6 rotations + 1 dilatation +4 elations) leading to the conformal
Killing system 𝑅̂2 :

Ω𝑖𝑗 ≡ 𝜔𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝜔𝑖𝑟(𝑥)𝜉𝑟𝑗 + 𝜉𝑟𝜕𝑟𝜔𝑖𝑗(𝑥) = 2Λ(𝑥)𝜔𝑖𝑗(𝑥)

Γ𝑘𝑖𝑗 ≡𝜉
𝑘
𝑖𝑗 + 𝛾𝑘𝑟𝑗(𝑥)𝜉𝑟𝑖 + 𝛾𝑘𝑖𝑟(𝑥)𝜉𝑟𝑗 − 𝛾𝑟𝑖𝑗(𝑥)𝜉𝑘𝑟 + 𝜉𝑟𝜕𝑟𝛾𝑘𝑖𝑗(𝑥)

=𝛿𝑘𝑖 Λ𝑗(𝑥) + 𝛿𝑘𝑗 Λ𝑖(𝑥) − 𝜔𝑖𝑗(𝑥)𝜔𝑘𝑟(𝑥)Λ𝑟(𝑥)
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where one has to eliminate the arbitrary function Λ(𝑥) and 1-form Λ𝑖(𝑥)𝑑𝑥𝑖 for finding sections, replacing the ordinary Lie derivative ℒ(𝜉) by
the formal Lie derivative 𝐿(𝜉𝑞) , that is replacing 𝑗𝑞(𝜉) by 𝜉𝑞 when needed. When 𝑛 = 4 , 𝑅̂2 is FI but ̂𝑔2 is only 2-acyclic while ̂𝑔3 = 0 and we have
for the involutive 𝑅̂3 ≃ 𝑅̂2 (See [26] for details and counterexamples):

0 0 0 0 0
↓ ↓ ↓ ↓ ↓

0 → Θ̂
𝑗3→ 15

𝑑1→ 60
𝑑2→ 90

𝑑3→ 60
𝑑4→ 15 → 0

↓ ↓ ↓ ↓ ↓

0 → 4
𝑗3→
3

140
𝑑1→ 420

𝑑2→ 504
𝑑3→ 280

𝑑4→ 60 → 0
∥ ↓ Φ0 ↓ Φ1 ↓ Φ2 ↓ Φ3 ↓ Φ4

0 → Θ̂ → 4
𝐷̂
→
3

125
𝐷̂1→
1

360
𝐷̂2→
1

414
𝐷̂3→
1

220
𝐷̂4→
1

45 → 0
↓ ↓ ↓ ↓ ↓
0 0 0 0 0

The top Spencer sequence is the tensor product of the Poincaré sequence by the Lie algebra ̂𝒢 of dimension 15 and we may use the inclusions
𝑅2 ⊂ 𝑅̄2 ⊂ 𝑅̄2 ⊂ 𝐽2(𝑇) with 10 < 11 < 15 < 60 . Working by induction, the minimum formally exact resolution on the jet level is:

0⟶ Θ̂⟶ 4⟶ 9⟶ 10⟶ 9⟶ 4⟶ 0

with ”up and down” orders that must be compared to the above canonical Janet sequence. Of course, finding such numbers can be done
by means of computer algebra (arXiv: 1603.05030) or through combinatorics (exercise !) but it will never prove that such a sequence is formally
exact as it will involve enormous matrices (up to 840 x 1134 !!!) and cannot be achieved without the help of the Spencer 𝛿 -cohomology, still never
introduced in GR or conformal geometry [20, 26].

When 𝜔 is the M metric, it follows that 𝛾 = 0 and we obtain therefore:

𝑋𝑟
𝑗,𝑖 − 𝑋𝑟

𝑟𝑖,𝑗 = (𝜕𝑖𝜉𝑟𝑟𝑗 − 𝜉𝑟𝑟𝑖𝑗) − (𝜕𝑗𝜉𝑟𝑟𝑖 − 𝜉𝑟𝑟𝑖𝑗) = 𝜕𝑖𝜉𝑟𝑟𝑗 − 𝜕𝑗𝜉𝑟𝑟𝑖 = 𝑛 (𝜕𝑖Λ𝑗 − 𝜕𝑗Λ𝑖))

Dividing by 𝑛 , we may thus obtain (𝐹𝑖𝑗 = 𝜕𝑖Λ𝑗 − 𝜕𝑗Λ𝑖) ∈ ∧2𝑇∗ from 𝑋𝑟
𝑟𝑗,𝑖 ∈ 𝑇∗ ⊗ ̂𝑔2 ⊂ 𝐶1 with 𝑑𝐹 = 0 because ̂𝑔3 = 0 and thus 𝜉𝑘𝑟𝑖𝑗 = 0 in

𝑆3𝑇∗ ⊗ 𝑇 .
This result is solving the dream of H . Weyl for exhibiting the conformal origin of electromagnetism in [22]. It is however completely

contradicting the standard approach of classical gauge theory based on the group𝑈(1)which is not acting on space-time. In addition, the EM field
F is a section of the first Spencer bundle 𝐶1 in the image of 𝐷1 because (Λ, Λ𝑖) ∈ 𝐶0 = 𝑅̂3 ≃ 𝑅̂2 .

We apply the linearization procedure to the Riemann tensor:

𝜌 = (𝜌𝑘𝑙,𝑖𝑗 = 𝜕𝑖𝛾𝑘𝑙𝑗 − 𝜕𝑗𝛾𝑘𝑙𝑖 + 𝛾𝑟𝑙𝑗𝛾
𝑘
𝑟𝑖 − 𝛾𝑟𝑙𝑖𝛾

𝑘
𝑟𝑗) ∈ Λ2𝑇∗ ⊗ 𝑇∗ ⊗ 𝑇

Now, as the linearization Γ ∈ 𝑆2𝑇∗ ⊗ 𝑇 of 𝛾 is a tensor, the linearization 𝑅 of 𝜌 becomes:

𝑅𝑘𝑙,𝑖𝑗 = 𝑑𝑖Γ𝑘𝑙𝑗 − 𝑑𝑗Γ𝑘𝑙𝑖 + 𝛾𝑟𝑙𝑗Γ
𝑘
𝑟𝑖 − 𝛾𝑟𝑙𝑖Γ

𝑘
𝑟𝑗 + 𝛾𝑘𝑟𝑖Γ𝑟𝑙𝑗 − 𝛾𝑘𝑟𝑗Γ𝑟𝑙𝑖

If ∇ is the covariant derivative, we have ∇𝑟𝜔𝑖𝑗 = 𝜕𝑟𝜔𝑖𝑗 − 𝛾𝑠𝑖𝑟𝜔𝑠𝑗 − 𝛾𝑠𝑗𝑟𝜔𝑖𝑠 = 0 and we may move down the index 𝑘 . Then, using 𝑟 as a dumb
index, we may consider the first order equations:

(𝐿(𝜉1)𝜌)𝑘𝑙,𝑖𝑗 ≡ 𝑅𝑘𝑙,𝑖𝑗 ≡ 𝜌𝑟𝑙,𝑖𝑗𝜉𝑟𝑘 + 𝜌𝑘𝑟,𝑖𝑗𝜉𝑟𝑙 + 𝜌𝑘𝑙,𝑟𝑗𝜉𝑟𝑖 + 𝜌𝑘𝑙,𝑖𝑟𝜉𝑟𝑗 + 𝜉𝑟𝜕𝑟𝜌𝑘𝑙,𝑖𝑗 = 0

that can be considered as an infinitesimal first order variation of 𝜌 . As for the Ricci tensor (𝜌𝑖𝑗) ∈ 𝑆2𝑇∗ , we notice that 𝜌𝑖𝑗 = 𝜌𝑟𝑖,𝑟𝑗 = 0 ⇒
𝑅𝑖𝑗 ≡ 𝜌𝑟𝑗𝜉𝑟𝑖 + 𝜌𝑖𝑟𝜉𝑟𝑗 + 𝜉𝑟𝜕𝑟𝜌𝑖𝑗 = 0 . Using now a cyclic sums on (𝑖𝑗𝑟) , the Bianchi identities are:

𝛽𝑘𝑙,𝑖𝑗𝑟 ≡ ∇𝑟𝜌𝑘𝑙,𝑖𝑗 + ∇𝑖𝜌𝑘𝑙,𝑗𝑟 + ∇𝑗𝜌𝑘𝑙,𝑟𝑖 = 0 ⇔ 𝛽 ≡ Σ
𝑐𝑦𝑐𝑙

(𝜕𝜌 − 𝛾𝜌) = 0

Their linearizations 𝐵𝑘𝑙,𝑖𝑗𝑟 = 0 are sections of the vector bundle 𝐹2 in the short exact sequence:

0 → 𝐹2 → ∧3𝑇∗ ⊗ 𝑔1
𝛿
⟶∧4𝑇∗ ⊗ 𝑇 → 0

dim(𝐹2) = (𝑛(𝑛 − 1)(𝑛 − 2)
6 ) (𝑛(𝑛 − 1)

2 ) − (𝑛(𝑛 − 1)(𝑛 − 2)(𝑛 − 3)
24 ) 𝑛

= 𝑛2(𝑛2 − 1)(𝑛 − 2)
24

because 𝑑𝑖𝑚(𝑔1) = 𝑛(𝑛 − 1)/2 for any nondegenerate metric, that is 24 − 4 = 20 when 𝑛 = 4 . Such results cannot be even imagined by
somebody not aware of the 𝛿 -cohomology [30-32].

We have the linearized cyclic sums of covariant derivatives both with their respective symbolic descriptions, not to be confused with the
non-linear corresponding ones:

POMMARET
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𝐵𝑘𝑙,𝑟𝑖𝑗 ≡ ∇𝑟𝑅𝑘𝑙,𝑖𝑗 + ∇𝑖𝑅𝑘𝑙,𝑗𝑟 + ∇𝑗𝑅𝑘𝑙,𝑟𝑖
= 0 mod (Γ)

⇔ Σ
cycl (𝑑𝑅 − 𝛾𝑅 − 𝜌Γ) = 0

We have thus 𝜔⟶ 𝛾⟶ 𝜌⟶ 𝛽 and the respective linearizations Ω⟶ Γ⟶𝑅⟶𝐵 .

3.4 Einstein Versus Weyl

It remains to prove that, in this new framework, theRicci tensor only depends on the symbol ̂𝑔2 ≃ 𝑇∗ ⊂ 𝑆2𝑇∗⊗𝑇 deroonation 𝑅̂2 ⊂ 𝐽2(𝑇) 𝑅̂1 ⊂𝐽1(𝑇)
̂𝑔1 ⊂ 𝑇∗⊗𝑇 𝜔𝑟𝑗𝜉𝑟𝑖 + 𝜔𝑖𝑟𝜉𝑟𝑗 −

2
𝑛
𝜔𝑖𝑗𝜉𝑟𝑟 = 0 ing on any conformal factor. The next commutative diagram covers both situations, taking into account

that the equations of both the classical and conformal Killing operator are homogeneous. The purely algebraic Spencer map 𝛿 ∶ 𝑔𝑞+1𝑇∗⊗𝑔𝑞 with
symbol 𝑔𝑞 = 𝑅𝑞 ∩ 𝑆𝑞𝑇∗ ⊗ 𝐸 ⊂ 𝐽𝑞(𝐸) is induced by −𝑑 and all the sequences are exact by definition but perhaps the left column:

0 0 0
↓ ↓ ↓

0 → 𝑔3 → 𝑆3𝑇∗ ⊗ 𝑇 → 𝑆2𝑇∗ ⊗ 𝐹0 → 𝐹1 → 0
↓ 𝛿 ↓ 𝛿 ↓ 𝛿

0 → 𝑇∗ ⊗ 𝑔2 → 𝑇∗ ⊗ 𝑆2𝑇∗ ⊗ 𝑇 → 𝑇∗ ⊗ 𝑇∗ ⊗ 𝐹0 → 0
↓ 𝛿 ↓ 𝛿 ↓ 𝛿

0 → ∧2𝑇∗ ⊗ 𝑔1 → ∧2𝑇∗ ⊗ 𝑇∗ ⊗ 𝑇 → ∧2𝑇∗ ⊗ 𝐹0 → 0
↓ 𝛿 ↓ 𝛿 ↓

0 → ∧3𝑇∗ ⊗ 𝑇 = ∧3𝑇∗ ⊗ 𝑇 → 0
↓ ↓
0 0

Chasing in this diagram, we discover that 𝐹1 is just the cohomology 𝐻2
1(𝑔1) of the first vertical column at ∧2𝑇∗ ⊗ 𝑔1 that is the quotient of

the cocycle bundle 𝑍21(𝑔1) kernel of the map 𝛿 ∶ ∧⋅2𝑇∗ ⊗ 𝑔1 ∧3 𝑇∗ ⊗ 𝑇 by the coboundary bundle 𝐵21(𝑔1) image of the map 𝛿 ∶ 𝑇∗ ⊗ 𝑔2∧2 ⊗ 𝑔1 .
Needless to say that such mathematical methods have never been used in the stuy of classical or conformal Riemannian geometry and the reason
for which the reader will never find other references in the mathematical or physical literature (!).

THEOREM 3.D.1: Introducing the 𝛿 -cohomology bundles 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 = 𝐻2
1(𝑔1) at ∧2𝑇∗ ⊗ 𝑔1 and𝑊𝑒𝑦𝑙 = 𝐻2

1( ̂𝑔1) at ∧2𝑇∗ ⊗ ̂𝑔1 while taking
into account that 𝑔1 ⊂ ̂𝑔1 , 𝑔2 = 0 ̂𝑔2 ≃ 𝑇∗ and ̂𝑔3 = 0 , we have the commutative and exact ” fundamental diagram 𝐼𝐼 ” found in 1983 [30]:
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.
0
↓

0 𝑅𝑖𝑐𝑐𝑖
↓ ↓

0 ⟶ 𝑍21(𝑔1) ⟶ 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 ⟶ 0
↓ ↓ ↓

0 ⟶ 𝑇∗ ⊗ ̂𝑔2
𝛿
⟶ 𝑍21( ̂𝑔1) ⟶ 𝑊𝑒𝑦𝑙 ⟶ 0

↓ ↓ ↓

0 ⟶ 𝑆2𝑇∗ 𝛿
⟶ 𝑇∗ ⊗ 𝑇∗ 𝛿

⟶ ∧2𝑇∗ ⟶ 0
↓ ↓

The splitting sequence 0 → 𝑅𝑖𝑐𝑐𝑖 → 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 → 𝑊𝑒𝑦𝑙 → 0 provides an unusual interpretation of the successive Ricci, Riemann and Weyl

tensor bundles. Similarly, the well known splitting sequence 0 → 𝑆2𝑇∗ 𝛿
−→ 𝑇∗⊗𝑇∗ 𝛿

−→ ∧2𝑇∗ → 0 provides an unusual conformal interpretation of
the EM field 𝐹 = (𝐹𝑖𝑗 = −𝐹𝑗𝑖) ∈ ∧2𝑇∗ in a coherent way with the tentative of H. Weyl in 1918 [22].

dim(Riemann) − dim(Weyl) = 𝑛2(𝑛2 − 1)
12 − 𝑛(𝑛 + 1)(𝑛 + 2)(𝑛 − 3)

12

= 𝑛(𝑛 + 1)
2

= dim(Ricci)

and theWeyl operator is of order 3 when 𝑛 = 3 but of order 2 when 𝑛 ≥ 4 , a result still neither known but nor even acknowledged today (See
arXiv: 1603.05030 for a computer algebra checking by my former PhD student A. Quadrat and [31]). We finally point out that the Bianchi-type

operator is of order 2 when 𝑛 = 4 but of order 1 when 𝑛 = 5 (See [26] for more details).

3.5 Applications
Before comparing the Minkowski, Schwarzschild and Kerr metrics as in [13] while comparing to [14], we point out the purely mathematical fact
explaining why gravitational waves and black holes cannot exist, not because of an experimental problem of detection but because of a structural
problem of equation. Indeed, introducing the Ricci tensor 𝜌𝑖𝑗 = 𝜌𝑟𝑖,𝑟𝑗 = 𝜌𝑗𝑖 as a linear combination of the second order derivatives of the metric
𝜔 , we may linearize it over the locally constant Euclidean or Minkowskian metric in order to obtain a second order linear homogeneous Ricci
operator 𝑆2𝑇∗ → 𝑆2𝑇∗ ∶ (Ω𝑖𝑗) → (𝑅𝑖𝑗) with 4 terms along the formula:

2𝑅𝑖𝑗 = 𝜔𝑟𝑠(𝑑𝑟𝑠Ω𝑖𝑗 + 𝑑𝑖𝑗Ω𝑟𝑠 − 𝑑𝑟𝑖Ω𝑠𝑗 − 𝑑𝑠𝑗Ω𝑟𝑖) = 2𝑅𝑗𝑖

which is also valid when 𝑛 = 2with 2𝑅11 = 2𝑅22 = 𝑑11Ω22+𝑑22Ω11−2𝑑12Ω12 and 𝑅12 = 0 . Such a result is showing that the important object
is not the Riemann tensor or the Einstein tensor but the Ricci tensor according to the previous fundamental diagram II. We obtain therefore:

THEOREM 4.1: The so-called defining equations of the gravitational waves that can be found in any textbook of general relativity like [19],
are nothing else that the adjoint of the Ricci operator which is parametrizing the 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) operator but is going ” backwards”, that is
from right to left as we saw in the Introduction.

Proof. Introducing the test functions 𝜆𝑖𝑗 = 𝜆𝑗𝑖 , we get:

𝜆𝑖𝑗𝑅𝑖𝑗 = 𝜔𝑟𝑠𝜆𝑖𝑗(𝑑𝑟𝑠Ω𝑖𝑗 + 𝑑𝑖𝑗Ω𝑟𝑠 − 𝑑𝑟𝑖Ω𝑠𝑗 − 𝑑𝑠𝑗Ω𝑟𝑖)

Integrating by parts while setting as usual Π = 𝜔𝑖𝑗𝑑𝑖𝑗 for the Dalembert operator and exchanging the dumb indices, we get for the adjoint
operator:

𝜔𝑖𝑗𝑑𝑖𝑗𝜆𝑟𝑠 + 𝜔𝑟𝑠𝑑𝑖𝑗𝜆𝑖𝑗 − 𝜔𝑠𝑗𝑑𝑖𝑗𝜆𝑟𝑖 − 𝜔𝑟𝑖𝑑𝑖𝑗𝜆𝑠𝑗 = 𝜎𝑟𝑠

that is exactly the equations of the gravitational waves leading to the Cauchy identities:

𝑑𝑟𝜎𝑟𝑠 ≡ 𝜔𝑖𝑗𝑑𝑟𝑖𝑗𝜆𝑟𝑠 + 𝜔𝑟𝑠𝑑𝑟𝑖𝑗𝜆𝑖𝑗 − 𝜔𝑠𝑗𝑑𝑟𝑖𝑗𝜆𝑟𝑖 − 𝜔𝑟𝑖𝑑𝑟𝑖𝑗𝜆𝑠𝑗 = 0
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There is absolutely no need to set 𝑑𝑖𝜆𝑖𝑗 = 0 and we obtain the adjoint sequences when 𝑛 = 4 .

4
𝐾𝑖𝑙𝑙𝑖𝑛𝑔
−−−−−→ 10

𝑅𝑖𝑐𝑐𝑖
−−−→ 10

0 ← 4
𝐶𝑎ᵆ𝑐ℎ𝑦
←−−−−− 10

𝑎𝑑(𝑅𝑖𝑐𝑐𝑖)
←−−−−−− 10

without any reference to the Bianchi operator and the induced div operator or even to the Einstein operator. Hence, gravitational waves
cannot exist, not for a problem of detection but for a problem of equation, as we have only obtained ” 𝑎 ” parametrization of the Cauchy
operator which is not even minimum but we can find a minimum one by keeping only 𝜆𝑖𝑗 with i < j as in [18]. Indeed, we have already
obtained another parametrization with 20 test functions by using the 𝐵𝑒𝑙𝑡𝑟𝑎𝑚𝑖 = 𝑎𝑑(𝑅𝑖𝑒𝑚𝑎𝑛𝑛) operator in the Introduction with 𝑛 = 4 , a
result proving that the Cauchy operator can be parametrized. For the advanced reader, this intrinsic structural fact means that the differential
module defined by the Cauchy operator is torsion-free [4]. We finally point out that the Airy, Beltrami or Einstein parametrizations are not
responsible for earthquakes as there is no relation between the test functions 𝜆 and the deformation Ω of the metric 𝜔 , even if 𝑛 = 2 as we saw
with 𝜆𝑖𝑗𝑅𝑖𝑗 = 𝜙(𝑑11Ω22 + 𝑑22Ω11 − 2𝑑12Ω12) and Airy function 𝜙 . We also point out that the differential module defined by the Riemann or
Ricci operator has a nonzero torsion submodule generated by the 10 components of theWeyl tensor which are separately killed by the Dalembert
operator.

In the case of the Killing operator for the Minkowski metric, according to H. Poincaré, the geometrical and adjoint physical long exact
differential sequences of operators acting on tensors, giving order of operators and number of components, are exactly the ones we have presented
in the Introduction for various dimensions 𝑛 . The main problem is that the corresponding Killing operators and systems for the M, S or (worst
!) K metrics are not involutive and not even formally integrable, a key problem because the Janet sequences cannot be easily constructed. Hence,
our main target will be to apply the PP procedure in each case, a difficult task indeed.

As we know that the corresponding Spencer sequence is isomorphic to the tensor product of the Poincaré differential sequence for the
exterior derivative by a Lie algebra of dimension 𝑛(𝑛 + 1)/2 , its adjoint sequence is also exact, the reason for which the physical sequence is
also exact, that is each operator is generating the CC of the previous one. In particular, the 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) operator generates the CC of the
𝐵𝑒𝑙𝑡𝑟𝑎𝑚𝑖 = 𝑎𝑑(𝑅𝑖𝑒𝑚𝑎𝑛𝑛) operator which generates the CC of the 𝐿𝑎𝑛𝑐𝑧𝑜𝑠 = 𝑎𝑑(𝐵𝑖𝑎𝑛𝑐ℎ𝑖) operator. We have proved in many recent publications
that this result cannot be extended easily to the conformal situation because the acyclicity properties of the symbols highly depend on the dimension
𝑛 and order 𝑞 [31]. It thus remains to study the cases of the Schwarzschild and Kerr metrics, a much more delicate problem.

EXAMPLE 4.2: (Kerr metric) We now write the Kerr metric in Boyer-Lindquist coordinates (𝑡, 𝑟, 𝜃, 𝜙) .

𝜔 = 𝜌2−𝑚𝑟
𝜌2

𝑑𝑡2 − 𝜌2

Δ
𝑑𝑟2 − 𝜌2 𝑑𝜃2 − 2𝑎𝑚𝑟 sin2 𝜃

𝜌2
𝑑𝑡 𝑑𝜙 − (𝑟2 + 𝑎2 + 𝑚𝑟𝑎2 sin2 𝜃

𝜌2
) sin2 𝜃 𝑑𝜙2

where we have set Δ = 𝑟2 −𝑚𝑟 + 𝑎2 and 𝜌2 = 𝑟2 + 𝑎2𝑐𝑜𝑠2(𝜃) as usual and we recover the S-metric when 𝑎 = 0 with 𝐴(𝑟) = 1 − 𝑚
𝑟

:

𝜔 = 𝐴(𝑟)𝑑𝑡2 − (1/𝐴(𝑟))𝑑𝑟2 − 𝑟2𝑑𝜃2 − 𝑟2𝑠𝑖𝑛2(𝜃)𝑑𝜙

We notice that 𝑡 or 𝜙 do not appear in the coefficients of the metric. We shall change the coordinate system in order to confirm these results
by using computer algebra. The idea is to use the so-called ” rational polynomial ” coefficients as follows with 𝑐 = 𝑐𝑜𝑠(𝜃) ⇒ 𝑑𝑐 = −𝑠𝑖𝑛(𝜃)𝑑𝜃 ⇒
𝑑𝑐2 = (1 − 𝑐2)𝑑𝜃2 and set 𝑥0 = 𝑡 , 𝑥1 = 𝑟 , 𝑥2 = 𝑐 = 𝑐𝑜𝑠(𝜃) , 𝑥3 = 𝜙 ). We obtain over the differential field 𝐾 = ℚ(𝑎,𝑚)(𝑡, 𝑟, 𝑐, 𝜙) :

𝜔 = 𝜌2−𝑚𝑟
𝜌2

𝑑𝑡2 − 𝜌2

Δ
𝑑𝑟2 − 𝜌2

1−𝑐2
𝑑𝑐2 − 2𝑎𝑚𝑟(1−𝑐2)

𝜌2
𝑑𝑡 𝑑𝜙 − (1 − 𝑐2) (𝑟2 + 𝑎2 + 𝑚𝑎2𝑟(1−𝑐2)

𝜌2
) 𝑑𝜙2

with now Δ = 𝑟2 −𝑚𝑟 + 𝑎2 and 𝜌2 = 𝑟2 + 𝑎2𝑐2 and we have 𝑑𝑒𝑡(𝜔) = −(𝑟2 + 𝑎2𝑐2)2 in a coherent way with the fact that the S metric that can
be written in the new system of coordinates:

𝜔 = 𝐴(𝑟)𝑑𝑡2 − 1
𝐴(𝑟)

𝑑𝑟2 + 𝑟2

(1 − 𝑐2)
𝑑𝑐2 − 𝑟2(1 − 𝑐2)𝑑𝜙2

Looking at the symbol 𝑔1 ⊂ 𝑇∗ ⊗ 𝑇 , elementary linear combinatorics allow to prove [18, 22]:

𝜔33𝜉33 + 𝜔03𝜉03 = 0 𝑚𝑜𝑑(𝜉), 𝜔33𝜉30 + 𝜔00𝜉03 = 0 𝑚𝑜𝑑(𝜉), 𝜔33𝜉00 − 𝜔03𝜉03 = 0 𝑚𝑜𝑑(𝜉),

Then, multiplying Ω22 by 𝜔11 , Ω11 by 𝜔22 and adding, we finally obtain:

2(𝜔11𝜔22)(𝜉11 + 𝜉22) + 𝜉𝜕(𝜔11𝜔22) = 0

However, we have also successively:

{
𝑅03,03 ≡ 2𝜌03,03(𝜉00 + 𝜉33) + 𝜉𝜕𝜌03,03 = 0
𝑅12,12 ≡ 2𝜌12,12(𝜉11 + 𝜉22) + 𝜉𝜕𝜌12,12 = 0
𝑅01,23 ≡ 𝜌01,23(𝜉00 + 𝜉11 + 𝜉22 + 𝜉33) + 𝜉𝜕𝜌01,23 = 0
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Now, the coefficients of the metric are rational functions in 𝐾 and the various geometric objects appearing in 𝜔𝛾𝜌 can be obtained through the
rules of differential algebra. It is thus possible to obtain the 13 non-zero components of the Riemann tensor for the Kerr metric according to K. R.
Koehler in (http://kias.dyndns.org/crg/blackhole.html) by adding factorizations as follows: We shall distinguish the 6 non-vanishing components:

⎧
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎩

𝜌01,01 = −𝑚𝑟(2(𝑟2−𝑚𝑟+𝑎2)+𝑎2(1−𝑐2))(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3(𝑟2−𝑚𝑟+𝑎2)

𝜌02,02 = 𝑚𝑟(𝑟2−𝑚𝑟+𝑎2+2𝑎2(1−𝑐2))(𝑟2−3𝑎2𝑐2)
2(1−𝑐2)(𝑟2+𝑎2𝑐2)3

𝜌03,03 = 𝑚𝑟(1−𝑐2)(𝑟2−𝑚𝑟+𝑎2)(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌12,12 = − 𝑚𝑟(𝑟2−3𝑎2𝑐2)
2(1−𝑐2)(𝑟2+𝑎2𝑐2)(𝑟2−𝑚𝑟+𝑎2)

𝜌13,13 = − (1−𝑐2)𝑚𝑟(𝑟4−2𝑎2𝑐2𝑟2+4𝑎2𝑟2−2𝑎4𝑐2+3𝑎4−2𝑎2𝑚𝑟(1−𝑐2))(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3(𝑟2−𝑚𝑟+𝑎2)

𝜌23,23 = 𝑚𝑟(2𝑟4−𝑎2𝑐2𝑟2+5𝑎2𝑟2−𝑎4𝑐2+3𝑎4−𝑎2𝑚𝑟(1−𝑐2))(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

from the 7 components that are vanishing when 𝑎 = 0 .

⎧
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎩

𝜌01,23 = 𝑎𝑚𝑐(2𝑟2−𝑎2𝑐2+3𝑎2)(3𝑟2−𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌02,31 = − 𝑎𝑚𝑐(𝑟2−2𝑎2𝑐2+3𝑎2)(3𝑟2−𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌03,12 = − 𝑎𝑚𝑐(3𝑟2−𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)2

𝜌02,10 = 3𝑎2𝑚𝑐(3𝑟2−𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌02,32 = 𝑎𝑚𝑟(3𝑟2−𝑚𝑟+3𝑎2)(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌13,23 = − 3𝑎2𝑚𝑐(1−𝑐2)(𝑟2+𝑎2)(3𝑟2−𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3

𝜌01,13 = 𝑎𝑚𝑟(1−𝑐2)(3𝑟2+3𝑎2−2𝑚𝑟)(𝑟2−3𝑎2𝑐2)
2(𝑟2+𝑎2𝑐2)3(𝑟2−𝑚𝑟+𝑎2)

We have finally to add the 8 vanishing components:

𝜌01,03 = 0, 𝜌01,12 = 0, 𝜌02,03 = 0, 𝜌02,12 = 0,

𝜌03,13 = 0, 𝜌03,23 = 0, 𝜌12,13 = 0, 𝜌12,23 = 0.

In fact, as the Riemann tensor has 𝑛2(𝑛2 − 1)/12 components, that is 20 when 𝑛 = 4 , we have to take into account the only identity:

𝜌01,23 + 𝜌02,31 + 𝜌03,12 = 0 ⇒ 𝑅01,23 + 𝑅02,31 + 𝑅03,12 = 0
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We obtain therefore 𝜉𝜕(𝜌12,12/(𝜔11𝜔22)) = 0 but we have also 𝜉𝜕(𝜌03,03𝜌12,12/𝑑𝑒𝑡(𝜔)) = 0 .
The following invariants are obtained successively in a coherent way:

𝜔11𝜔22 =
(𝑟2 + 𝑎2𝑐2)2

(1 − 𝑐2)(𝑟2 −𝑚𝑟 + 𝑎2)
⇒∣ 𝜌12,12 ∣ /(𝜔11𝜔22) =

𝑚𝑟(𝑟2 − 3𝑎2𝑐2)
2(𝑟2 + 𝑎2𝑐2)3

Also, as 𝑎 ∈ 𝐾 , then 𝜌01,23 and 𝜌02,13 can be both divided by 𝑎 and we get the new invariant:

𝜌01,23/𝜌03,12 =
2𝑟2−𝑎2𝑐2+3𝑎2

𝑟2+𝑎2𝑐2

These results are leading to 𝜉1 = 0, 𝜉2 = 0 , thus to 𝜉11 = 0, 𝜉22 = 0 and 𝜉00 + 𝜉33 = 0 after substitution in the equations defining the first order
symbol 𝑔1 of 𝑅1 .

In the case of the S-metric with 𝑎 = 0 , the previous division has no meaning and we have only 𝜉1 = 0 as the only equation of zero order.
Let us now introduce the new equation:

𝑅01,13 ≡ 𝜌01,13(𝜉00 + 2𝜉11 + 𝜉33) − 𝜌13,13𝜉30 − 𝜌01,01𝜉03 + (𝜌01,23 + 𝜌02,13)𝜉21 = 0

As we have 𝜉00 + 𝜉33 = 0 and 𝜉11 = 0 , we obtain therefore a linear equation of the form:

𝜌13,13𝜉30 + 𝜌01,01𝜉03 − (𝜌01,23 + 𝜌02,13)𝜉21 = 0

Similarly, we have also:

𝑅01,02 ≡ 𝜌01,02(2𝜉00 + 𝜉11 + 𝜉22) − (𝜌01,23 + 𝜌02,13)𝜉30 + 𝜌01,01𝜉12 + 𝜌02,02𝜉21 = 0

and we obtain therefore a linear equation of the form:

2𝜌01,02𝜉00 − (𝜌01,23 + 𝜌02,13)𝜉30 + 𝜌01,01𝜉12 + 𝜌02,02𝜉21 = 0

In the case of the S-metric, that is when 𝑎 = 0 , we obtain respectively 𝜉03 = 0 and 𝜉12 = 0 as in [18] because 𝜉00 ≃ 𝜉03 The previous linear system
has thus a rank equal to 2 and we obtain therefore because 𝜉30 ≃ 𝜉03 , 𝜉21 ≃ 𝜉12 .

𝜉03 = 0, 𝜉12 = 0,⇔ 𝜉30 = 0, 𝜉21 = 0, 𝜉00 = 0, 𝜉33 = 0

It remains to study the following 4 linear equations, namely [13]:

𝑅01,03 = 0, 𝑅03,23 = 0, 𝑅03,13 = 0, 𝑅02,03 = 0

The rank of the previous system with respect to the 4 jet coordinates (𝜉10, 𝜉20, 𝜉13, 𝜉23) is equal to 2, for both the S and K-metrics thanks to the two
striking identities:

𝑅03,13 + 𝑎(1 − 𝑐2)𝑅01,03 = 0, 𝑅02,03 +
𝑎

(𝑟2+𝑎2)
𝑅03,23 = 0

Two prolongations only provide 6 additional equations of order one thatwe provide in the following list which is obtained𝑚𝑜𝑑(𝑗2(Ω)) , namely:

𝜉1 = 0, 𝜉2 = 0, 𝜉12 = 0, 𝜉03 = 0, 𝜉13 + 𝑙𝑖𝑛(𝜉10, 𝜉20) = 0, 𝜉23 + 𝑙𝑖𝑛(𝜉10, 𝜉20)

We have therefore obtained the inclusion of Lie algebroids 𝑅(2)1 ⊂ 𝑅(1)1 = 𝑅1 ⊂ 𝐽1(𝑇) with respective dimensions 4 < 10 = 10 < 20 . Using the
standard 𝑘𝑒𝑟 − 𝑐𝑜𝑘𝑒𝑟 long exaxt sequence of prolongations:

0 → 𝑅3 → 𝐽3(𝑇) → 𝐽3(𝑆2𝑇∗) → 𝑄2 → 0, 0 → 4 → 140 → 150 → 14 → 0

we discover that the initial Killing system for the Kerr metric has 14 compatibility conditions of second order contrary to the 20 existing for
the Minkowski metric. Such a result has been obtained totally independently of any specific GR technical object like the Teukolski scalars or the
Killing-Yano tensors introduced in [14, 15]. However, this system is not involutive because its symbol is finite type but non-zero.

Using one more prolongation, all the sections (care again) vanish but 𝜉0 and 𝜉3 , a result leading to 𝑑𝑖𝑚(𝑅(3)1 ) = 2 in a coherent way with the
only nonzero Killing vectors {𝜕𝑡, 𝜕𝜙} . We have indeed:

𝜉10 = 0 𝜉20 = 0 || ⇔ 𝜉13 = 0, 𝜉23 = 0 ⇒ 𝜉01 = 0, 𝜉01 = 0, 𝜉02 = 0, 𝜉32 = 0

Taking therefore into account that the metric only depends on ( 𝑥1 = 𝑟, 𝑥2 = 𝑐𝑜𝑠(𝜃)⟩we obtain after three prolongations the inclusions of first
order systems:

𝑅(3)1 ⊂ 𝑅(2)1 ⊂ 𝑅(1)1 = 𝑅1 ⊂ 𝐽1(𝑇) ⇔ 2 < 4 < 10 = 10 < 20

Surprisingly and contrary to the situation found for the 𝑆 metric, we have now an involutive first order system with only solutions (𝜉0 =
𝑐𝑠𝑡, 𝜉1 = 0, 𝜉2 = 0, 𝜉3 = 𝑐𝑠𝑡 ) and notice that 𝑅(3)1 does not depend any longer on the parameters (𝑚, 𝑎) ∈ 𝐾 . The difficulty is to know
what second members must be used along the procedure met for all the motivating examples, in particular we have again identities to zero like
𝑑0𝜉1 − 𝜉10 = 0, 𝑑0𝜉2 − 𝜉20 = 0 .
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We finally obtain 14 second order generating CC and their prolongations as we already said but also 6 third order CC coming from the 6
following components of the Spencer operator, namely:

𝑑1𝜉1 − 𝜉11 = 0, 𝑑2𝜉1 − 𝜉12 = 0, 𝑑3𝜉1 − 𝜉13 = 0,

𝑑1𝜉2 − 𝜉21 = 0, 𝑑2𝜉2 − 𝜉22 = 0, 𝑑3𝜉2 − 𝜉23 = 0.

a result that cannot be even imagined from [14]. Of course, proceeding like in the motivating examples, we must substitute in the right
members the values obtained from 𝑗2(Ω) and set for example 𝜉11 = − 1

2𝜔11
𝜉𝑟𝜕𝑟𝜔11while replacing 𝜉1 and 𝜉2 by the corresponding linear combinations

of the Riemann tensor already obtained for the right members of the two zero order equations. The corresponding Fundamental Diagram 𝐼 is no
longer depending on (𝑚, 𝑎) as follows:

0 0 0 0 0
↓ ↓ ↓ ↓ ↓

0 → Θ
𝑗1→ 2

𝐷1→ 8
𝐷2→ 12

𝐷3→ 8
𝐷4→ 2 → 0

↓ ↓ ↓ ↓ ↓

0 → 4
𝑗1→ 20

𝐷1→ 40
𝐷2→ 40

𝐷3→ 20
𝐷4→ 4 → 0

∥ ↓ ↓ ↓ ↓ ↓

0 → Θ → 4
𝐷
→ 18

𝐷1→ 32
𝐷2→ 28

𝐷3→ 12
𝐷4→ 2 → 0

↓ ↓ ↓ ↓ ↓
0 0 0 0 0

with the Euler-Poincaré characteristic 4 − 18 + 32 − 28 + 12 − 2 = 0 . However, the only intrinsic concepts associated with a differential
sequence are the ” extension modules ” that only depend on the Kerr differential module but not on the differential sequence and we repeat once
more that: THE ONLY IMPORTANT CONCEPT IS THE GROUP INVOLVED, NOT THEMETRIC. Needless to say that the group involved in this
case has no physical usefulness.

EXAMPLE 4.3: (Schwarzschild metric) According to what we said, the situation of the Schwarzschild metric is much simpler when 𝑎 = 0
with only six non-zero components of the Riemannn tensor:

𝜌01,01 = − 𝑚
𝑟2(𝑟−𝑚)

𝜌02,02 = 𝑚
2𝑟

𝜌03,03 = 𝑚(1−𝑐2)
2𝑟

𝜌12,12 = − 𝑚
2(𝑟−𝑚)

𝜌13,13 = −𝑚(1−𝑐2)
2(𝑟−𝑚)

𝜌23,23 = 𝑚𝑟(1 − 𝑐2)

We have now the inclusions of algebroids:

𝑅(3)1 ⊂ 𝑅(2)1 ⊂ 𝑅(1)1 = 𝑅1 ⊂ 𝐽1(𝑇)4 < 5 < 10 = 10 < 20

The subsystem 𝑅(2)1 is def by g the 5 nest rd eutios:

∣ 𝜉1 = 0, 𝜉12 = 0, 𝜉13 = 0, 𝜉02 = 0, 𝜉03 = 0

while 𝑅(3)1 is obtained by adding aain 𝜉⟂0 = 0 . We have 15 generating second order CC and 3 third order CC provided by the Spencer operator:

𝑑1𝜉1 − 𝜉11 = 0, 𝑑2𝜉1 − 𝜉12 = 0, 𝑑3𝜉1 − 𝜉13 = 0

in which we have to substitute 𝜉1 ∈ 𝑗2(Ω) , 𝜉11 ∈ 𝑗2(Ω), 𝜉12 ∈ 𝑗2(Ω), 𝜉13 ∈ 𝑗2(Ω).
It thus follows from the previous results of this section, which have been obtained without the need of any purely relativistic tool, that black

holes cannot exist as they are contradicting [14,15] while showing that the underlying mathematical problem is a purely formal one with no link
with GR along the given motivating example. ï»¿

CONCLUSION
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When a linear partial differential operator 𝒟𝜉 = 𝜂 is given, a direct problem is to look for the generating compatibility conditions 𝒟1𝜂 = 0
that must be satisfied by 𝜂 . Similarly, if 𝒟1𝜂 = 𝜁 is given, one may look for CC of the form𝒟2𝜁 = 0 and so on. The mathematical community (and
we do not speak about the physical community !) is of course aware of such a ” step by step” way but is not at all aware of the existence of another
“as a whole” procedure allowing to define the various differential operators of the differential sequence thus obtained apart from the very specific
situation of the Poincaré (in France !) sequence for the exterior derivative that admits a unique defining formula for each operator separately.
The best known case is that of Riemannian geometry and its application to general relativity with the successive Killing, Riemann and Bianchi
operators of first, second and first order respectively. In particular, we may ask ” Who knows about the Spencer operator and the corresponding
Spencer sequence ℓ 𝑛 at the heart of this paper.

In the Introduction, we have explained and illustrated throughmanymotivating examples that, when a second order differential operator𝒟 is
depending on constant or variable coefficients, its generating compatibility conditions (CC) may be of first, second, third and even sixth or higher
order, a result largely depending on the parameters. In the meantime, we have shown that the solution of this problem for a system of order 𝑞
cannot be obtained without bringing such a system to an involutive form or at least to a formally integrable form of order 𝑞+𝑟 after differentiating
𝑟 + 𝑠 times the equations while keeping only the equations left up to order 𝑞 + 𝑟 in such a way that the order of the CC is at most 𝑟 + 𝑠 + 1 .

From a very different point of view, the Spencer differential sequence is obtained by bringing any involutive system 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) to a first order
involutive system 𝑅𝑞+1 ⊂ 𝐽1(𝑅𝑞) having an isomorphic space of solutions or, with a more precise language, allowing to define a differential module
isomorphic to the differential module𝑀 defined by the initial system. The quotient of the Spencer sequence for the first order trivially involutive
first order system 𝐽𝑞+1(𝐸) ⊂ 𝐽1(𝐽𝑞(𝐸)) by the previous Spence sequence which is induced by the inclusion 𝑅𝑞 ⊂ 𝐽𝑞(𝐸) is the well defined finite
length differential Janet sequence introduced by M. Janet as a footnote in 1920 which is thus providing another resolution of the same space of
solutions or of the differential module 𝑀 already defined. According to a very difficult theorem of (differential) homological algebra, the only
objects that do not depend of the resolution used are the (differential) extension modules that are measuring the fact that the corresponding dual
sequence made by the respective formal adjoint of the operators involved and going thus ” backwards” (that is from right to left) may not be exact,
that is each operator may not generate the CC of the preceding one. it thus follows that the Spencer and Janet sequences will bring the same formal
informations as a whole, even though, in actual practice, we proved that they can be completely different.

It may happen, for example with the Schwarzschild and Kerr metrics, with 𝑞 = 1, 𝑟 = 0, 𝑠 = 3 , that the final corresponding FI systems will
not depend any longer on the parameters involved initially. Accordingly, the only important object to consider is not the metric but its group 𝐺 of
invariance which is used through the fact that the Spencer sequence is the tensor product of the Poincaré sequence by its Lie algebra ⃗𝒢 , the main
formal reason for which black holes cannot exist.

We have thus finally proved that the main idea, along the tentative of H. Weyl in 1918, is not to shrink the dimension of this group from 10
down to to 4 or 2 parameters by using the S or K metrics instead of the M metric but, on the contrary, to enlarge the group from 10 up to 11 or 15
parameters by using the Weyl or conformal group instead of the Poincar’e group of space-time while using the adjoint of the respective Spencer
sequences [17]. It will follow that the first set of Maxwell equations is obtained by a projection of the second Spencer operator 𝐷2 that can be
parametrized by a projection of the first Spencer operator 𝐷1 , a result contradicting the basic assumption of classical gauge theory in which they
are induced by𝐷3 . The main problem today is that, in the minimum resolution of the conformal Killing operator, the generating CC of the second
order Weyl operator are also made by a second order operator, a result confirmed by my PhD student A. Quadrat (INRIA) in 2016 (See [24, 26] or
arXiv: 1603.05030) but still not acknowledged and showing that conformal geometry but me revisited by using the Spencer 𝛿 -cohomology [31].

Finally, in a more general framework, when a Lie group 𝐺 is acting on a manifold 𝑋 of dimension 𝑛 , the Spencer sequence is always locally
and formally exact, being isomorphic to the tensor product of the Poincaré sequence by the Lie algebra of 𝐺 . On the contrary, the corresponding
formally exact Janet sequence may have Janet bundles of high dimensions. The last operator 𝒟𝑛 is always surjective while its adjoint is always
injective. However, 𝑎𝑑(𝒟𝑛−1) may not define all the CC of 𝑎𝑑(𝒟𝑛) because 𝑎𝑑(𝐷𝑛) may fail to be injective. Applying these methods to the
conformal group of transformations when 𝑛 = 4 , we discovered in the very recent [17] the common conformal origin of the Cauchy, Cosserat,
Clausius/Poisson and Maxwell equations. For example the EM field 𝐹 comes from the composition of epimorphisms (60 → 16 → 6 → 0):

̂𝐶1 → ̂𝐶1/ ̃𝐶1 = (𝑇∗ ⊗ 𝑅̂2)/(𝑇∗ ⊗ 𝑅̃2) ≃ 𝑇∗ ⊗ (𝑅̂2/𝑅̃2) ≃ 𝑇∗ ⊗ ̂𝑔2 ≃ 𝑇∗ ⊗ 𝑇∗ 𝛿
−→ ∧2𝑇∗

while the EM potential comes from the composition of epimorphisms ( 1540 ):

̂𝐶0 ̂𝐶0/ ̃𝐶0 ≃ 𝑅̂2/𝑅̃2 ≃ ̂𝑔2 ≃ 𝑇∗

and the parametrization 𝑑𝐴 = 𝐹 is induced by 𝐷1 while the Maxwell equation 𝑑𝐹 = 0 is induced by 𝐷2 . Using the short exact splitting

sequence 0 → 𝑆2𝑇∗ 𝛿
⟶𝑇∗ ⊗ 𝑇∗ 𝛿

⟶∧2 𝑇∗ → 0 leading to the isomorphism 𝑇∗ ⊗ 𝑇∗ ≃ 𝑆2𝑇∗ ⊕ ∧2𝑇∗ ≃ (𝑅𝑖𝑗) ⊕ (𝐹𝑖𝑗) with 16 = 10 + 6 , that only
depends on the elations of the conformal group, along the Fundamental Diagram 𝐼𝐼 showing the common conformal origin of electromagnetism
and gravitation, already published in 1983 [30]. More generally, taking the quotient of the Spencer sequence for ̂𝐶𝑟 by the Spencer sequence for Θ̃
, we obtain a formally exact sequence with bundles ̂𝐶𝑟/ ̃𝐶𝑟 which is isomorphic to the tensor product of the Poincar
’e sequence by a vector space of dimension 𝑑𝑖𝑚( ̂𝑔2) = 𝑑𝑖𝑚(𝑇∗) = 4 that we can project onto the formally exact Poincaré sequence, with a shift by
one step contradicting the use of 𝑈(1) in GT. We obtain therefore the following commutative and exact diagram in which we notice that the first
vertical short exact sequence on the left is nothing else than the bottom short exact sequence of the previous fundamental diagram II:
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0 0 0 0
↓ ↓ ↓ ↓

1 → 10 → 20 → 15 → 4 → 0 𝑔𝑟𝑎𝑣𝑖𝑡𝑎𝑡𝑖𝑜𝑛
↓ ↓ ↓ ∥

4
𝑑
→ 16

𝑑
→ 24

𝑑
→ 16

𝑑
→ 4 → 0

∥ ↓ ↓ ↓ ↓

1
𝑑
→ 4

𝑑
→ 6

𝑑
→ 4

𝑑
→ 1 → 0 𝑒𝑙𝑒𝑐𝑡𝑟𝑜𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑠𝑚

↓ ↓ ↓
0 0 0

A snake chase in this diagram proves that gravitation has to do with the conformal factor 𝜙when 𝐹 = 0 as the first operator on the upper left is
just the composition𝐷1∘𝑑 ∶ 𝜙 → 𝜕𝑖𝜙 → 𝜕𝑖𝑗𝜙 according to the fundamental diagram II. Also, using the dual summation 𝜌(𝑥)(𝜕4𝜉4−𝜉44)+𝑔𝑖(𝑥)(𝜕𝑖𝐴−
𝐴𝑖) + 𝑔𝑖𝑗(𝑥)(𝜕𝑖𝐴𝑗 − 0) with 𝜉𝑘𝑖𝑗𝑟 = 0 and integrating by parts, we get the induction equations:

𝜉4𝜕4𝜌 = 0, 𝜉44 = 𝐴𝜕𝑖𝑔𝑖 + 𝜌 = 0, 𝜉44𝑖 = 𝐴𝑖 → 𝜕𝑟𝑔𝑟𝑖 + 𝑔𝑖 = 0

leading to the Poisson equation for 𝜙 when 𝑔𝑖𝑗 = 𝜙𝜔𝑖𝑗 and thus to a new conformal scheme for electromagnetism and gravitation. It is also
a reason for which elations are also sometimes called and confused with “accelerations” because and accelerometer on an inertial platform in a
rocket can onlymeasure the difference 𝜕4𝜉𝑘4−𝜉𝑘44 with 𝑘 = 1, 2, 3 between the acceleration (time derivative of the speed as a rotation of space-time)
and the gravitational field, while one has 𝜉𝑘44 = 𝜔𝑘𝑟𝐴𝑟 and the ditive ruleof secn rderts

̄𝑓 = 𝑔 ∘ 𝑓 ⇒ ̄𝑓𝑘44 = 𝑓𝑘44 + 𝑔𝑘44

holds whenever 𝑓1 = 𝑔1 = 𝑖𝑑1 = 𝑗1(𝑖𝑑) for the one jet of the identity transformation 𝑦 = 𝑥 (Compare [25] to [33]). However, no one of these results
could have been even imagined byWeyl because the Riemann operator must be replaced by theWeyl operator while the Bianchi operator must be
replaced by a second order CC operator, a result still not known today in the conformal framework [33, 34].

In the spirit of the Cosserat brothers on elasticity in 1909 and H. Weyl on electromagnetism in 1918, we have tried to explain and illustrate
why the structure of physical theories must depend on a Lie group of transformations considered as a Lie pseudogroup. The main idea is then to
introduce the corresponding Janet (1920) or Spencer (1970) differential sequences both with their respective adjoint differential sequences needed
for variational calculus [28, 35]. In a coherent way with the dream of Weyl, the most striking result is the “shift” that must be used in the physical
interpretation of the sequences obtained, in the sense that the EM field as a 2-form is coming from the first Spencer bundle and not from the second
(See [16] for other examples). These two sequences may be sometimes quite different though always homologically equivalent and we have tried
to illustrate them through the study of gravitational waves and black holes. As both of them are largely unknown, no other reference can be found
and only the future will decide about the best one that must be used !.

APPENDIX

After 1950 the introduction of homological algebra in pure mathematics has been more than an evolution but rather quite a revolution in
algebraic geometry. Following the wish of one of the reviewers that we thank, our aim in this appendix is to explain that differential homological
algebra, namely the way to add the word ” differential ” in front of ALL the concepts already introduced (module, resolution, duality, extension
modules, ..) will bring quite a revolution in physics. The main problem is that a full account should need a whole paper [35] or even a whole
book [21] and that we have seen in the core of this paper that the differential geometric framework is already difficult while the geometric part is
somehow even more difficult. By chance, in a more general framework, we have proved that the controllability of a control system is a structural
property of the control system, not depending on the choice of inputs and outputs among the control variables and can be described in terms
of vanishing of extension modules [4]. Roughly, it means that a control system is controllable if and only if the system can be parametrized or,
equivalently, if there does not exist any observable quantity which is solution of an autonomous system for itself, a more physical way to say that
the differential module defined by the system is torsion-free [35]. Accordingly we shall explain through two examples how to pass ” beyond the
mirror”.

First of all, we sketch the idea hidden beyond ” differential extension modules” by using only the language of operators along the content of
this paper. For this, we notice that, if a given linear differential operator𝒟1𝜂 = 𝜁 is give, a ” direct problem ” is to look for compatibility conditions
(CC) in the form of a linear operator 𝒟2𝜁 = 0 and so on. We hope that the reader is now convinced that it may already be a difficult problem to
provide ” a prior” any idea of the order of the CC operator as we have provided examples in which the order is ranging from 1 up to 6. However,
conversely, if a system described by 𝒟1𝜂 = 0 , a much more difficult ” inverse problem ” is to find a parametrization, that is an operator 𝒟𝜉 = 𝜂
having exactly such CC. Now, using the well known properties of the adjoint procedure𝒟𝑎𝑑(𝒟) with 𝑎𝑑(𝑎𝑑(𝒟)) = 𝒟 , if 𝒟𝜉 = 𝜂 has generating
CC𝒟1𝜂 = 0 , then𝒟1 ∘ 𝒟 = 0 ⇒ 𝑎𝑑(𝒟) ∘ 𝑎𝑑(𝒟1) = 0 but 𝑎𝑑(𝒟)may not generate all the CC of 𝑎𝑑(𝒟1) while 𝑎𝑑(𝐷1)may not generate all the CC
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of 𝑎𝑑(𝐷2) and 𝑎𝑑(𝒟2)may not generate all the CC of 𝑎𝑑(𝒟3) and so on, as can be seen in the motivating examples. The introduction of extension
modules is a way to measure such a gap.

Starting with the system, we sketch on an example the five steps of the differential double duality test must be used in order to know whether
this system can be parametrized or not:

STEP 1: Write down the system𝒟1𝜂 = 𝜁 : 𝑑12𝜂1 + 𝑑22𝜂2 = 𝜁 .
STEP 2: Write down the adjoint operator⋯ backwards: multiplying on the left by a test function 𝜆 and integrating by parts, we get

𝜂1 → 𝑑12𝜆 = 𝜇1, 𝜂2 → 𝑑22𝜆 = 𝜇2

STEP 3: As any operator is the adjoint of its adjoint, find its CC as an operator 𝑎𝑑(𝒟)𝜇 = 𝜈 𝑑2𝜇1 − 𝑑1𝜇2 = 𝜈 .
STEP 4: Write down its adjoint as an operator𝒟𝜉 = 𝜂 . 𝜇1 → −𝑑2𝜉 = 𝜂1, 𝜇2 → 𝑑1𝜉 = 𝜂2

Step 5: Find its CC as an operator𝒟′
1𝜂 = 0 and compare to𝒟1 .

CONCLUDE: If 𝒟1 and 𝒟′
1 are identical or have the same space of solutions, that is produce the same involutive system, then 𝒟1 is

parametrized by 𝒟 . Otherwise, if the space of solutions of 𝒟′
1 is smaller than that of 𝒟1 , then 𝒟1 cannot be parametrized. It means that

there is at least one new CC which is an autonomous element which is satisfying at least one OD or PD equation for itself, a fact showing that the
initial system, considered as a control system, cannot be controllable (See [21, 35] or Zbl 179.93001 for more details and examples, in particular
the study of RCL electrical circuits). We notice that we don’t need to separate (𝜂1, 𝜂2) into input and output.

END: In the present example, 𝒟′
1 is defined by 𝑑1𝜂1 + 𝑑2𝜂2 = 𝜁′ and we have 𝑑2𝜁′ = 𝜁 , that is 𝑑2𝜁′ = 0 whenever 𝜁 = 0 . It follows that 𝒟

CANNOT be parametrized. Ofc course, such a result could have been found directly in this elementary example but such a test is unavoidable in
general.

In order to recapitulate, our purpose in this appendix is to explain howdifferential homological algebra is able to combine these two procedures.
For this we ask the reader to spend a few dollars in order to realize the next experiment and try to understand why such a fact is clearly

showing that gravitational waves cannot exist as we have explained in the Introduction and in theorem 4.1 or in [36].

Example 5.1: (Double pendulum) Let us consider a thin rigid bar of length 𝐿 able to slide horizontally with a position 𝑥 function of time 𝑡 and
time derivative 𝑑 . We may attach a pendulum of length 𝑙1 , mass 𝑚1 , (small) angle 𝜃1 from the vertical at one end and a pendulum of length 𝑙2
, mass 𝑚2 , (small) angle 𝜃2 from the vertical at the other end. At equilibrium, the two pendulums are fixed. If one of the pendulums is slightly
moved and 𝑙1 ≠ 𝑙2 , moving the bar with enough skill, one can bring the full system to equilibrium, that is 𝑥 = 𝑐𝑠𝑡, 𝜃1 = 𝜃2 = 0 and we say that the
full system is controllable by using the movement of the bar.

Now, if 𝑙1 = 𝑙2 = 𝑙 and one pendulum is moved while the other is untouched, then any way to stop the first wll bring the other to have the
same movement and the system is not controllable that is, in particular, there is no way to stop both pendulums as before.

In order to write down the two OD equations of the system, one has to consider the Newton law applied to the inertial forces 𝑑2(𝑥 + 𝑙𝜃) , the
gravity force𝑚𝑔 and the tension of the thread. Projecting on the perpendicular to each pendulum to eliminate the last one, we may divide by the
respective mass in order to get the two OD equations in the form of a surjective operator𝒟1𝜂 = 𝜁 with 𝜂 = (𝜂1 = 𝜃1, 𝜂2 = 𝜃2, 𝜂3 = 𝑥 ):

𝑑2𝑥 + 𝑙1𝑑2𝜃1 + 𝑔𝜃1 = 𝜁1, 𝑑2𝑥 + 𝑙2𝑑2𝜃2 + 𝑔𝜃2 = 𝜁2

Multiplying the firstOD equation by the test function 𝜆1 , the seond by the test fncin 𝜆2 , adding and integrating by parts, we obtain the adjoint
operator in the form 𝑎𝑑(𝒟1)𝜆 = 𝜇 , namely:

𝜃2𝑙2𝑑2𝜆2 + 𝑔𝜆2 = 𝜇2, 𝑥𝑑2𝜆1 + 𝑑2𝜆2 = 𝜇3

First of all, if 𝜇1 = 𝜇2 = 𝜇3 = 0 , we obtain two zero order OD equations where the second one is obtain by differentiating twice the first and
substituting:

𝑙2𝜆1 + 𝑙1𝜆2 = 0, (𝑙2/𝑙1)𝜆1 + (𝑙1/𝑙2)𝜆2 = 0

As the determinant of this linear system is equal to 𝑙1 − 𝑙2 , it follows that 𝑎𝑑(𝒟1) is injective if and only if 𝑙1 ≠ 𝑙2 .
Let us now prove that𝒟1 can be parametrized if and only if such a condition is satified. First of all we notice that 𝜆1, 𝜆2 ∈ 𝑗2(𝜇) and, using a

tricky PP procedure or computer algebra, we discover that 𝑎𝑑(𝒟1) has only one CC 𝑎𝑑(𝒟)𝜇 = 𝜈 of order 4. Taking the adjoint, we obtain a well
defined fourth order injective parametrization in the form𝒟𝜉 = 𝜂 as follows:

−𝑙1𝑙2𝑑4𝜉 − 𝑔(𝑙1 + 𝑙2)𝑑2𝜉 − 𝑔2𝜉 = 𝑥, 𝑙2𝑑4𝜉 + 𝑔𝑑2𝜉 = 𝜃1, 𝑙1𝑑4𝜉 + 𝑔𝑑2𝜉 = 𝜃2

This parametrization is injective and we have the short exact adjoint sequences:

0 ⟶ 1
𝐷
⟶ 3

𝐷1⟶ 2 ⟶ 0

0 ⟵ 1
𝑎𝑑(𝐷)
⟵ 3

𝑎𝑑(𝐷1)⟵ 2 ⟵ 0

At no moment we have ever been speaking about inputs, outputs and Kalman test !.
It remains to study the case 𝑙1 = 𝑙2 = 𝑙 . Subtracting the second equation from the first while setting 𝜃 = 𝜃1 − 𝜃2 , we get 𝑙𝑑2𝜃 = 𝑔𝜃 = 0 , that

is the standard Od equation of a single pendulum. Of course, we notice at once that the observable 𝜃 is an autonomous element and its behaviour
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cannot be controlled. Equivalently, 𝜃 is generating the torsion submodule 𝑡(𝑀) of the differential module𝑀 defined by𝒟1 . The main fact is that
now𝒟1 cannot any longer be parametrized?. For this, we may multiply each OD equation by two test functions as before and integrate by parts in
order to obtain:

𝑙𝑑2𝜆1 + 𝑔𝜆1 = 𝜇1, 𝑙𝑑2𝜆2 + 𝑔𝜆2 = 𝜇2, 𝑑2(𝜆1 + 𝜆2) = 𝜇3

Summing the two first OD equations while setting 𝜆 = 𝜆1 + 𝜆2 , we get:

𝑑2𝜆 = 𝜇3, 𝑙𝑑2𝜆 + 𝑔𝜆 = 𝜇1 + 𝜇2

It follows that 𝑎𝑑(𝒟1) is no longer injective with kernel 𝜆 = 0 ⇔ 𝜆1 + 𝜆2 = 0 . We also obtain 𝑔𝜆 = 𝜇1 + 𝜇2 − 𝑙𝜇3 and, substituting, we obtain
one single CC of order 2 for 𝑎𝑑(𝒟1) , namely 𝑎𝑑(𝒟) as follows:

𝑑2(𝜇1 + 𝜇2 − 𝑙𝜇3) − 𝑔𝜇3 = 𝜈

Multiplying by the test function 𝜉 and integrating by parts, we get𝒟 :

𝜇1𝑑2𝜉 = 𝜃1, 𝜇2𝑑2𝜉 = 𝜃2, 𝜇3 − 𝑙𝑑2𝜉 − 𝑔𝜉 = 𝑥

The 3 CC are described by𝒟′
1 ≠ 𝒟1 as follows:

𝑑2𝑥 + 𝑙𝑑2𝜃1 + 𝑔𝜃1 = 0, 𝑑2𝑥 + 𝑙𝑑2𝜃2 + 𝑔𝜃2 = 0, 𝜃1 − 𝜃2 = 0

We recover the fact that the new CC is introducing 𝜃 = 𝜃1−𝜃2 which is indeed a torsion element with autonomous OD equation 𝑑2𝜃+𝑔𝜃 = 0
.

This operator𝒟 of order 2 is injective and we have the short exact adjoint sequences:

3
𝐷′
1 ↗

0 ⟶ 1
𝐷
⟶ 3

𝐷1⟶ 2 ⟶ 0

0 ⟵ 1
𝑎𝑑(𝐷)
⟵ 3

𝑎𝑑(𝐷1)⟵ 2

It is absolutely impossible to recover all these results and understand their meaning without differential double duality and differential
homological algebra.

Example 5.2: (General relativity) We now prove that the above situation is .. exactly similar to the one we have described in GR in order to
explain why GW cannot exist.

When 𝑛 = 4 , let us prove that the 10 Einstein equations cannot admit a potential or, equivalently, that the Ricci operator cannot be
parametrized and that the Einstein operator is therefore useless as it cannot have a mathematical origin contrary to the Ricci operator, according
to the fundamental diagram II.

We shall discover that the existence of autonomous elements (torsion elements in the module framework) … are nothing else than the
20 − 10 = 10 components of the Weyl bundle already introduced in the fundamental diagram II, a result highly not evident at first sight !.

First of all, according to the parametrization test, to the result of the Introduction and to Theorem 4.1, we have at once the negative test
procedure:

𝑅𝑖𝑒𝑚𝑎𝑛𝑛 20
↗

4
𝐾𝑖𝑙𝑙𝑖𝑛𝑔
⟶ 10

𝑅𝑖𝑐𝑐𝑖
⟶ 10

0 ⟵ 4
𝐶𝑎ᵆ𝑐ℎ𝑦
⟵ 10

𝑎𝑑(𝑅𝑖𝑐𝑐𝑖)
⟵ 10

The 5 steps are indicated as follows while taking into account that 𝐶𝑎𝑢𝑐ℎ𝑦 = 𝑎𝑑(𝐾𝑖𝑙𝑙𝑖𝑛𝑔) , a result that can be found in any textbook of
continuum mechanics or elasticity:

𝑅𝑖𝑐𝑐𝑖 ⟶ 𝑎𝑑(𝑅𝑖𝑐𝑐𝑖)⟶ 𝐶𝑎𝑢𝑐ℎ𝑦⟶ 𝐾𝑖𝑙𝑙𝑖𝑛𝑔⟶ 𝑅𝑖𝑒𝑚𝑎𝑛𝑛
Accordingly and in a coherent way with the previous example, the Ricci operator and thus the Einstein operator cannot be parametrized and

we have 20 − 10 = 10 generating torsion elements, that is to say elements satisfying at least one PD equation for each one. Of course, such an
approach has never been followed because the fundamental diagram II is not known though it provides the splitting 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 = 𝑅𝑖𝑐𝑐𝑖 ⊕ 𝑊𝑒𝑦𝑙
coming from the splitting 𝑇∗ ⊗ 𝑇∗ = 𝑆2𝑇∗ ⊕ ∧2𝑇∗ . My chance has been to know very well the results of A. Lichnerowicz who has been my
advisor during 25 years from 1973 to his death in 1998. Indeed, I got in mind the so-called (in France !) ” Lichnerowicz waves ” and I am now
able to give a short proof of the linearized case [18]:

Theorem 5.3: The Dalembertian of each component of theWeyl tensor is a linear differential consequence of the 10 Einstein equations 𝑅𝑖𝑗 = 0
.

Proof. Linearizing over the Euclide or Minkowski metric 𝜔 while using the Bianchi identities and taking into account that 𝑅𝑘𝑙,𝑖𝑗 = 𝑅𝑖𝑗,𝑘𝑙 , we
get with 𝑑𝑟 = 𝜔𝑟𝑖𝑑𝑖 :

POMMARET

42 LJRS JOURNALS PRESS



𝑑𝑟𝑅𝑘𝑙,𝑖𝑗 + 𝑑𝑖𝑅𝑘𝑙,𝑗𝑟 + 𝑑𝑗𝑅𝑘𝑙,𝑟𝑖 = 0 ⇒ 𝑑𝑟𝑅𝑟𝑙,𝑖𝑗 = 𝑑𝑟𝑅𝑖𝑗,𝑟𝑙 = 𝑑𝑖𝑅𝑙𝑗 − 𝑑𝑗𝑅𝑙𝑖

𝑑𝑟𝑠𝑅𝑘𝑙,𝑖𝑗 + 𝑑𝑖𝑠𝑅𝑘𝑙,𝑗𝑟 + 𝑑𝑗𝑠𝑅𝑘𝑙,𝑟𝑖 = 0 ⇒ �𝑅𝑘𝑙,𝑖𝑗 + 𝜔𝑟𝑠𝑑𝑖𝑠𝑅𝑘𝑙,𝑗𝑟 + 𝜔𝑟𝑠𝑑𝑗𝑠𝑅𝑘𝑙,𝑟𝑖 = 0

�𝑅𝑘𝑙,𝑖𝑗 = 𝑑𝑖(𝑑𝑘𝑅𝑙𝑗 − 𝑑𝑙𝑅𝑘𝑗) − 𝑑𝑗(𝑑𝑘𝑅𝑙𝑖 − 𝑑𝑙𝑅𝑘𝑖)
Finally, using the splitting formula for defining the components 𝜎𝑘𝑙,𝑖𝑗 = 𝜌𝑘𝑙,𝑖𝑗−(∑𝜌𝑟𝑠) of theWeyl tensor from the components of the Riemann

tensor with now 𝜎𝑟𝑙,𝑟𝑗 = 0 , we obtain by linearization Σ𝑘𝑙,𝑖𝑗 = 𝑅𝑘𝑙,𝑖𝑗 − (∑𝑅𝑟𝑠)
It is absolutely impossible to extend the above result to the conformal Riemannian geometry because the analogue of the Bianchi operator is

now of order 2, a result still neither known and nor even acknowledged today in the long exact sequence that we have already provided at the end
of Section 3C, where𝒟 is the conformal Killing operator and𝒟1 is the Weyl operator [15, 26, 31]. This is the main reason for which the Spencer
sequences and their adjoint sequences must be used !.
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Abstract

This study aimed to generate economics information on sustainable forest management in the state of Acre.

Data collection addressed the following points: 1) prices of forest land and timber logs; 2) development and

implementation of the Sustainable Forest Management Plan (SFMP) and the Annual Operational Plan (AOP); 3) forest

harvesting and 4) timber transport to the sawmill. Basic data were obtained through interviews with forest consultants,

timber industry entrepreneurs, and owners of firms involved in forest extraction.

Different scenarios were considered: forests located 50𝑚𝑎𝑡ℎ𝑟𝑚𝑘𝑚, 100𝑚𝑎𝑡ℎ𝑟𝑚𝑘𝑚, and 150𝑚𝑎𝑡ℎ𝑟𝑚𝑘𝑚 from the city of Rio

Branco; managed areas with and without permanent plots; and with the application of silvicultural treatments. The

production cost was obtained using different interest rates, and a 25-year cutting cycle was adopted. In economic

terms, forest management activities were evaluated by calculating the net present value (NPV) and the production of log

delivered to the sawmill yard was evaluated by calculating the marketing margin. The results generated in this study on

forest management practices in the state of Acre allowed us to infer the following main conclusions: 1) the average cost

of producing standing timber in an area located 50𝑚𝑎𝑡ℎ𝑟𝑚𝑘𝑚 from the Rio Branco timber hub increases by approximately

0.82%with the installation andmeasurement of permanent plots throughout the cutting cycle and 2) themarketingmargin

for logs indicates that for more distant areas (150𝑚𝑎𝑡ℎ𝑟𝑚𝑘𝑚)) this activity is unfeasible.

Keywords: Forest economics, Permanent plots, Sustainable Forest Management
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1 Introduction

M
orales-Hidalgo et al. (2015) state that forests provide ecosystem goods and services, as food, water, shelter, and nutrient cycling, and play a key
role in biodiversity conservation. Macdicken et al. (2015), in turn, argues that these resources can contribute significantly to the economy and

ensure livelihoods and environmental protection.
Keenan et al. (2015) reveal that forests cover about 30% of the global land area, and 44% of these are distributed in tropical countries. Food and

Agriculture Organization of the United Nations (FAO) (2016) states that the second largest forest area in the world is in Brazil. Strand et al. (2017)
add that the Amazon Basin occupies about 60% of Brazilian territory, which, according to Assunção et al. (2017), is the largest continuous expanse
of tropical forests in the world. Given this reality, Fearnside (1997) and Hamaoui JR. et al. (2016) consider that the proper use of this biome is key to
global balance, as it plays an important role in global carbon and water cycles and temperature patterns.

However, Azevedo-Ramos (2010) warns that the timber sector in the Amazon, for decades, using techniques with high environmental impact
and high wood waste, has been associated with the destruction of the forest. In view of this fact, Higuchi (1994) and Sabogal et al. (2006) suggest
Sustainable Forest Management (SFM) as the forest exploitation practice that has the potential to ensure the sustainable use of this natural resource.
Brandt et al. (2016) point out that a growing portion of tropical forests is managed to achieve biodiversity conservation, forest protection, and
increased income.

It is worth to highlight that in sustainable forest management is knowledge of its economic aspects. In timber production in the Amazon,
this study would have the potential to support decision-making by local forest firms, and the identification of costs will underpin other economic
research in the region. These ideas are based on Barreto et al. (1998), who argue for the need for detailed cost-benefit analyses of management to
support the debate on forest use. Furthermore, Applegate et al. (2004) argue that most timber entrepreneurs are not fully aware of the costs of
timber harvesting.
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It is worth noting that Barreto et al. (1998), Boltz et al. (2001), De Graaf et al. (2003), Holmes et al. (2001) and Holmes et al. (2002) identified
the costs of forest management in the Amazon. However, each region of the Amazon has peculiarities, such as forest stock and variation in the
stumpage price which affect costs. Thus, it is recommended to carry out studies using data collected in different areas of this biome.

According to Amaral et al. (2012), the state of Acre has 87% of its territory covered by natural forest. Given this scenario, studies such as
Machado (2013), Silva (2003), Silva and Santos (2011) and Silva (2015) have calculated the management costs in Acre. However, research identifying
the cost of forest management implemented at different forest-to-sawmill distances is needed, considering or not the installation and measurement
of permanent plots (PP) and the adoption of silvicultural treatments (ST).

Given the above, this study aimed to generate economics information on sustainable forest management in the state of Acre. Specifically, it
aimed to: 1) quantify the cost of producing logs delivered to sawmills, at different forest-to-sawmill distances, considering management with or
without the installation and measurement of permanent plots (PP) and the application or not of silvicultural treatments (ST) and 2) identify the
profit margin for logs delivered to sawmills in Acre.

2 MATERIALS ANDMETHODS

2.1 Materials
2.1.1 Study Area. The study area is the state of Acre, in the Amazon, between latitudes 07°07’ S and 11°08’ S and longitudes 66°30’ W and 74° W.
This state has an area of 164,221.36 km² (4% of the Brazilian Amazon), and borders Peru, Bolivia, and the states of Amazonas and Rondônia (Acre,
2010). Figure 1 summarizes this information.

Figure 1. Location map of the state of Acre, Brazil.

According to the Brazilian Institute of Geography and Statistics (IBGE) (2016), the population of Acre is 816,687 inhabitants, of which 46.17%
reside in Rio Branco.

In the state of Acre, the climate is of the hot and humid equatorial type, characterized by high temperatures, high rainfall levels, and high
relative humidity, with an average annual temperature of around 24.5°C (ACRE, 2010). According to the Köppen-Geiger climate classification, Acre
presents two climate subtypes: Tropical humid or Equatorial (Af) and Tropical monsoon (Am) (Kottek et al., 2006).

The main hydrographic basins of Acre are the Purus River and the Juruá River basins, located in the central and eastern region and in the west
of state, respectively. All rivers and streams belong to the Amazon River hydrographic network (Guilherme, 2016).

Argisol soil classes cover approximately 40% of the state’s area, followed by Cambisols, which occupy about 30% of the territory (ACRE, 2006).
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According to Acre (2010), two large phytoecological regions predominate: Dense Ombrophilous Forest and Open Ombrophilous Forest, with
the individual or simultaneous occurrence of different plant formations (vines, bamboos, palm trees). There is a third region, the Campinarana,
restricted to the northwestern part of the State.

2.1.2 Local Forestry-Timber Production Process. The stages of log production, originating frommanagement plans in Acre, adopt the procedures
required by federal legislation, such as Decree 5.975/2006 (Brazil, 2006a); Normative Instruction (IN) of the Ministry of the Environment (MMA)
No. 05/2006 (Brazil, 2006b); IBAMA Execution Standard No. 01/2007 (Brazil, 2007); Conama Resolution No. 406/2009 (Brazil, 2009); MMA IN
01/2015 (Brazil, 2015); and state legislation: Joint Resolution CEMACT/CFE No. 003/2008 (Neves, 2009).

The stage of preparing the Sustainable Forest Management Plan (SFMP) and the Annual Operational Plan (AOP) includes pre-exploration
activities, carried out one year before exploitation, and necessary for the licensing of these documents (Thaines, 2013). The first phase of the process
is the preparation of the SFMP, with the execution of a sample forest inventory in the Forest Management Unit (FMU) (Espada et al., 2013), in order
to collect qualitative and quantitative data on the forest (BRASIL, 2009).

The area to be exploited in a given year is called the Annual Production Unit (APU), where a 100% forest inventory is carried out (Balieiro et al.,
2010). Microzoning identifies permanent preservation areas, areas of liana thickets and bamboo (BRASIL, 2007). Then, the Annual Operational
Plan (AOP) is prepared, which is the planning document for exploitation in the APU (Balieiro et al., 2010), containing data on the species and
volume to be exploited, trees to be maintained, planned activities such as road and yard construction, exploitation and post-exploration procedures
(BRASIL, 2007).

Once the AOP is prepared, in accordance with Joint State Resolution CEMACT/CFE No. 003/2008, legislation that guides the licensing,
monitoring, and inspection of forest management in Acre, the Sustainable Forest Management Plan (SFMP) and the AOP are submitted to the Acre
Institute of the Environment (IMAC).

To assess the damage caused by logging, permanent plots (PPs) are installed and measured before intervention in the forest, and remeasured
after exploitation (Oliveira et al., 2004). The cutting of vines occurs before harvesting, when planned (BRASIL, 2007).

According to Joint Resolution CEMACT/CFE No. 003/2008, after the licensing of the SFMP/AOP, the responsible environmental agency, within
its attributions, issues the Operating License (OL) and the Authorization for Exploitation (AUTEX).

Logging activities are carried out after the issuance of the OL and AUTEX, which, according to Thaines (2013), include the construction of roads
and storage yards; tree cutting; skidding planning, marking of skidding trails; skidding of logs to the yards; yard operation, such as log measurement,
organization, loading, and transshipment (intermediate transport of logs from storage yards in the forest to a central yard usually located near
consolidated transport infrastructure, such as paved roads. Espada et al. (2013) comment that the transport of logs occurs from the forest to the
industry yard.

After the exploitation of the APU, an Activity Report must be submitted to the environmental agency (Brazil, 2009), detailing the activities
carried out and the volume effectively exploited in this APU (Brazil, 2006b). Among the post-exploration activities, there are also: infrastructure
maintenance; monitoring of forest growth (when foreseen in the SFMP), through measurement of the installed PP and carrying out silvicultural
treatments and forest protection, when foreseen in the management plan (Thaines, 2013).

2.2 Data Collection
Considering procedures adopted by Silva (2015) and Silva and Santos (2011), data collection for this study focused on the following factors: 1)
Price of unmanaged forest land; 2) Price of forest raw materials; 3) Development and execution of the SFMP/AOP; 4) Forest harvesting; and 5)
Transportation of logs to the sawmill.

The basic data used to quantify the cost of log production were obtained through interviews using a specific questionnaire. Interviews were
chosen because, according to Gil (2008), this procedure allows for greater contact with the reality experienced by social actors and, according to May
(2004), this form of data collection generates rich understandings of experiences and opinions on a given subject.

The interviews focused on the city of Rio Branco, since according to Acre (2010), this city concentrates 63% of the Acrean timber industries,
in addition to 69% of the direct jobs in the timber industry sector throughout the state of Acre. According to Lentini et al. (2005), Rio Branco
represents the main timber hub of this state.

The interviews took place in December 2016 and addressed the agents involved in activities related to SFM carried out in Acre: 1) Forestry
engineers who prepare and execute SFMP and AOP in the region; 2) Sawmill owners who carry out SFM to supply wood to their companies; 3)
Logging executor and 4) Forestry engineers, responsible, at IMAC, for licensing forest management activities.

Data collection was carried out according to an accessibility sampling method, as described by Gil (2008). Thus, interviewees were selected
according to the interviewer’s accessibility to them, assuming that the interviewees could, in some way, be representative of the researched universe.

The engineers from IMAC provided specific data on the SFMP licensing process and its respective fees, such as the amounts charged for
inspection and the license. These interviewees also contributed data on the management practices in Acre, such as the length of roads (km) and the
number of storage yards in the AOPs.

The questionnaire was applied to consultants, sawmill owners, and the forestry extraction company. Data regarding land prices at different
forest-to-Rio Branco distances were obtained from a real estate agency located in Rio Branco.

The timber entrepreneurs and forest consultants interviewed provided data on the price of logs, delivered to sawmills, for different species, as
practiced in the local market.

Following the procedure adopted by Silva and Santos (2011), the data were broken down into physical and economic values, as indicated below.
The physical values obtained, as suggested by Machado (2013) and Silva and Santos (2011), were those inherent to the SFMP/AOP: 1) average

total area of the Annual Production Units, in hectares; 2) average annual volume of timber in logs (m³ year-1) and 3) average volume harvested in
the AOPs, per unit area of effective harvesting (m³ ha-1).

Table 1 presents the average data used in quantifying the production cost.
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Table 1. Characterization of Annual Production Units (APUs), state of Acre, 2016.

Items Unit Value
Average total area of the APUs (ha) 1,030.56
Average annual volume of timber logs (m³ year-1) 12,400.00
Average volume extracted at the APUs (m³ ha-1) 14.71

Economic data refers to land prices, log prices, service provision and operational costs, according to Silva (2015) and Silva and Santos (2011).
It should be noted that, due to the difficulty in obtaining detailed cost data for certain activities, the price charged for carrying out these

operations was considered as a proxy value to represent these costs, according to the procedure adopted by Silva (2015). Thus, for the items of
preparation of the SFMP/AOP, forest census, installation and measurement of permanent plots and post-exploration report, the prices charged by
forestry consultants to perform such services were taken into account. In the operations of cutting, skidding, loading, transshipment, reloading,
support camp, and forest transport, the price paid by sawmills to the firms providing these services was adopted.

In the planning of a APU, according to IN 05/2006 (BRAZIL, 2006b), the volume exploited is that per area of effective forest exploitation: the
area effectively exploited in the APU, not counting the Areas of Permanent Preservation (APP) and infrastructure.

The costs of SFM were quantified per area of effective exploitation. From the data collected on AOPs, it was considered that the unexploited
areas (APPs) correspond on average to 18% of the total area of the APU. Thus, an average area of 845.06 ha of effective exploitation was obtained
(82% of a UPA with 1,030.56 ha).

Thus, the prices charged for the total area of the APU were converted to effective area, multiplying the conversion factor (1.21951 - obtained by
dividing the average total area of the APU by the effective harvest area).

It was found that sawmill owners in Acre, when they do not own their own forest area, enter into a contract with the owners of forest lands.
The landowner charges a price per unit area (hectares) for this timber firm to exploit the forest under a Sustainable Forest Management Plan (SFMP)
regime. This allows these companies to be responsible for the execution and holders of the SFMP/POA.

The average price obtained in the interviews was R$ 557.14 ha-1. According to those interviewed, the payment method, which depends on the
negotiation, may have the following options: 1) the total amount is paid in three installments; 1st installment 30% after issuance of the AUTEX; 2nd
installment 30 days after the start of exploitation and the 3rd installment 90 days after the start of exploitation; 2) the total amount is paid in twelve
installments, with the first installment paid after issuance of the AUTEX and the remaining installments monthly; and 3) the total amount is paid in
three installments, 1st installment 30% after issuance of the AUTEX, the 2nd installment 40% in the month the exploitation begins and the 3rd
installment 30% at the end of the exploitation.

To calculate the stumpage price, the average contract price (R$ 557.14 ha-1) was divided by the average volume harvested from the APUs (14.71
m³ ha-1), resulting in R$ 37.86, which corresponds to the value paid per cubic meter of log harvested.

The average price to prepare and execute the SFMP/AOP is R$ 87.50 ha-1 (for the total area of the APU). The price for the area of effective
harvesting was R$ 106.71 ha-1.

The taxes levied on the preparation of the SFMP/AOP are related to the provision of services: 1) Withholding Income Tax (IRRF); 2) Social
Integration Program (PIS); 3) Contribution to Social Security Financing (COFINS); 4) Social Contribution on Net Profit (CSLL) and 5) Tax on
Services of Any Nature (ISS).

It should be noted that these taxes correspond to 16.15% of the price charged for preparing the SFMP/AOP. Thus, considering that the average
price for preparing the SFMP/AOP is R$ 106.71 ha-1, a value of R$ 17.23 ha-1 was obtained.

The average cost of notary documentation was R$ 0.28 ha-1, obtained by dividing the cost by the average area of effective exploitation (845.06
ha). The notary fees involve the following items: 1) signature authentication; 2) registration of the legal reserve area on the margins of the rural
property registration; 3) property certificate; registration of the Term of Responsibility for the Maintenance of Managed Forest (TRMFM) and 4)
Term of Forest and Technical Responsibility (TRFT), if the preparation of the SFMP is carried out by a technician different from the preparation and
execution of the AOP.

The fees with the Regional Council of Engineering and Agronomy (CREAA)/Technical Responsibility Annotation (ART) refer to the payment
of the ART of the technician responsible for the preparation and/or execution of the SFMP/AOP. The average cost with ART was R$ 0.10 ha-1,
obtained by dividing the cost by the average area of effective exploitation (845.06 ha).

In addition to federal legislation, SFM licensing follows guidelines and procedures from Joint Resolution No. 003, of August 12, 2008, of the
State Council for the Environment, Science and Technology and the State Forestry Council.

The licensing costs are the costs for licensing the SFMP and the AOP with IMAC. The items involved in this process are licensing fee, calculated
based on the total area of the APU; technical inspection fee; travel fee, calculated based on the distance to the managed area and administrative fee.
The total value is multiplied by two years, the validity of the OL and AUTEX. A simulation was carried out, together with a person responsible
for the Forest Management sector in the environmental agency. The average total area of the APUs (Table 1) was considered, located at different
distances from Rio Branco (50 km, 100 km and 150 km). The cost for the total area was R$ 3.82 ha-1 (50 km), R$ 4.55 ha-1 (100 km), and R$ 5.27 ha-1

(150 km). The cost converted to effective area was R$ 4.66 ha-1 (50 km), R$ 5.55 ha-1 (100 km), and R$ 6.43 ha-1 (150 km).
The interviewees revealed that the average price charged by consulting firms for conducting a 100% forest inventory was R$ 42.80 ha-1. It should

be noted that this value is included in the price charged for preparing the SFMP/AOP.
Permanent plots (PPs), as reported by Silva et al. (2005), serve to monitor the growth dynamics of managed forests through continuous forest

inventory (CFI), and should be established in forest production areas. However, conducting the CFI is optional, being mandatory only to justify the
adoption of parameters different from those presented in Normative Instruction No. 5, of the MMA, of December 11, 2006, such as, for example, the
alteration of the cutting cycle.

To identify the costs of implementing and measuring PPs, two data sources were used: the responses of the interviewees and the work of
Santos (2007). Thus, the data obtained generated an average cost of R$ 3.00 ha-1. In Santos (2007), studying the installation and measurement of a
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permanent plot in the Antimary State Forest, in the state of Acre, in 2005, the cost found was US$ 432.26 per plot. Following procedures presented
by Oliveira et al. (2004), it was assumed that a PP should be installed for every 250 ha of managed area. Thus, a cost of US$ 1.73 ha-1 was obtained.
Given these values, the average cost to install and measure permanent plots was found to be US$ 1.15 ha-1.

Oliveira et al. (2004) state that plots should be measured again the year after harvest, and from then on the intervals between measurements
should be two to five years. To identify the costs of this activity, in addition to data obtained through interviews, with an average value of R$ 2.50
ha⁻¹, the cost of US$ 314.11 for remeasurement of plots, found by Santos (2007), was used. Considering that a permanent plot should be installed
for every 250 ha of managed area, the cost for remeasurement of plots is US$ 1.26 ha⁻¹. The average cost of remeasurement of permanent plots
obtained was US$ 0.89 ha⁻¹.

As verified in the interviews, the holder of the management plan must present to IMAC copies of the publication in the State Official Gazette
and a local daily newspaper of the licensing request and receipt. Furthermore, according to Joint Resolution CEMACT/CFE No. 003/2008, upon
receiving the LO and the AUTEX, the holder must affix signs indicating the forest management area on the property before exploitation. The
average cost of these activities, obtained by dividing the cost by the average area of effective exploitation (845.06 ha), was R$ 0.52 ha-1.

According to CEMACT/CFE Resolution No. 003/2008, the post-exploration (or activity) report must be submitted to IMAC before requesting
a new AOP or up to one hundred and eighty days after the completion of the actions described in the AOP of the exploited APU (Neves, 2009).
Consultants charge an average price of R$ 4.46 ha-1 (total area) to prepare the document, or, R$ 5.40 ha-1 to the area of effective exploitation.

Logging is generally carried out by third-party firms, which are responsible for all operations, from felling to unloading the logs at the storage
yard. To quantify the costs of this process, the price paid by the timber industries to the contracted firms was considered, as well as the price charged
by the service provider itself. It should be noted that payment for these activities is based on the cubic meter of logs exploited, in commercial
measure. The commercial measure adopted in Acre’s sawmills is an adaptation of the Francon method or the reduced 4th method. This method
yields the volume of a squared log (BRASIL, 2003). According to information obtained in interviews, the measurement adopted by Acre’s timber
merchants involves a modification, in which the sapwood is deducted from one of the measurements of the smaller diameter face of the log.

The average price paid/charged for the construction of roads and yards, obtained from data collection, was R$ 9.75 m-3. However, it was decided
to calculate the cost separately for roads and yards, based on AOPs data obtained from the interviews.

The average price for renting machinery to open the infrastructure, obtained from the interviews, of R$ 2,150.00/km of road (4 m wide) was
adopted. In addition, since the management projects have an average of 0.032 km of roads/ha (effective area), a cost of R$ 68.80 ha-1 was obtained.
This value was divided by the average volume exploited in the APUs (14.71 m³ ha-1), and a cost of R$ 4.68 m-3 was obtained for opening roads.

For the activity of opening yards, according to AOPs data, it was considered that on average, an yards infrastructure of 500 m² (20 x 25m)
corresponds to 0.44% of the effective area of a APUP. The average effective exploitation area obtained in this study (845.06 ha) was used, resulting in
a total yard area of 37,182.64 m². Thus, considering that 1 km of road 4 m wide corresponds to 4,000 m² (0.4 ha), and that the cost for opening
4,000m² is R$ 2,150.00, the total cost for yards is R$ 19,985.67. Considering the average effective area and the average exploited volume obtained in
this study, the cost for opening yards is R$ 23.65 ha⁻¹ or R$ 1.61 m⁻³.

Another point to highlight is that, in calculating the cost of forest extraction, it was assumed that this activity can occur in two ways: one
operation including the transport of logs between storage yards in the forest and a yard located near a paved highway; and another without this kind
of transport. It should be noted that kind of transport allows the company to supply itself with logs year-round, because during the rainy season,
trucks are prevented from traveling on unpaved roads within forest areas, and companies are supplied by logs deposited in the yard near paved
roads, known as the ”esplanada” (storage area). From the above, this study presents a scenario where a company in Rio Branco operates year-round.
Thus, during the dry season (four months), it supplies itself without using that kind of transport, while during the remaining eight months, it uses
this kind of transport to supply its logs. Therefore, the average final cost of forest exploitation for this firm resulted from a weighted average of the
costs with and without this kind of transport, where the weight used was the percentage share that each of these exploitation systems has in the
total volume of logs processed by the firm, 67% and 33%, respectively.

The average prices for cutting, skidding, loading, transshipment, reloading, and support camp operations were R$ 9.38 m-3, R$ 25.36 m-3, R$
8.58 m-3, R$ 15.00 m-3, R$ 7.75 m-3, and R$ 11.75 m-3, respectively. Support infrastructure costs include camp, helper, food, and cook. The average
costs of exploitation, with transshipment, were R$ 84.11 m-3 and without transshipment, were R$ 61.36 m-3.

The transportation of timber is carried out by service providers, with the log placed in the sawmill yard. The freight costs for forest-sawmill
distances of 50, 100, and 150 km were R$ 40.83 m-3, R$ 72.00 m-3, and R$ 93.33 m-3, respectively.

Silva et al. (2005) comment that administrative costs account, on average, for 17.5% of the annual subtotal costs. These costs, according to Silva
and Santos (2011), involve costs for accounting, office, and field supervision services.

During the interviews, data on the costs of issuing invoices for rural producers were obtained. Subsequently, a document issued by the State
Finance Secretariat was found to indicate that, for the transport of logs within the state of Acre, the issuance of an Electronic Invoice is not required.
However, the document states that if an invoice is issued for the raw product (logs), the field relating to the Tax on the Circulation of Goods and
Services (ICMS) does not need to be filled in.

Therefore, it was decided to consider the issuance of the invoice when quantifying the production cost. In addition, it was taken into account
that, according to interview data, an invoice must be issued for each truckload, with a volume between 40 and 60 cubic meters, and the cost to issue
an invoice is R$ 3.00. Thus, a cost of R$ 0.06 m-3 was obtained for issuing the invoice, for an average volume per truckload of 50 m³.

Some respondents reported that there are tax costs associated with the sale of logs, with 2.25% of the gross value of the logs being collected for
the Rural Worker Support Fund (Funrural). Thus, since the average price practiced in the local market for logs delivered to sawmills was R$ 256.7
m-3, the cost of Funrural collection is R$ 5.78 m-3.

Forestry consultants and sawmill owners reported that income tax costs account for 27.5% of the net profit from the sale of logs.
The secondary data used in this study were data from AOPs executed in the state of Acre, referring to the length of roads (km) and total area of

storage yards (m²).

COST OF SUSTAINABLE TIMBER FOREST MANAGEMENT IN THE STATE OF ACRE, BRAZILIAN AMAZON

London Journal of Research In Science: Natural and Formal VOL. 26 · ISSUE 4 · 2026 49



Operational cost data for PP in a management area in Acre were used, from Santos (2007). Costs concerning post-exploration silvicultural
treatments in a management area in the Amazon were obtained from the study by Ferreira (2012). Cost data for the pre-exploration activity of vine
cutting were obtained from the work of Thaines (2013).

Cutting vines intertwined with the trees to be harvested and neighboring trees is recommended to avoid the undue fall of trees and the risk of
accidents for the field team (Balieiro et al., 2010). It is recommended that this activity be carried out at least one year before harvesting, preferably
along with or immediately after a 100% forest inventory (Fundação Floresta Tropical (FFT), 2002).

Due to the difficulty in obtaining data for cutting vines activity during data with the interviewees, the cost presented by Thaines (2013) was
considered. This author takes into account that the vine cutting team in an exploration area of 1,000 hectares, in the Tapajós National Forest, in
Pará, was composed of four workers, and the remuneration for the 1,000 ha undertaking was R$ 6,000.00, which corresponds to R$ 6.00 ha-1.

Post-logging silvicultural treatments include the release of remaining commercial trees through thinning, girdling of competing trees, or cutting
of vines; the management of natural regeneration; enrichment plantings in clearings, among others (Espada et al., 2013). The cutting of vines
should be repeated after logging on the remaining trees to facilitate their development (FFT, 2002).

The adoption of silvicultural treatments (TT) in managed areas in Acre is incipient or non-existent, which made it impossible to obtain data for
this activity. However, since this study considered scenarios that include such activity, data from Ferreira (2012) were used, who determined the
installation, monitoring, and maintenance costs of different post-harvest silviculture systems in a managed area in the municipality of Paragominas,
Pará. The treatment selected contained the activities: 1) thinning for release, by girdling; 2) cutting of vines in the treated trees and 3) planting in
clearings. The installation cost was R$ 96.80 ha-1 while the monitoring and maintenance costs was R$ 37.70 ha-1.

To correct for inflationary effects on the economic values used in this study, the prices and costs considered were converted from Brazilian Real
(R$) to US Dollar (US$). To do this, the official exchange rate for the sale of the US dollar was consulted on the website of the Central Bank of Brazil
(BCB). Therefore, using the 15th (or the next business day) of each month of 2016 as a reference, the average exchange rate obtained was US$ 1.00 =
R$ 3.5009.

3 Methods

Quantification of the cost of producing logs, harvested in a managed area and delivered to the timber company’s yard, in the state of Acre
This calculation is justified by the words of Sasaki et al. (2016), who state that cost is the main concern for adopting Reduced Impact Logging

(RIL). Thus, since RIL is the concept used in forest exploitation adopted in the state of Acre, its economics evaluation will contribute to the evaluation
of sustainable forest management as a whole.

The quantification of the cost of log production followed a procedure adapted from the method indicated by Silva (2015), summarized in the
following expression.

𝐶𝑝𝑓 = 𝐶𝑚𝑝 + 𝐶𝑒𝑓 + 𝐶𝑡𝑓 + 𝐶𝑛𝑓 + 𝐶𝐹ᵆ𝑛𝑟ᵆ𝑟𝑎𝑙 + 𝐶𝐼𝑅 (1)

Where: 𝐶𝑝𝑓 is the production cost (minimum price) of logs harvested in a managed area and delivered to the sawmill’s yard (US$ m-3); 𝐶𝑚𝑝

refers to the production cost (minimum price) of stumpage in a managed area; 𝐶𝑒𝑓 refers to the cost of logging activities in an area under the SFM

regime (US$ m-3); 𝐶𝑡𝑓 is the cost of transporting logs from the managed area to the sawmill (US$ m-3);

𝐶𝑛𝑓 is the cost of issuing the invoice for the logs (US$ m-3); 𝐶𝐹ᵆ𝑛𝑟ᵆ𝑟𝑎𝑙 is the cost related to the collection of Funrural (US$ m-3); and 𝐶𝐼𝑅 is

the cost of income tax on net profit (US$ m-3).

Cost of production of stumpage in a forest management area in the state of Acre
The cost of production of stumpage was calculated as indicated by Silva (2003), being obtained through expression (2):

𝐶𝑚𝑝 = 𝑃𝑚𝑝 + 𝐶𝑚𝑓 (2)

Where: 𝑃𝑚𝑝 refers to the average stumpage price (US$ m-3); 𝐶𝑚𝑓 is the cost of producing the SFM to be carried out (US$ m-3).

The 𝑃𝑚𝑝 , as indicated by Silva (2003), is the price paid for stumpage to the forest owner, described previously. The 𝐶𝑚𝑓 involves the costs of

forest management operations (in R$ ha-1), described in the previous section, obtained through expression (3):

𝐶𝑚𝑓 =
∑𝑛

𝑡=0
𝐶𝑡

(1+𝑖)𝑡
𝑉𝑚

(1+𝑖)𝑡𝑒

(3)

Where: 𝐶𝑡 represents the total cost of AFM activities in the year 𝑡 (US$ ha-1); 𝑉𝑚 refers to the average volume harvested per area of

effective exploitation (m³ ha-1); 𝑖 is the opportunity cost of capital (interest rate), expressed as a decimal (p.a.); 𝑡 represents the year in which a
given cost occurs; and 𝑡𝑒 is the year in which logging takes place.

Net present value (NPV) of SFM activities
The economic viability of MFS activities was verified by calculating the NPV, according to the following expression (4), presented by Rezende

and Oliveira (2011):
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𝑉𝑃𝐿 =
𝑛
∑
𝑡=0

𝑅𝑡(1 + 𝑖)−𝑡 −
𝑛
∑
𝑡=0

𝐶𝑡(1 + 𝑖)−𝑡 (4)

Where: 𝑉𝑃𝐿 is the net present value of SFM activities (US$ ha-1); 𝐶𝑡 is the cost of SFM operations at the end of the year 𝑡 (US$ ha-1); 𝑅𝑡
is the revenue at the end of the year 𝑡 (US$ ha-1); 𝑛 is the project duration, in years and 𝑡 is the year in which the revenue or cost occurs.

Revenue was obtained by multiplying the minimum price of stumpage by the average volume harvested in the APUs (14.71 m³ ha-1). According
to Silva and Fontes (2005), when a project that has an NPV greater than zero, it is economically viable.

The cost of production 𝐶𝑒𝑓 comprises activities related to logging, which includes the costs of road and yard infrastructure, cutting, skidding,
loading, timber forwarding, reloading, and support infrastructure.

It should be noted that the final cost of the operation was obtained by the weighted average of the costs of the logging systems with and
without timber forwarding. To meet the demand for wood, a sawmill may or may not carry out timber forwarding during forest exploitation. It was
considered that a sawmill operates year-round, when the system without timber forwarding occurs in four months (weight of 0.33), during a year of
operation of the timber company, while the system with timber forwarding has a participation of eight months (weight of 0.67) in production. Thus,
during logging in the dry season, for every three trucks, two carry out timber forwarding of the production and one goes directly to the sawmill in
Rio Branco.

𝐶𝑡𝑓 involves the cost of transporting the log from the forest to the sawmill yard in Rio Branco. 𝐶𝑛𝑓 in turn includes the cost of issuing the

invoice for transporting the log within the state of Acre. While 𝐶𝐹ᵆ𝑛𝑟ᵆ𝑟𝑎𝑙 is the cost generated by the collection of Funrural, at the time of sale of

the log. Finally 𝐶𝐼𝑅 indicates the cost of Income Tax on the net profit from the sale of the log.
The net profit was obtained using expression (5):

𝐿 = 𝑅 − 𝐶 (5)

Where: 𝐿 is the net profit from the sale of logs (US$ m-3); 𝑅 is the gross revenue from the sale of logs, in other words, the average local price
of logs (US$ m-3); and 𝐶 is the sum of the costs of log production (US$ m-3), obtained using the expression (6):

𝐶 = 𝐶𝑚𝑝 + 𝐶𝑒𝑓 + 𝐶𝑡𝑓 + 𝐶𝑛𝑓 + 𝐶𝐹ᵆ𝑛𝑟ᵆ𝑟𝑎𝑙 (6)

Next, the income tax (𝐶𝐼𝑅) was calculated using the following expression (7):

𝐶𝐼𝑅 = 𝐿 × 0.275 (7)

Where 𝐶𝐼𝑅 is the income tax on the net profit from the sale of the log (US$ m-3).
The cost of production was quantified and analyzed considering three types of situations: 1) based on the distance from the forest to the

sawmill in Rio Branco; 2) whether or not the forest has permanent plot (PP) measurements and 3) based on the application or not of post-harvest
silvicultural treatments (ST).

It is worth mentioning that the scenarios with plots include the installation, measurement, and remeasurement of PP. The situations with
treatments, in turn, in addition to the installation, measurement, and remeasurement of PP, include the activities of installation, monitoring,
and maintenance of silvicultural treatments (ST). Furthermore, a 25-year cutting cycle was adopted as the planning horizon for the SFM, which
complies with CONAMA Resolution No. 406/2009.

As already mentioned, for quantifying the cost of log production from SFM, addressed three scenarios, namely, forest located 50 km, 100 km
and 150 km from the sawmill in Rio Branco. In addition, for each of these scenarios, the possibility of the SFM analyzed having or not having the
installation and measurements of permanent plots (PP) was given. Finally, for each of the situations mentioned, the possibility of carrying out or
not silvicultural treatments (STs) in the management addressed was considered.

In addition, different interest rates were used to analyze the behavior of forest production costs, as recommended by Pearse (1990) andWagner
(2012). As suggested by Lima Júnior et al. (1997), the rates used in forest projects vary from 6 to 12% per year. Therefore, discount rates of 6% a.a.,
8% a.a., 10% a.a. and 12% a.a. were adopted, following the procedure of Silva and Santos (2011).

It should be noted that the price of land was included in the cash flow as a cost in year zero and an income at the end of year 24, as adopted by
Silva and Santos (2011). Thus, it is assumed that the land is acquired at the beginning of the cutting cycle and sold at the end of it.

Regarding silvicultural treatments (TTs), for the cash flow, the following guidelines from Ferreira (2012) were followed: the installation costs of
the TTs occur one year after exploitation, while maintenance and monitoring costs occur annually for the first five years, and thereafter, every five
years, until the end of the cutting cycle.

Marketing Margin for Logs Delivered to Sawmills
The absolute (or gross) marketing margin for logs was calculated using expression (8), indicated by Mendes and Padilha Júnior (2007):

𝑀 = 𝑃𝑚𝑡 − 𝐶𝑝𝑓 (8)

Where: 𝑀 is the absolute marketing margin for logs from managed areas in Acre (US$ m-3); 𝑃𝑚𝑡 is the average price of logs, harvested in

managed areas and delivered to the sawmill yard, played in the local market (US$ m-3) and 𝐶𝑝𝑓 is the production cost of logs, harvested in a

managed area and delivered to the sawmill yard (US$ m-3).
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The marketing margin was used as an indicator of profit or loss in log production, in the different scenarios adopted. For this, the average price
of logs practiced in the local market, obtained in the data collection, used as income, was R$ 256.7 m-3.

4 RESULTS AND DISCUSSION

Cost of stumpage production in the state of Acre, 2016
The average selling price of stumpage in the Acrean timber market in 2016 was US$ 10.82 m-3. It should be noted that it was verified that there

is no differentiation in prices for the different groups of species, of higher or lower commercial value, since the negotiation occurs according to the
size of the UPA. However, by way of comparison, the stumpage price in Acre in 2008, presented by Silva (2015), was differentiated for three groups
of commercial species: noble species (US$ 27.12 m-3); hardwood species (US$ 21.81 m-3) and softwood species (US$ 22.76 m-3). In turn, the average
market price of stumpage, presented by Silva and Santos (2011), in a study carried out in the state of Acre in 2011, was US$ 25.16 m-3. From the
above, it can be seen that the price found in this study is considered lower compared to the values presented in previous studies.

It was noted that the average volume harvested in the managed forests of Acre, according to the data obtained in this study (14.71 m³ ha-1), did
not reach the maximum cutting intensity of 30 m³ ha-1 (when using machines for log skidding), foreseen in Conama Resolution No. 406/2009
(BRAZIL, 2009). The volume harvested is considered low, compared to the average harvest value of 25.36 m³ ha-1, observed in the study by Holmes
et al. (2002), carried out in Paragominas, state of Pará. It is emphasized that the volume exploited directly affects the costs of log production.

The interviewees stated that the commercial volume harvested in managed areas in the state of Acre rarely reaches the maximum allowed by
law. One of the main factors that interfere with the volume harvested in a managed area refers to the species demanded by the market. For example,
in the preparation phase of an Annual Operational Plan (AOP), it is planned to exploit a certain species, selecting it for cutting. However, in the
year of harvesting, this species has a low commercial value, causing the decision-maker to choose not to exploit all the individuals of this species
selected for cutting, or even to decide not to exploit it, thus reducing the volume of cutting. In addition to this factor, the characteristics of the
forest considerably interfere with the volume harvested. According to Hosokawa et al. (1998), the productivity of native forests is influenced by the
productive capacity of the soil and the heterogeneous distribution of species in the area.

Ferreira (2014) states, the Acrean forests are characterized by the dominant presence of bamboo species of the genus Guadua. According
to Silveira (2001), bamboo dominance can limit the competitive ability of tree species with low adaptive capacity to the environment, leading to
alterations in floristic composition and a reduction of almost 40% of species in a one-hectare sample. Furthermore, that bamboo alters the forest
structure, decreasing density and basal area. Ferreira (2014) cites that, during logging, clearings are created in the forest canopy, providing abundant
physical space and light, which are extremely favorable to bamboo development. So, it is emphasized the need to understand the conditions that
favor the appearance of bamboo, its growth rate, and the time it takes to dominate a given forest area. This author also argues that this information
is urgent for the case of the forests of Acre, since it is in the central and eastern regions of the state, where the bamboo forests are concentrated, that
logging is most intense.

Thus, it is understood that timber production in these forests can vary from region to region and according to the predominant type of vegetation,
where certain areas may present a higher occurrence of individuals of species with greater commercial value.

The costs of SFM, in native forest areas in the state of Acre, for the year 2016, are presented in Table 2.

Table 2. Composition of MFS cost for a 25-year cutting cycle, converted to effective management area, state of Acre, 2016.

YEAR ITEM 50 km 100 km 150 km
With PP Without

PP
With PP
and TS

With PP Without
PP

With PP
and TS

With PP Without
PP

With PP
and TS

0

Land price 243.84 243.84 243.84 200.30 200.30 200.30 148.05 148.05 148.05
Preparation of SFMP/AOP 30.48 30.48 30.48 30.48 30.48 30.48 30.48 30.48 30.48
Taxes 4.92 4.92 4.92 4.92 4.92 4.92 4.92 4.92 4.92
Fees for CREA/ART 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03 0.03
Registry Office 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08
Licensing/IMAC 1.33 1.33 1.33 1.58 1.58 1.58 1.84 1.84 1.84
Installation/Measurement PPs 1.15 - 1.15 1.15 - 1.15 1.15 - 1.15
Cutting of Vine Trees* 1.71 1.71 1.71 1.71 1.71 1.71 1.71 1.71 1.71
Publication and SFMP Sign 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15 0.15
Subtotal 283.69 282.54 283.69 240.40 239.26 240.40 188.41 187.26 188.41
Administration 49.65 49.45 49.65 42.07 41.87 42.07 32.97 32.77 32.97
Total 333.34 331.99 333.34 282.47 281.13 282.47 221.38 220.03 221.38

1
Post-exploratory report 1.54 1.54 1.54 1.54 1.54 1.54 1.54 1.54 1.54
Administration 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27 0.27
Total 1.81 1.81 1.81 1.81 1.81 1.81 1.81 1.81 1.81

2

Remediation of permanent plots 0.89 - 0.89 0.89 - 0.89 0.89 - 0.89
Silvicultural treatments - - 27.65 - - 27.65 - - 27.65
Subtotal 0.89 - 28.54 0.89 - 28.54 0.89 - 28.54
Administration 0.16 - 5.00 0.16 - 5.00 0.16 - 5.00
Total 1.05 - 33.54 1.05 - 33.54 1.05 - 33.54

3–6
Silvicultural treatments** - - 10.77 - - 10.77 - - 10.77
Administration - - 1.88 - - 1.88 - - 1.88
Total - - 12.65 - - 12.65 - - 12.65
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Continued

YEAR ITEM 50 km 100 km 150 km
With PP Without

PP
With PP
and TS

With PP Without
PP

With PP
and TS

With PP Without
PP

With PP
and TS

7, 12, 17, 22

Remediation of permanent plots 0.89 - 0.89 0.89 - 0.89 0.89 - 0.89
Silvicultural treatments** - - 10.77 - - 10.77 - - 10.77
Subtotal 0.89 - 11.66 0.89 - 11.66 0.89 - 11.66
Administration 0.16 - 2.04 0.16 - 2.04 0.16 - 2.04
Total 1.05 - 13.70 1.05 - 13.70 1.05 - 13.70

Source: *Thaines (2013). ** Fonte: Ferreira (2012).

The price of forest land located 100 km from Rio Branco is 17.86% lower compared to the price of land 50 km from that city. Conversely, the
price of an area 150 km from Rio Branco is approximately 40% lower than the price of land located 50 km from that city. The costs related to
forest management licensing increase as the management area becomes more distant. In the simulation carried out in this study, the increase in
licensing costs, changing the distance from 50 km to 150 km between the forest and the sawmill in Rio Branco, was about 39%, due to the costs of
displacement.

The price of land corresponds, on average, to 70.31% of the total cost of year zero for scenarios with PP and 70.66% for scenarios without PP. The
lowest costs correspond to the costs of Technical Responsibility Report (ART), notary documentation, and costs of publication and management
signage. It is important to mention that, according to the interviewees, the costs of notary documentation are generally the responsibility of the
landowner. It is also noted that the cost for remeasurement of permanent plots decreases by about 23% compared to the cost of implementing and
measuring PP in year zero.

The SFM costs at different interest rates are shown in Table 3.
Observing the values indicated in Table 3, it can be seen that the cost of SFM activities tends to decrease with increasing distance from the

forest to the sawmill yard. This decrease is related to the price of forest land, which becomes lower as the distance from the timber hub in Rio
Branco increases. The average cost of SFM for scenarios with plots was US$ 253.94 ha-1, US$ 250.05 ha-1 for scenarios without PP and US$ 322.81
ha-1 for scenarios with PP and TS.

Table 4 presents a summary of the production cost (or minimum price) of this timber product in managed areas in the state of Acre.
The cost of producing stumpage also decreases with increasing distance, due to the costs of SFM activities. The average cost of stumpage

producing, for the different rates analyzed, in an area located 50 km from the timber hub in Rio Branco, increases by approximately 0.82% with
the installation, measurement, and remeasurement of PP throughout the cutting cycle. For areas 100 km and 150 km away, the average cost of
producing stumpage increases by 0.91% and 1.05%, respectively, with the addition of continuous forest inventory activities.

For areas 100 km and 150 km away, the average cost of stumpage producing increases by 0.91% and 1.05%, respectively, with the addition of
Continuous Forest Inventory (CFI)/Permanent Plot (PP) measurement activities.

Table 3. Cost of MFS in forest areas, the state of Acre, 2016.

Scenario Description Interest rate (% p.a.) SFM Cost (US$ ha-1)

1 Management area located 50 km from the sawmill in Rio Branco, with PP

6 277.67
8 298.97
10 312.31
12 320.72

2 Management area located 50 km from the sawmill in Rio Branco, without PP

6 273.48
8 295.21
10 308.88
12 317.54

3 Management area located 50 km from the sawmill in Rio Branco, with PP and TS

6 368.52
8 380.91
10 386.89
12 389.11

4 Management area located 100 km from the sawmill in Rio Branco, with PP

6 237.55
8 254.98
10 265.87
12 272.72

5 Management area located 100 km from the sawmill in Rio Branco, without PP

6 233.37
8 251.22
10 262.44
12 269.55

6 Management area located 100 km from the sawmill in Rio Branco, with PP and TS

6 328.40
8 336.91
10 340.45
12 341.12

7 Management area located 150 km from the sawmill in Rio Branco, with PP

6 189.36
8 202.12
10 210.07
12 215.06

8 Management area located 150 km from the sawmill in Rio Branco, without PP

6 185.17
8 198.36
10 206.64
12 211.89
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Continued
Scenario Description Interest rate (% p.a.) SFM Cost (US$ ha-1)

9 Management area located 150 km from the sawmill in Rio Branco, with PP and TS

6 280.21
8 284.06
10 284.65
12 283.46

It is noted that, if the holder of the Sustainable Forest Management Plan (SFMP) chooses to carry out the CFI in the managed forest, considering
the results obtained in this study, there is little change in the final cost. This result was also observed by Machado (2013), when evaluating the cost
of timber management in the state of Acre in 2012. The difference in cost in the scenario without PPM allocation compared to the one with plot
allocation was 0.80%.

The difference between the average cost of producing stumpage, at different interest rates, with measurement and remeasurement of PP and
application of TS after extraction, at 50 km, 100 km and 150 km from Rio Branco, represented an increase of 18.5%, 20.6% and 23.7% in the final cost,
respectively, compared to scenarios without these operations.

Table 4. Composition of the cost of producing stumpage, for a 25-year cutting cycle, in a managed area, state of Acre, 2016.

Scenario Description Interest Rate
(% a.a.)

Cost of SFM (US$
m-3)

Cost of stumpage
production (US$

m-3)

Revenue (US$
ha-1)

1 Management area located 50 km from the sawmill in Rio
Branco, with PP

6 20.00 30.82 453.36
8 21.94 32.76 481.90
10 23.35 34.17 502.64
12 24.41 35.23 518.23

2 Management area located 50 km from the sawmill in Rio
Branco, without PP

6 19.70 30.52 448.95
8 21.67 32.49 477.93
10 23.09 33.91 498.82
12 24.17 34.99 514.70

3 Management area located 50 km from the sawmill in Rio
Branco, with PP and TS

6 26.55 37.37 549.71
8 27.96 38.78 570.45
10 28.92 39.74 584.58
12 29.62 40.44 594.87

4 Management area located 100 km from the sawmill in Rio
Branco, with PP

6 17.11 27.93 410.85
8 18.71 29.53 434.39
10 19.88 30.70 451.60
12 20.76 31.58 464.54

5 Management area located 100 km from the sawmill in Rio
Branco, without PP

6 16.81 27.63 406.44
8 18.44 29.26 430.41
10 19.62 30.44 447.77
12 20.52 31.34 461.01

6 Management area located 100 km from the sawmill in Rio
Branco, with PP and TS

6 23.66 34.48 507.20
8 24.73 35.55 522.94
10 25.45 36.27 533.53
12 25.96 36.78 541.03

7 Management area located 150 km from the sawmill in Rio
Branco, with PP

6 13.64 24.46 359.81
8 14.83 25.65 377.31
10 15.70 26.52 390.11
12 16.37 27.19 399.96

8 Management area located 150 km from the sawmill in Rio
Branco, without PP

6 13.34 24.16 355.39
8 14.56 25.38 373.34
10 15.45 26.27 386.43
12 16.13 26.95 396.43

9 Management area located 150 km from the sawmill in Rio
Branco, with PP and TS

6 20.19 31.01 456.16
8 20.85 31.67 465.87
10 21.28 32.10 472.19
12 21.58 32.40 476.60

Note: The average market price of standing timber considered was US$ 10.82 m-3.

It is observed that the cost of production of stumpage increases with the increase in the discount rate. As an example, this value in scenario 1,
calculated at a rate of 12% p.a., is 14.3% higher than that obtained at a rate of 6%. The average revenue for the evaluated rates, for management areas
located 50 km, 100 km and 150 km from Rio Branco, is US$ 516.35 ha-1, US$ 467.64 ha-1 and US$ 409.13 ha-1, respectively.

It is also observed that the average production cost in scenarios with PP is US$ 29.71 m-3, US$ 29.45 m-3 for situations without PP, and US$
35.55 m-3 for scenarios with PP and TS, providing an increase of 174.6%, 172.2%, and 228.6%, respectively, in the minimum price of stumpage.

The increased cost in scenarios with PP and TS is due to the inclusion of different treatments (girdling, vine cutting, and planting in clearings)
in the cash flow of MFS activities. According to data obtained from interviews, it was found that the holders of management plans do not include
post-harvest treatments in the planning of the UPAs. It should be noted that current legislation does not require the application of these activities, nor
the installation of permanent plots; that is, both activities are optional. Only for forest certification purposes, to meet Principle No. 8 (Monitoring and
Evaluation) of the Forest Stewardship Council (FSC), should continuous forest inventory be carried out in the management area. It is emphasized
that managers do not apply silvicultural treatments after harvesting because they do not believe that this activity provides benefits to the managed
forests, and mainly due to the additional costs.

In the state of Pará, research focusing on silvicultural treatments in managed forests is more advanced. Studies such as those by Gomes et al.
(2010); Sandel and Carvalhos (2000); Souza et al. (2015) and Taffarel et al. (2014) have been carried out. However, there are few studies involving
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economic analyses of the application of post-harvest treatments in native forests in the Amazon, among these are: Ferreira (2012), Pinho et al.
(2009) and Pires (2014). Despite the studies carried out, Gomes et al. (2010) comment that silvicultural techniques after timber harvesting are rarely
adopted due to the scarcity of information on the subject in the Brazilian Amazon.

4.1 Net Present Value of MFS
The NPV of MFS activities is presented in Table 5. Positive NPV values indicate that management projects are economically viable. The NPV
decreases with increasing interest rates. The average NPV in scenarios with PP is US$ 145.99 ha-1 while US$ 146.02 ha-1 in scenarios without PP and
US$ 146.0 ha-1 in scenarios with PP and TS, showing little difference in values.

Despite the profitability of management, there are barriers to applying it on a large scale in the Amazon, such as the higher profitability of
agriculture in the short term compared to management and the need for a forest policy including control of forest exploitation, economic incentives
for management and logging (Barreto et al., 1998).

Table 5. Net present value of MFS, the state of Acre, 2016.

Scenario Description Interest rate (% p.a.) NPV (US$ ha-1)

1 Management area located 50 km from sawmill, with PP

6 150.04
8 147.23
10 144.64
12 141.99

2 Management area located 50 km from sawmill, without PP

6 150.06
8 147.31
10 144.59
12 142.01

3 Management area located 50 km from sawmill, with PP and TS

6 150.08
8 147.29
10 144.54
12 142.02

4 Management area located 100 km from sawmill, with PP

6 150.04
8 147.23
10 144.68
12 142.05

5 Management area located 100 km from sawmill, without PP

6 150.07
8 147.32
10 144.63
12 142.07

6 Management area located 100 km from sawmill, with PP and TS

6 150.09
8 147.29
10 144.58
12 141.95

7 Management area located 150 km from sawmill, with PP

6 150.08
8 147.24
10 144.57
12 142.05

8 Management area located 150 km from sawmill, without PP

6 150.10
8 147.33
10 144.66
12 142.07

9 Management area located 150 km from sawmill, with PP and TS

6 150.13
8 147.30
10 144.61
12 142.08

The average costs of logging activities in Acre are presented in Table 6.

Table 6. Average cost of logging, state of Acre, 2016.

Logging Activities Cost (US$ m-3)
Road opening 1.34
Yard opening 0.46
Cutting 2.68
Skidding 7.24
Loading 2.45
Forwarding of timber 4.28
New Loading 2.21
Support camp 3.36
Total with forwarding of timber 24.02
Total without forwarding of timber 17.53
Final Cost 21.87

The results, shown in Table 6, demonstrate that skidding accounts for the largest share of logging costs, followed by hauling, support camp and
tree felling operations, which represent approximately 73% of the total logging cost with hauling. The lowest costs are incurred by yard and road
construction operations (7.5%) and loading logs onto trucks (10.2%).
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Barreto et al. (1998), conducted in the municipality of Paragominas, state of Pará, with a timber volume of 38.6 m³ ha-1, the costs of road and
yard opening, felling, skidding, and loading activities were US$ 0.22 m-3, US$ 0.07 m-3, US$ 0.25 m-3, US$ 1.31 m-3, US$ 2.59 m-3, respectively.
Holmes et al. (2002), analyzing the financial aspects of RIL at Fazenda Cauaxi, also in Pará, the costs of road and yard opening were US$ 0.16 m-3

for each activity. In cutting, skidding and yard operations, the costs were US$ 0.62 m-3, US$ 1.24 m-3 and US$ 1.28 m-3, respectively. It is noted that
the costs found in the present study for such activities are higher. However, it is worth mentioning that characteristics of SFMP, which vary over the
years from region to region, influence costs. According to Amaral et al. (1998), the cost of management varies according to the type of forest.

Variations in the stock of commercial species and differences in harvesting projects affect estimates of productivity, costs, waste, and damage
(Holmes et al., 2002). Financial comparisons of reduced-impact logging depend on forest and terrain conditions, logging operation planning, the
market, and other factors (Putz et al., 2008). Applegate et al. (2004), in turn, argue that the heterogeneity of areas, the time scale of harvesting
operations, the impact of topography, and operational conditions during harvesting significantly influence costs.

4.2 Production cost and marketing margin of log, in state of Acre
Values of the composition of the production cost, calculated using different interest rates, of log originating from managed areas in the state Acre,
and delivered at sawmill yards in the city of Rio Branco, and the absolute marketing margin, at different distances from the timber hub in this city,
are indicated in Table 7.

Table 7. Composition of production cost and gross marketing margin of timber logs in the state of Acre, 2016.

Scenario Description Rate Stumpage Cost Net Profit Income Tax Log Cost Gross Margin

1 Management area located 50 km from the
sawmill in Rio Branco, with PP

6 30.82 7.30 2.01 68.03 5.30
8 32.76 5.36 1.48 69.44 3.89
10 34.17 3.95 1.09 70.46 2.87
12 35.23 2.89 0.80 71.23 2.10

2 Management area located 50 km from the
sawmill in Rio Branco, without PP

6 30.52 7.60 2.09 67.81 5.51
8 32.49 5.63 1.55 69.24 4.08
10 33.91 4.21 1.16 70.27 3.06
12 34.99 3.13 0.86 71.05 2.27

3 Management area located 50 km from the
sawmill in Rio Branco, with PP and TS

6 37.37 0.75 0.21 72.78 0.55
8 38.78 0.00 0.00 73.98 -0.66
10 39.74 0.00 0.00 74.94 -1.62
12 40.44 0.00 0.00 75.64 -2.32

4 Management area located 100 km from the
sawmill in Rio Branco, with PP

6 27.93 1.29 0.36 72.39 0.94
8 29.53 0.00 0.00 73.63 -0.31
10 30.70 0.00 0.00 74.80 -1.48
12 31.58 0.00 0.00 75.68 -2.36

5 Management area located 100 km from the
sawmill in Rio Branco, without PP

6 27.63 1.59 0.44 72.17 1.15
8 29.26 0.00 0.00 73.36 -0.04
10 30.44 0.00 0.00 74.54 -1.22
12 31.34 0.00 0.00 75.44 -2.12

6 Management area located 100 km from the
sawmill in Rio Branco, with PP and TS

6 34.48 0.00 0.00 78.58 -5.26
8 35.55 0.00 0.00 79.65 -6.33
10 36.27 0.00 0.00 80.37 -7.05
12 36.78 0.00 0.00 80.88 -7.56

7 Management area located 150 km from the
sawmill in Rio Branco, with PP

6 24.46 0.00 0.00 74.66 -1.33
8 25.65 0.00 0.00 75.85 -2.52
10 26.52 0.00 0.00 76.72 -3.39
12 27.19 0.00 0.00 77.39 -4.06

8 Management area located 150 km from the
sawmill in Rio Branco, without PP

6 24.16 0.00 0.00 74.36 -1.03
8 25.38 0.00 0.00 75.58 -2.25
10 26.27 0.00 0.00 76.47 -3.14
12 26.95 0.00 0.00 77.15 -3.82

9 Management area located 150 km from the
sawmill in Rio Branco, with PP and TS

6 31.01 0.00 0.00 81.21 -7.88
8 31.67 0.00 0.00 81.87 -8.54
10 32.10 0.00 0.00 82.30 -8.97
12 32.40 0.00 0.00 82.60 -9.27

Note: Values in US$ m-3. Cost of forest exploitation: US$ 21.87 m-3; Cost of forest transport: US$ 11.66 m-3 (50 km), US$ 20.57 m-3 (100 km) and US$ 26.66 m-3 (150 km); Cost of invoice: US$
0.02 m-3 and FUNRURAL: US$ 1.65 m-3.

The cost of production tends to increase as managed areas become more distant from Rio Branco. This is due to the variation in transportation
costs, which increase by almost 129% when the distance changes from 50 to 150 km from Rio Branco. The cost of producing stumpage, for scenarios
with PP, without PP, and with PP and TS, increases on average by about 10%, changing the distance from 50 to 150 km. Thus, even though the cost
of producing stumpage decreases with increasing distance, a higher transportation cost ends up increasing the cost of producing stumpage.

The average cost of producing stumpage, for scenarios with permanent plots, was US$ 73.36 m-3. The average cost of producing stumpage, of
logging activities, and the average cost of transporting log to the sawmill yard represent approximately 40.5%, 29.8% and 26.8% of the final average
cost, respectively. Costs related to invoices and Funrural and Income Tax have the smallest share in the cost of producing log (2.9%).

The average production cost for scenarios without PP, at different interest rates, was US$ 73.12 m-3. Activities related to the average cost of
producing standing timber represent almost 40.3% of the average cost of producing log timber. Transporting the log to the sawmill and the costs
related to invoices and taxes represent, respectively, 29.9%, 26.8% and 3.0% of the average production cost for scenarios without permanent parcels.

In scenarios with permanent plots and TS, the average production cost was US$ 78.73 m-3, where the average cost of stumpage production
accounts for 45.2% of the final cost, while forest harvesting represents 27.8%. The average freight cost and the costs of invoices and taxes, in turn,
correspond to 24.9% and 2.1% of the average log production cost, respectively.
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The average price of logs delivered to the sawmill is US$ 73.32 m-3, while the average production cost, considering different scenarios and rates,
is US$ 75.07 m-3, indicating a negative average profit margin.

5 Conclusions

The results generated in this study on forest management practices in the state of Acre allowed us to infer the following main conclusions: 1) the
average cost of producing standing timber in an area located 50 km from the Rio Branco timber hub increases by approximately 0.82% with the
installation and measurement of permanent plots throughout the cutting cycle; and 2) the profit margin for logs indicates that for more distant
areas (150 km) this activity is unfeasible.
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Abstract

The paper presents the basic requirements for carrying out measures to eliminate the consequences of activities at

chemical weapons destruction facilities, describes technological approaches for implementing measures to eliminate

the consequences of the destruction of skin abscesses and phosphorus-organic toxic substances, and evaluates their

effectiveness. Thе chemical-toxicological characteristic of the waste generated during the implementation of liquidation

measures is given, the environmental risks of these measures are analyzed, including the risks of long-term storage of

toxic waste in appropriate storage areas. The ways to reduce the negative environmental impact of the consequences of

carrying out liquidation measures at the facilities for the destruction of lewisite, sarin and soman are proposed
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1 Introduction

D
uring 2005-2017, in accordance with the Federal Target Program ”Destruction of Chemical Weapons Stocks in the Russian Federation”,
chemicalweaponswere completely destroyed in all 7 storage arsenals in Russia. In order to involve the property complexes of former chemical

weapons destruction facilities in economic turnover, a number of measures was carried out to eliminate the consequences of their activities -
liquidation measures (hereinafter referred to as LM). The main task of LM was to perform the following works: reducing the content of the toxic
substances residual amounts in the buildings, structures on the territories of industrial sites to hygienic standards, neutralizing and disposing the
waste generated during the implementation of chemical safety measures at the storage landfills. The achievement of the necessary parameters for
the fulfillment of these tasks was largely determined by the nature of the technologies used to destroy toxic substances, ensuring the environmental
safety of these technologies implementation, and creating new approaches to organizing and conducting environmental-analytical monitoring in
the areas where the chemical weapons destruction facilities were located1-3.

The main technological approaches to eliminating the consequences of the destruction of skin-abscess (hereinafter referred to as SATS) and
phosphorus-organic (hereinafter referred to as POTS) toxic substances (hereinafter referred to as TS) are largely identical. These approaches
include operations of decontamination, dismantling, fragmentation and thermal neutralization of the constructionmaterials andmetal structures,
technological and engineering equipment, communications, and appliances in the rooms where the chemical weapons are stored and destruction
operations are carried out4,5. Of great importance in carrying out such work is the effectiveness of decontamination of the technological and
other surfaces that have come into contact with the detoxification products of TS, the reliability of the isolation of compacted waste, and precision
chemical and analytical control of the TS residual amounts6.

In the process of conducting the liquidationmeasures not only the residual amounts of toxic substances themselves can have a negative impact
on the ecosystem and human health, but also the products of their neutralization, such as inorganic arsenic compounds (in the case of lewisite
detoxification7), as well as the derivatives of methylphosphonic acid and inorganic fluorides (in the case of sarin and soman detoxification8,9),
trapped into the aquatic environment, the air environment (during the incineration of relevant waste), as well as the soil horizons. In this regard,
the task arises of operational control of these substances content in various matrices at the level of maximum permissible concentrations.

The purpose of this work was to analyze the effectiveness of technological approaches in the implementation of LM at the facilities for
the destruction of chemical weapons ”Kizner” (POTS), ”Kambarka” (SATS) in the Udmurt Republic and ”Maradykovsky” (POTS, SATS) in the
Kirov region, to present the characteristics of the products of toxic substances neutralization formed during the implementation of technological
operations, as well as to make an assessment of the associated environmental risks and possible ways to minimize them.
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2 The main stages of the liquidation measures

The activities to eliminate the consequences of chemical weapons destruction are a set of measures aimed at making the chemical weapons
destruction facilities and the territories they occupy safe for the environment and humans10.

Before the start of LM in the working spaces of the facility, sampling and analysis of samples for the content of TS on the surfaces of
the building structures and technological equipment was carried out. After the residual amounts of TS had been detected, the surfaces were
decontaminated. According to the research results, the working spaces were divided into three groups: I hazard group – the «dirty rooms» in
which toxic substances were found on the surface, in the samples ”bulk” and scrapings in the concentrations above the hygienic standards; II
hazard group – the «conditionally dirty rooms» in which the concentrations of toxic substances did not exceed the hygienic standards; group III
- the «clean rooms» where no toxic substances were detected on the samples surface and in which no work with toxic substances had previously
been carried out. When confirming the absence of the TS in the ”deep” samples, after removing the contaminated layers of the building structure
material, the rooms were ”opened” for the actual LM.

The main stages of LM in the elimination of the consequences of the destruction of POTS were:

• dismantling and fragmentation of the technological equipment and construction structures of the buildings of hazard groups I and II;

• thermal neutralization of the metal waste and construction dust from after the removal of the top contaminated layer from the rooms of
groups I and II;

• isolation of the neutralized waste obtained as a result of LM by encapsulation and their removal to a solid waste storage landfill;

• performing laboratory tests to determine the contamination of the soil of the industrial site and the sanitary protection zone with residual
amounts of toxic substances, their degradation products and general industrial pollutants. In case of exceeding the established hygienic
standards certain measures were taken to dispose of soil and remediate the site of the facility.

The main stages of LM in the elimination of the consequences of the destruction of SATS were:

• dismantling the technological equipment, cutting the tanks in the storage facilities and at the storage sites of the reaction masses into
fragments;

• decontamination and detoxification of the metal fragments, building structures and soil;

• thermal neutralization of the solid waste and wastewater (by the fire method);

• isolation of the neutralized waste obtained as a result of LM by encapsulation or concreting and their removal to the solid waste storage
landfill;

• analysis of the soil contamination on the territory of the industrial site and the sanitary protection zone for the content of the residual
amounts of organic pollutants, their degradation products and general industrial pollutants. In case of exceeding the established hygienic
standards, certain measures were taken to dispose of soil and remediate the territory of the facility.

3 Technological solutions implemented during liquidation measures

To ensure the safe implementation of LM, the use of thermal neutralization of the metal structures fragments, production equipment and other
fireproof waste contaminated with POTS was proposed as a priority7.

Thermal neutralization was carried out in two stages: at the first stage the internal and external surfaces were decontaminated by complete
immersion in baths with an aqueous peroxide-alkaline solution for 2 hours. After decontamination, the fragments were washed with water and
blown round with compressed air, while the quality control of the decontamination was carried out according to the content of TS in the rinsing
water in accordance with the hygienic standards. At the second stage the obtained fragments were neutralized in thermal neutralization units
in the temperature range from 500 to 650°C. The mode of thermal neutralization in the specified temperature range was determined depending
on the type of TS, fragments and substances to be neutralized according to the technological regulations. Chemical-analytical control of the
decontamination level of the thermally neutralized fragments has shown that the content (C) in the rinses from decontaminated surfaces does not
exceed the maximum permissible levels-MPL (e.g. for sarin 𝐶 < 0.4 ⋅ 10−5 mg/dm2, MPL = 1.0 ⋅ 10−4 mg/dm2; for soman 𝐶 < 0.1 ⋅ 10−6 mg/dm2,
MPL = 1.0 ⋅ 10−5mg/dm2). These neutralized fragments can be used as scrapmetal at metal processing plants. The neutralized construction waste
and spent sorbents are sent for isolation to the industrial waste storage landfills as production waste after the liquidation work.

In the process of implementation of the liquidation measures at the POTS destruction facilities, decontamination with mixtures based on
monoethanolamine and waste encapsulation technology were used, resulting in bitumen-salt masses containing calcium salts of methylphospho-
nic acid and its acid ester, diisopropyl ether of methylphosphonic acid, aminoethylisopropyl-methylphosphonate, calcium fluoride, sarin in the
amount of less than 1 ⋅ 10−8% and bitumen (up to 97.5%)9. These bitumen-salt masses as waste of hazard class III were sent for burial at the special
waste storage landfills.

The main operation when performing LM at the SATS destruction facilities was surface decontamination. Decontamination of fragmented
parts of the technological equipment and construction fractions was carried out with a 3.0% aqueous solution of sodium hydroxide by soaking
them in degassing baths for 24 hours (a 10.0% aqueous solution of NaOH was used for additional preventive decontamination). 1.0% aqueous

TRUBACHEV ET AL.

62 LJRS JOURNALS PRESS



solution of sodium hydroxide was used to treat the exterior surfaces of the equipment and building structures of the buildings in which arsenic-
containing lewisite detoxification products were handled in order to decontaminate the rags, activated carbon, plastic and metal gaskets and plugs
contaminated with arsenic, and personal protective equipment.

The water-polymer composition based on hydrogen peroxide containing a quaternary ammonium compound, acetic or oxalic acid, starch and
water was used to decontaminate the external surfaces of equipment, pipelines and building structures. Decontamination of surfaces using this
composition was carried out three times with a consumption of 0.3 l/m2 per treatment, with 30% of the formulation being retained on the metal
surfaces and 70% draining away. After decontamination the treated materials were dried at a temperature not lower than 20°C and the humidity
not more than 60%. This composition was also used to decontaminate the fragmented equipment parts by soaking them in decontaminating baths
for 1 hour. An aqueous solution of sodium hypochlorite with an active chlorine concentration of 5–10 g/l was used for soil decontamination,
with 50–100 kg of solution being consumed per 1 ton of soil, depending on the achieved soil moisture. Spent decontaminating solutions were
incinerated in a liquid waste incinerator.

To isolate arsenic-containing wastewater formed during the detoxification of lewisite, the technology of their encapsulation in the form of
a concrete-salt mass was used, and concreting was used to isolate metal waste products. The concrete-salt mass was a solid product of the
composition: 0.30% arsenic, 4.15% sodium sulfate, 1.85% calcium sulfate, 93.70% silicon dioxide (concrete), and the concretedmetalwaste consisted
of 0.10% arsenic, 1.23% calcium sulfate, 19.13%metallic iron, 79.54% silicon dioxide (concrete). These concrete masses, as the waste of hazard class
II, obtained as a result of LM operations at SATS destruction facilities, were sent for burial at the special landfills.

4 Environmental risks of the elimination of the chemical weapons destruction consequences and ways to minimize them

The chemical weapons destruction facilities where liquidation measures are carried out are classified as category II facilities (moderate negative
impact), and waste disposal facilities resulting from LM (burial landfills) are classified as category I facilities (significant negative impact).

The impact on the environment during LM is caused by emissions into the atmosphere during the dismantling, fragmentation and
decontamination of the technological equipment, metal and building structures, the combustion of decontaminating solutions and wastewater11.
Thus, during the implementation of liquidation measures at SATS destruction facilities, the emissions of pollutants containing inorganic arsenic
compounds may occur during operations for cutting and dismantling decontaminating baths, as well as during the incineration of spent
decontaminating solutions at the thermal neutralization plant. Inorganic arsenic compounds have an acute toxic effect on human internal organs,
cause skin diseases, and have a carcinogenic effect (their maximum permissible concentration in the air must be 3 ⋅ 10−6 g/m3).

As noted above, themixtures for decontaminating the external surfaces of the equipment, fragmented parts and soil include organic substances
(acetic acid, oxalic acid, starch), as well as the products containing active chlorine (sodium hypochlorite). For thermal neutralization of the
waste mixtures, incineration by fire is used. It is known12 that the simultaneous presence of chlorine, oxygen-, hydrogen-, and carbon-containing
compounds in the reaction medium in the temperature range from 230 to 530∘C significantly leads to the formation of polychlorinated dibenzo-p-
dioxins and dibenzofurans. Such conditions are realized at the plant for combustion of these mixtures, which leads to the formation of dioxins in
the combustion products and their release into the atmosphere. Dioxins are one of themost highly toxic compounds, they are able to accumulate in
the human and animal bodies without decomposition, exerting an embryotoxic and carcinogenic effect (the maximum permissible concentration
of dioxins in air must be 5 ⋅ 10−13 g/m3).

Thus, one of the possible negative environmental consequences of LM implementation at facilities where SATS are destroyed is atmospheric
air pollution with arsenic compounds and dioxins.

Concrete-salt and bitumen-salt masses, concreted metal waste containing arsenic compounds, methylphosphonic acid derivatives and other
substances can pose a danger to the environment. For one reason or another, prolonged storage at burial landfills may result in depressurization
of containers filled with these wastes, followed by leaching of arsenic-containing and other toxic components releasing into the environment
(soil, water horizons). For example, the main migration products from bitumen-salt masses obtained during the neutralization of sarin are
monoethanolamine and isopropyl esters of methylphosphonic acid. These substances, having sensitizing, gonadotropic, teratogenic andmutagenic
effects on the body of warm-blooded animals, can integrally turn out to be toxic when released into the environment. This is also one of the possible
negative environmental consequences of the liquidation measures implementation.

LM environmental safety should be ensured by a number of organizational, technical and technological measures aimed at the safe
management of the working processes and the prevention of toxic emissions of chemicals. Among them, it should be noted there are such as:
using the sealed equipment andmaterials; multi-stage flue gas purification of the thermal neutralization plants; equipping the places of mechanical
processing and flame cutting of fragments with mobile filtration units to remove and filter the welding fumes and dust from the temporary and
non-stationary work posts; protecting the underground part of the toxic waste storage bunkers from atmospheric precipitation infiltration and
groundwater inflow, etc.

Industrial chemical-analytical control of the LM implementation, monitoring the pollution of the atmospheric air, soil, water horizons, snow
cover at the industrial zone facilities and adjacent territories is important for minimizing environmental risks during the elimination of the
consequences of the chemical weapons destruction. At waste disposal facilities, it is necessary to regularly monitor the atmospheric air pollution
to check the content of the lewisite and inorganic arsenic compounds, the groundwater and soils pollution to check the content of the total arsenic,
lewisite, phosphate and fluoride ions, as well as the content of the methylphosphonic acid derivatives and POTS themselves.

Performing precision chemical analytical measurements of the concentrations of the above-mentioned toxicants in multicomponent natural
matrices requires the development and creation of new instruments andmethods of analysis, including on-line sensors formonitoring their content
in environmental objects that meet the requirements of high accuracy, expressiveness and selectivity.

Carrying out the work to eliminate the consequences of the chemical weapons destruction is an environmentally significant challenge that
requires the use of specific technological approaches and methods of chemical and analytical control to minimize the associated environmental
risks.
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5 Conclusions

It has been shown that themeasures to eliminate the consequences of the chemical weapons destruction are a number of organizational, technical
and technological measures aimed at making the facilities for the destruction of toxic substances safe for the environment and humans. The
possible negative environmental consequences of the liquidation measures have been analyzed. These effects may be associated with the release
of inorganic arsenic and dioxin compounds into the environment during detoxification of residual amounts of lewisite, as well as the derivatives
of methylphosphonic acid and fluorides during detoxification of residual amounts of sarin and soman. Burial landfills of concrete-salt and
bitumen-salt masses as waste of hazard classes II and III obtained during the liquidation measures implementation can also have a negative
impact on the environment. The ways to minimize possible environmental risks associated with the liquidation measures implementation at
the chemical weapons destruction facilities have been described. These ways include the prevention of chemicals emissions and the creation of
modern chemical-analytical methods and test systems to control environmental pollution with appropriate toxicants.
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